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ABSTRACT. We introduce in a general Hilbert space the class of p(-)-strongly
convex sets. Various characterizations and properties of such sets involving the
farthest distance function and the farthest points are provided.

1. Introduction. Motivated by some convexity-type properties of reachable sets
of nonlinear control systems, H. Frankowska and C. Olech proved in Theorem 3.1 of
their 1980 paper [15] the R-convexity of the integral of a multimapping M : [0,1] =
R™ under certain conditions. Such a study of convexity properties of reachable
sets of nonlinear control systems seems to be started in 1975 with A. Pli§ [28] who
demonstrated, under some assumptions, the local R-convexity of reachable sets. The
result in [15] on the R-convexity of the integral a multimapping M : [0,1] = R”
was a significant extension of a previous 1979 contribution of St. Lojaciewicz [24].

A closed set C' in R™ is called R-convez in [15] for a real R > 0 when it is the
intersection of a collection of closed balls in R™ with radius R. The proof of H.
Frankowska and C. Olech in [15] of Theorem 3.1 is based for a large part on their
Proposition 3.1 that we promote as a theorem in the following form:

Theorem 1.1. Let C' be a nonempty closed convex set in R"™ endowed with its
canonical Euclidean norm || - || and let R > 0. The following are equivalent:

(a) The set C is R-convex;

(b) for any x,y € C with ||z — y|| < 2R, every arc of circle of radius R which joins
x and y and whose length is not greater that R is contained in C;

(¢c) for any point x in the boundary of C and any normal vector v to C at x with
|lv]| =1, one has

1
(vy—=) < —ﬁ\ly —z||* for ally € C;
(d) for any x; in the boundary of C with i = 1,2 and any normal vector v; to C' at
x; with ||v;]] = 1, one has
l21 — @2f| < Rfjoy — va.
Closed sets in R™ (in the plane) satisfying the property (b) in Theorem 1.1
was earlier considered in 1935 by A. E. Mayer [25] and developed in the more
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general setting of Minkowski norm in [26] under the name “Uberkonvezen Mengen”
(in German). Subsequently to [26], sets with this arc property or similar other
properties were analyzed in [5, 7, 8, 39]. The formulation as intersection of closed
balls with common radius R probably first appeared in the two-dimensional case of
the plane in “Théoréme fondamental” of E. Blanc [5, p. 219] as a characterization
therein of “ensembles surconvexes” (in French). Given a real R > 0, a set C' in the
plane is declared by Blanc [5] “R-surconvexe” if for two points A, B in the plane
with d(4, B) < 2R the lens L(A, B; R) is contained in C. The lens L(A, B;R) in
the plane is defined in [5] as the closed bounded convex set whose boundary is the
union of the two arcs of circle with radius R and length not greater than 7R joining
A and B. Regarding the property (b) in Theorem 1.1 again, it is worth noticing (as
said in [5, p. 215]) that lenses were utilized in 1921 by H. Lebesgue [22, p. 77,79]
in a study of “orbiform” curves. It was also the study [25] of Mayer on “orbiform
sets” which led him to the property (b) in Theorem 1.1 above and hence to analyze
in the same paper [25] some aspects of this property for their own sake. Sets which
are intersections of closed balls with common radius R were utilized in 1966 by
B. T. Polyak [32] and E. S. Levintin and B. T. Polyak [23] for the convergence of
certain optimization algorithms, and by J. J. Moreau [27] in 1975 for an asymptotic
analysis of sweeping processes (see also [10]). They are nowadays called R-strongly
convez sets or strongly conver sets with radius R, and a large development of their
properties in Hilbert spaces began in 1982 with J.-P. Vial [37, 38]. Recent other
important developments have been provided by M. V. Balashov, G. E. Ivanov, E.
S. Polovinkin, and others (see, e.g., [2, 18, 27, 306]).

A convex set C' which is R-strongly convex (presented as R-convex set ahead
Theorem 1.1) is known to have nonempty interior (when it is not reduced to a
singleton), hence for any z in the boundary bdry C' of the set C one can choose a
unit outward normal vector v to C' at x, and for such a vector v the characterization
(¢) in Theorem 1.1 is equivalent (as it can be easily verified) to the inclusion C' C
Blz—Ruv, R]. As a particular consequence of this latter inclusion for z € bdry C, one
could formally say that the curvature of bdry C' at x is not less than the curvature
1/R of B[z — Rv, R] at x; see, e.g., (12) for two-dimensional analytical arguments
of this feature.

The aim of the present paper is to analyze a class of convex sets for which at
each point z of the boundary the curvature is bounded from below by 1/p(x) (see
(12)) where p(-) is a given suitable positive function. As we will see, such sets,
that we call p(-)-strongly convex or strongly convexr with variable radius p(-), can be
characterized by requiring that the property (c¢) in Theorem 1.1 be satisfied with
p(x) in place of the real constant R. The subject here has then to be seen as
subsequent to that of p(-)-proz-reqular sets characterized by the property that for
any pair (z,v) with z in the boundary of C' and v in the proximal normal cone (see
Section 2 for the definition) to C' at x with ||v|| = 1 one has

(v,y—x) < LHy —z||* forallye C.
’ ~ 2p(x)

The p(-)-prox-regularity of sets has been considered by A. Canino [9] under a differ-
ent name (see also [12, 36]). It is a variant of the r-prox-regularity of sets where the
function p(-) is constant with value r, as mainly initiated in [13] in finite dimensions
and developed in infinite dimensions in [3, 4, 11, 12, 17, 19, 34, 36, 38] and references
in those papers. Our analysis of p(-)-strongly convex sets will be carried out in the
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setting of a general Hilbert space. Section 2 recalls some notions and results. The
concept and properties of p(-)-strongly convex sets are developed in Section 3.

2. Farthest distance and farthest points. Throughout the paper, N denotes
the set of positive integers N := {1,2,3, - - - } and R stands for the set of real numbers.
Let (X, || -]|) be a (real) normed space. The identity mapping of X is denoted Idx.
The closed (resp. open) ball in X with center € X and radius » > 0 is denoted
as usual by Blz,r| (resp. B(z,r)). We will use the letter B (resp. U) for the closed
(resp. open) unit ball in X, i.e., B := B[0x,1] (resp. U := B(0x,1)). We will
also put S := {& € X : ||z|| = 1}, i.e., S is the unit sphere of X. The interior
(resp. closure, boundary) of a subset C of (X, || - ||) is denoted by int C' (resp. clC,
bdry C). If @ is a nonempty subset of H containing C, we will set intg C (resp.
clg C, bdryg C) for the interior (resp. closure, boundary) of C'in () equipped with
the induced topology. The diameter of C is the extended real

diam C := sup{||z — 2'|| : z,2" € C}.
Given a multimapping M : F = F between two sets E and F, its (effective)
domain is given by Dom M := {z € F : M(z) # ()} and its inverse multimapping
M~!: F = E is defined by
M Yy):={zx€FE:yec M(z)} forallyeF.

The graph of the multimapping M is the set gph M := {(z,y) € ExXF :y € M(z)}
while the image of a set A C F is defined as

M(A) = | M(x).
z€A
The (standard) distance function do and the farthest distance function dfarc
from/to the set C' are defined for every z € X by

de() = d(,C) = inf [lz —y|

and
dfarc (x) := dfar(z, C) == sup ||z — y|| ,
yel

with the (usual) convention that the latter supremum is 0 if C' is empty. The
Lipschitz continuity of the distance function d¢ (for C' # 0) is classical with |de(z)—
de(2")] < ||l — /|| for all z,2" € X. A similar (less classical) result also holds for
dfarc. Indeed, given z, 2’ € X and writing ||z — y|| < ||z — 2'|| + ||2' — y|| we see
(by taking the supremum of both sides over y € C) that

sup ||z — y|| < ||z — 2’| + sup |2’ — y||, i.e. dfarc(x) < ||z — /|| + dfarg(2'),
yecC yecC
so dfare is continuous on X, and if C' is unbounded it follows that dfarc is finite
valued and Lipschitz continuous on X with
|dfarc (z) — dfarc(2)] < ||z — 2. (1)
With the (standard) distance function de and the farthest distance function
dfarc one generally associates the multimappings Proj- : X =% X of nearest points
in C' and Farg : X =3 X of farthest points in C given for every = € X by
Projo(z) := Proj(C,z) :={y € C : ||z — y|| = dc(z)}
and
Farg () := Far(C,z) := {y € C : ||z — y|| = dfarc(z)}.
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It is an exercise to check that
Projo(z) C bdryC and Farc(z) C bdry C. (2)

When for some T € X the set Proj-(Z) (resp. Farc(Z)) is reduced to a singleton,
i.e., Projo(z) = {y} (resp. Farc(T) = {y}) it will be convenient to denote this
vector § € C by projo(T) (resp. farc(z)). Every sequence (y,)n in C satisfying
|7 — yn|| — dfarc(T) is called a maximizing sequence of/for dfarc(Z). One says
that dfarc(T) is strongly attained if all its maximizing sequences converge in C. In
such a case, one can easily check that v := farc(Z) is well defined along with the
convergence of every maximizing sequence for dfarc(Z) to v. Putting for each real
n>0

Farc ,(Z) :={y € C: |z —y|| + n > dfarc(Z)}, (3)
it is not difficult to see, when the normed space (X, |- ||) is complete and C' is closed
in X, that dfarc(Z) is strongly attained if and only if

lim diam Farc ,,(Z) = 0. (4)
740

Notice also that both graphs gph Proj, and gph Farc are closed in X x X whenever
the set C is closed.

In the rest of this section and in the next ones, H is a (real) Hilbert space not
reduced to zero equipped with the inner product (-, ) and the associated norm || - ||
given by ||z||? = (z,z) for all z € H. Take now C as a nonempty subset of H. The
prozimal normal cone of/to the set C' at x € C, denoted by N¥(C;x), is defined
as (see, e.g., [35]) the set of v € H for which there is a real o > 0 (depending on
v) such that z is a nearest point of x + ov, i.e., z € Proj-(x 4+ ov). This can be
rewritten as

NP(Ciz)={veH 30 >0,V € C,(v,2' —z) < ofa’ — x|}

When C is convex, the proximal normal cone N¥(C;x) is known to coincide with
the (standard) normal cone in the sense of convex analysis, i.e.,

NP(C;x)={veH: (v,a' —x) <0,Va' € C} = N(C;x).

More generally, given a point a € H, a closed vector subspace E in H and a
nonempty set S in the affine subspace a + E, i.e, S C a + E, the proximal normal
cone NPE(S: z) of/to S relative to E (or in E) at z € S is

NPE(S;z):={ve F:30 >0, 2 € Projg(x + ov)},
or equivalently
NPE(S;z)={ve E:30 >0,V € S, (v,2' —z) < o2’ —z|*}.
According to the equivalences valid for any z,y € ‘H
y € Projo(x) ©yeC and (x—y,c—y) < %Hc—y”2 for allc e C
and
y€Farg(z) eyeC and (y—z,c—y) < —%HC— y||? forallce C, (5)

it is clear that
x—y e NFP(C;y) forall (x,y) € gphProj.
and
y—x e NP(C;y) forall (x,y) € gphFarc, (6)
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where gph Proj~ and gph Farc denote the graphs (as recalled above) of the mul-
timappings Proj, and Fare. It is worth pointing out that for any (z,y) € gph Fare

y = farc(z+ s(z —y)) foralls > 0. (7)

We proceed now to some properties of farthest/nearest distance function and
farthest /nearest points that we will need later. First, we recall two theorems of K.
S. Lau and of S. Fitzpatrick on the genericity of points with nearest points and of
points with farthest points respectively. For their proofs we refer to [20] and [14]
respectively.

Recall that the norm of a normed space (X, | - ||) possesses the (sequential)
Kadec-Klee property provided that for any sequence (z,), in X one has

(|\|xn —z]| = 0) = (:cn — x weakly and |z,| — |||:v|\|)

It is well known (and not difficult to check) that Hilbert spaces enjoy the sequential
Kadec-Klee property.

Theorem 2.1 (Lau theorem for nearest points). Let X be a reflexive Banach space
endowed with a norm ||-|| satisfying the sequential Kadec-Klee property and let C' be
a nonempty closed subset of X. Then, the set of points of X \ C' admitting nearest
points in C' contains a dense Gy set of X \ C.

If in addition the sequential Kadec-Klee norm | - || is strictly convez, then there
exists a dense Gs set of points in X \ C with unique nearest point in C.

Note that, under its above assumptions with C' # X, the theorem entails in
particular that

{r €ebdryC:3ue X\C, x €Projs(u)} is dense in bdry C. (8)

Indeed, take any = € bdry C' and any real € > 0. By the above theorem there exist
u € B(Z,e/2) \ C and x € Proj~(u) (so in particular € bdry C). Further, the
inequalities

_ _ 3
lz ==l < lle —ull +llu — =zl <dc(u) + 5 <e

ensure that z € (bdry C') N B(Z, €) as desired.

Theorem 2.2 (Fitzpatrick theorem for farthest points). Let (X, | -||) be a reflexive
Banach space whose norm is strictly convex and possesses the (sequential) Kadec-
Klee property. Let C' be a nonempty closed bounded subset of X. Then there exists
a dense Gy set of points in X with unique farthest point in C.

The results in the next theorem are also due to S. Fitspatrick [14]. The theorem
summarizes diverse basic characterizations of the Fréchet differentiability of the
farthest distance function. Before stating the theorem, recall that a real-valued
function is C*!' on an open set U of a normed space when it is differentiable on U
and its derivative is locally Lipschitz on U.

Theorem 2.3. Let C' be a nonempty closed bounded subset of the Hilbert space H
not reduced to a singleton and let U be a nonempty open subset of H. The following
assertions are equivalent:

(a) The function dfarc is C*t on U;

(b) the function dfarc is Fréchet differentiable on U;

(c¢) dfarc is Gateaux differentiable on U and || Dgdfarc(z)|| = 1 for every x € U;
(d) dfarc is Gateaux differentiable on U and Farc(z) # 0 for every x € U;

(e) the mapping farc : U — X is well defined on U and locally Lipschitz therein;
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(f) the mapping farc : U — X is well defined on U and norm-to-norm continuous
therein;
(g9) the mapping farc : U — X is well defined on U and norm-to-weak sequentially
continuous therein;
(h) the supremum dfarc(z) is strongly attained for every x € U.

Under anyone of the latter assumptions, one has

x — farg(z)

Vdfarc(z) = dfarc (2)

forall x € U.

We end this section by stating a lemma of G. E. Ivanov [18, Lemma 7] concerning
a behavior of the farthest point mapping farc under Fréchet differentiability of the
farthest distance function. It is the counterpart for the farthest distance function
dfarc of Lemma 3.3 in [29] (see also, [12, 36]) related to a similar behavior of proj.
under the condition of Fréchet differentiability of the standard distance function
de.

Lemma 2.4 (Ivanov). Let C be a nonempty closed bounded subset of a locally
uniformly conver reflexive Banach space (X, || - ||). If dfarc(-) is Fréchet differen-
tiable on a neighborhood of T € X, then there exist a real 6 > 0 such that for each
x € B(T,d) one has that farc(x) is well defined along with the existence of a real
7 €]0,1[ (depending on x) for which

farc (z + t(farc(x) — ) = farc(z)  for all t <.

3. p(:)-strongly convex sets. We pass now to the presentation and development
of p(-)-strongly convex sets. As said in the introduction, an R-strongly convex set
C for a constant real R > 0 is nowadays generally defined in the Hilbert setting
as an intersection of a collection of closed balls with the common radius R, so the
curvature of the boundary of C' is bounded from below by the constant 1/R (as
formally explained in the introduction). Such R-strongly convex sets with constant
real R are largely studied in the literature (see, e.g., the aforementioned references
in the introduction). Sets which are p(-)-strongly convex will be defined here in such
a way that we have the refinement of boundedness from below of the curvature by
the function 1/p(+).

3.1. Definition and characterizations with normals. Consider a nonempty
closed subset C of the (real) Hilbert space H with C' # H. Thanks to Lau’s
theorem relative to nearest points (see Theorem 2.1) we can choose some T € H\ C
such that proj-(Z) € bdry C' is well defined and this leads to

T Prolo(®) ¢ NP (0 projo(®)) NS,

dc(T)
This ensures the following non-vacuity property
AP(C) = {(z,v) e H? 12 € bdry C,v € N"(C;2) NS} # 0. (9)

Definition 3.1. Let C be a nonempty closed subset of the Hilbert space H with
C # H and let p : bdry C' —]0, 400 be a positive function. We say that C' is p(-)-
strongly convex whenever for any (x,v) € H? with 2 € bdry C and v € N (C;z)NS,
we have

z € Farc (z — p(z)v).
Whenever p(-) = R, it is usually said that C is an R-strongly convez set (or uniformly
strongly convez set of constant R). Similarly, if the closed set C is included in a
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closed affine subspace a + E of H and p(-) is defined on bdry,, r C, where E is
a closed vector subspace of H, we say that C is p(:)-strongly convex in a + E (or
relative to a + E) provided the inclusion x € Farc (m - p(m)v) is satisfied when
z € bdry,, 5(C) and v € NPE(C;z) N S.

Given a nonempty closed subset C of H, a function p : bdry C' —]0, +oco[ and a
closed affine subspace L of H with Cp := C N L # 0, we easily note that By :=
bdry, Cr, € LNbdry C. So, we will say (by convenience) that C, is p(-)-strongly
convez in L when it is p . (-)-strongly convex in L for the restriction p 5, of the
function p to the set Br.

Remark 3.2. Let C' be a nonempty closed (not necessarily bounded) subset of H
with C' # H and let also p : bdry C' —]0, +00[ be a positive function. Through the
equivalence in (5), it is readily seen that the set C is p(-)-strongly convex if and
only if

(v,2' —x) < |2’ —z||®> for all ' € C and all (z,v) € AT (C). (10)

 2p(x)

We point out that there is no need to assume that C' is bounded in the above
equivalence (10). Indeed, it directly follows from the above definition that a p(-)-
strongly convex set is bounded. Conversely, if the latter estimate (10) holds, fixing
any (wg,vp) with zgp € bdry C' and vy € NP (C;x) N'S (see (9)) and applying the
Cauchy-Schwarz inequality guarantee that

llc — x| < 2p(xg) forallce C, (11)

and this ensures the boundedness of the set C. In fact, noticing that the set G :=
{z € bdryC : N¥(C;x) # {0}} is dense in bdry C (as follows from (8)), we can
refine the inequality (11) as
diamC = sup |2’ —z| <2supp(-) <2 sup p(").
zeG,x’'€G G bdry C

If the set C is p(-)-strongly convex for some function p(-) satisfying the inequality
8 1= SUPpqyy ¢ P(+) < +00 (which always holds true whenever dim X < oo and p(-) is
upper semicontinuous), then C' is s-strongly convex (that is, po(-)-strongly convex
with po(-) = s) since

1 1
(00"~ ) £ = le! = ol < Lo’ —al?
for all 2/ € C and all (z,v) with € bdry C and v € NP (C;z) NS. O

Before starting with the analysis of p(:)-strongly convex sets, let us consider two
basic two-dimensional situations. Given a p(-)-strongly convex set in R? whose
boundary I is sufficiently regular, the first situation is devoted to show analytically
that the curvature of T' at every x € T is bounded from below by 1/p(z).

Let C be a (non-singleton) p(-)-strongly convex set in R? endowed with its canon-
ical inner product. Let I" be the boundary of C, that is, I := bdry C. Assume that
I is of class C? near xy € I with non null first and second derivatives of parametric
representation of an arc of I' with xq in its relative interior (that is, in the interior
of the arc with respect to the topology induced on I'). Consider such a parametriza-
tion g : I — R? of this arc with an open interval I and the arclength s as parameter
in I. Let so € I be such that g(sg) = 2¢. We know (see any kinematic book) that

T(s0) := %(so) is the unit vector tangent to I' at g (in the sense of increasing s)
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and %(50) = v(s0)7(s0) where ¥/(sg) is the inward unit vector normal to C at zo
and y(sp) is the curvature of I' at g(sog) = xg. Putting 7o := 7(so), ¥ := ¥(so) and
70 := ¥(s0), we then have for s € I

9(s) — g(s0) = (5 — s0) <7‘—‘0 + @

oo+ (s 80)5(8)) |

for some function £(-) defined on a neighborhood of so with values in R? such that
lims_,s, €(s) = Oge. Since —ij is unit outward normal to C' at o = g(sp), the

inequality (10) yields for every s € T

<—ﬁo, (s — so) (Fo + (s _280)’)’090 +(s— 30)5(3))>

2

1 (s — s0)
< — —s0)? 7 7 — 50)E
S e (s —s0)° ||T0 + 5 o + (s — s0)e(s)||
so the equality (7o, 7y) = 0 gives
2
s—s Lo
G0l 4 (s — s, 205)
> (s —80)? F+(s—so) D'—i—(s—s)é’(s)2
= 2p(x0) 0 0 D) Yoo 0 )

and hence for some function £)(-) defined on a neighborhood of sy with values in
R? such that lims_,4, £1(s) = Og2 one has

1
Yo + 2(t%, £(s)) > 7o + 1(s)[%
0= sl [
It follows as s — so that
1
Yo > —. 12
02 ) (12)

This confirms in some way that the curvature of bdry C' at = € bdry C' is bounded
from below by 1/p(z).

The second situation aims, with a two-dimensional simple example, to make clear
the idea and interest of considering the function p(-) when dealing with strongly
convex sets. Fix three reals Ry, Re and r with 0 < r < Ry < Rs. Set a := (—r,0)
and b := (r,0). Let I'; (resp. I'z) be the closed short arc of circle with center ¢;
(resp. c2) in R? and radius R; (resp. Rz) joining a and b and whose points has
non-positive (resp. non-negative) second components. By short arc of circle with
radius R; we mean that its length is not greater than wR;. Let C be the convex
hull of T' :=T'; UT',. Pick any real € €]0, ¢/2[ where { is the length of I';. Let I', .
and I'p . be the two arcs of I'y of length e containing a and b respectively (see Figure
1). Let p: I' = R be a continuous function with Ry < p(x) < Ry for all z € I and
such that p(z) = Ry for x € T'1 \ Ty, U ) and p(x) = Rs for x € T's. Since C is
Ro-strongly convex, for any pair (x,v) with z € Ty and v € N(C;x) NS one has by
(10)

1 2
=———|ly—z||* forallyeC.
p(x)
On the other hand, the inclusion C' C Bley, R;] gives for any pair (x,v) with « €
I'\I'; and v € N(C;x)NS that (since z € bdry Bley, R1] and v € N (Blcy, R1];2)NS)

1
V< Ny — 2lI?
<U5y ./L'> — RQ”y x”

——
p()

1
(v,y — z) S—R—Hy—x |y — x||* forally € C.
1
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It ensues that for any pair (x,v) with € I' and v € N(C;z) NS one has
1 2
v,y —1x) < — y—x for all y € C,
(=) <~y =l

which tells us by (10) again that C' is p(-)-strongly convex.

I

FIGURE 1. The p(-)-strongly convex set C

We now state and prove several characterizations of p(-)-strongly convex sets.

Theorem 3.3 (normal properties of p(-)-strongly convex sets). Let C be a nonempty
closed subset of the Hilbert space H with C # H and let p : bdry C —]0, +o0] be a
function. The following are equivalent:
(a) The set C is p(-)-strongly convex;
(b) for any (z,v) € H? with x € bdry C and v € NP(C;z) NS and for any real
t > p(z), one has
x = farc(z — tv);
(c) one has the equality
C- N Blz — p(x)o, p(a)};
z€bdry C,veNF(C;z)NS
(d) one has the inclusion
Cc ﬂ Blz — p(z)v, p(z)];
z€bdry C,veNF (C;z)NS

(e) for all 2’ € C and for all (z,v) € H? with x € bdry C and v € N¥(C;z) NS,
one has

/ 2

(v,2' —x) < — —x||7;

[l

(f) for all 2’ € C and for all (z,v) € H? with x € bdryC and v € N¥(C; ), one
has

' =) < =5

(g) for all 1,25 € bdry C, for all vy € NP (C;x1), all va € N¥(C;x9), one has
1 v v
<7)1 — Vg, X1 — l'2> > < || 1” + || 2“ ) ||961 _ .’E2||2;

=2 \plx1)  pla)
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(h) for all x; € H, all y; € [Idy — NP (C; )] (x;) Nbdry C, i = 1,2,

lyr — 21l lly2 — 22| 2
(Y1 — Y2, 01 — x2) < <1— — llyr — y2l”
2p(y1) 2p(y2)

Proof. The equivalence (a) < (b) directly follows from the equality (7) while the
equivalence (10) translates (a) < (e). Further, it is readily seen that (e) < (f). The
implications (¢) = (d) = (a) being evident, let us show that (a) = (¢). Assume
that C' is p(-)-strongly convex. Observe first that the implication (a) = (f) easily
entails that the multimapping N (C;-) is monotone on H (since N¥(C;z) = {0}
if z € int C'), hence the closed set C' is convex (see, e.g., [35, Corollary 6.69]). On
the other hand, (9) says that

AP(C) == {(z,v) € H? 1z € bdry C,v € N(C;z) NS} # 0,

and then using the p(-)-strong convexity of C' furnishes in a straightforward way
that
cc () Bla—p@wp@) =T

(z,0)EAF(C)
By contradiction, suppose that Z ¢ C. Doing so, we can find some y € Z such that
y ¢ C. Set d:=dc(y) > 0, p:= proj(y) (which is well defined since the set C' is
nonempty, closed and convex by what precedes) and set also w := 2 € N(C;p)NS.
Since Blp — p(p)w, p(p)] D Z, we have

2
ly — (= p(P)w)|I” < p(p)?,
or equivalently,

(1 + 2202 1y gl < (o)

Consequently, we get (d+p(p))? < p(p)?, and this cannot hold true. The implication
(a) = (c) is then proved.

It remains to observe that the equivalences (e) < (f) < (g) & (h) are evident
to complete the proof. O

The next proposition is concerned with the intersection of a p(-)-strongly convex
set with a closed affine subspace.

Proposition 3.4. Assume that the dimension of the Hilbert space H is greater than
2. Let C be a closed convex subset of H with nonempty interior and with C # H,
and let p : bdry C —]0,400[ be a function. The following hold.

(a) If for any two-dimensional affine subspace L of H intersecting int C, the set
C N L is p(-)-strongly convex in L, then the set C is p(-)-strongly convex (in H).
(b) If C is p(-)-strongly convez, then for any closed affine subspace L of H inter-
secting int C' the set C N L is p(-)-strongly convex in L.

(¢) The set C is p(-)-strongly convex if and only if, for any two-dimensional affine
subspace L of H intersecting int C, the set C N L is p(-)-strongly convex in L.

Proof. (a) Assume that the property in (a) is satisfied. Let (z,v) € H? with z €
bdry C and v € N¥(C;x) with ||v|| = 1. Take any y € int C and put u := z+v. Let
E be a two-dimensional vector subspace of H such that « + F contains both u and
y, that is, F contains v and y —x. By assumption the set Cg := CN(z+ E) is p()-
strongly convex in z+ E. Observe that v € NPF(Cg;x),s0 2 € bdry,, z(Cg) since
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|lv]] = 1. By the p(-)-strong convexity of Cg in 2+ FE we have x € Farc, (x — p(z)v).
Using the inclusion y € Cg we deduce that

(vy—=) < lly — .

2p(z)
Since int C' is dense in the convex set C, the latter inequality still holds true for
every y € C. This entails the p(-)-strong convexity of C' (in H) by (e) in Theorem
3.3.
(b) Assume that C' is p-strongly convex. Let E be any closed vector subspace of H
and a be any point in int C, and let Cg := CN(a+E). Let (z,v) € (a+E) x E with
z € bdry,, 5(Cg) and v € NP"F(Cg; ) with [jv]| = 1. Observe that z € bdry C
since it is not difficult to see that bdry,, n(Cg) C (a+ E)Nbdry C (as already said
after Definition 3.1). Take any y € Cg. Note that N*#(Cg;x) = N(Cg;z) N E
as easily seen. Further, since (a + E) Nint C' # () we have (see, e.g., [35, Corollary
3.177(b)])

N(Cg;z) = N(CnN(a+ E);z) = N(C;z) + N(a+ E;z) = N(C;z) + E+,

where as usual E+ denotes the orthogonal of the set E. Hence, there are ve €
N(C;z) and vg € E+ such that v = v¢ + vg. Since (vg,v) = 0, we have ||vc||? =

lv]|? + ||lvel|/?, and hence 1 = ||v]|? < |[vc]||?. Then we can write by (f) in Theorem
3.3
(v,y —x) = (ve,y — x) + (vp,y — )
= <UC7y - J">
[[ocl 2
< - ly — |
2p(z)
1 2
——|ly — z|]%.
ol =

The inequality (v,y — x) <

< _T}I)Hy — z||? for all y € Cg means (see (5)) = €
Farc,, (z — p(z)v). Tt follows that Cg is p(-)-strongly convex in (a + E), justifying
(b).

(¢) The equivalence in (c) follows from (a) and (b). 0

Now we derive from Theorem 3.3 the following important property on the support
function of a p(-)-strongly convex set.

Proposition 3.5. Let C be a p(-)-strongly convex set in the Hilbert space H for
some function p : bdry C —]0,4o00[. Then, for any ( € H \ {0}, there exists one
and only one c¢ € C such that

0(<7 C) = <<7CC> )
or equivalently such that

€ N(Csce).

Proof. Take any nonzero ¢ € H. According to the weak compactness of C', we know
that we can find some c; € C' such that

o(¢,C) :==sup (¢,x) = (¢, cc) -
zeC
Consider any c1, co € C such that

U(C7C) = <Cvcl> = <C,02>.
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Applying the implication (a) = (g) in Theorem 3.3 (using the obvious inclusion

¢ € N(C;¢;) with i = 1,2) we see that for k := ||(]| (m + m)
0= <C - Ca C1 — CQ> > H”Cl - 02H27

and this entails that ¢; = co. The proof is complete. O

We establish now a lemma in preparation of the next proposition.

Lemma 3.6. Let C' be a nonempty subset of the Hilbert space H and let x,y € C
and t € [0,1]. Assume that there exists a real o > 0 such that

dfarc (1 —t)z + ty) — adfar%((l —t)z +ty) > ot(l —t)||z —y|* (13)
Then, one has
dfarc (1 — t)z + ty) > omax{t,1 — t}|z — y|*.

Proof. Set z := (1 —t)z + ty and & := ||z — y||?>. Using the inclusions z,y € C we
have

dfarZ(z) > ||z — z||? =t and  dfard(z) > ||z —y|? = (1 — t)2k.
Put § := dfar?,(2) 4 t(1 — t)x. We easily derive from the latter inequalities that
d > max{tk, (1 — t)k}. (14)
On the other hand, note that (13) can be rewritten as o~ 'dfarc(z) > 6. This and
(14) furnish
dfarc(z) > 06 > oxmax{t, (1 —t)}.

The proof is then complete. O

By means of the above lemma we can prove a lower estimate property for the
value at convex combination of the farthest distance function to p(-)-strongly convex
sets. It complements upper estimates in the same line in [12, Proposition 9] (see
also [36, Proposition 15.16]) for the (standard) distance function d¢ to prox-regular
sets C. Before stating the lower estimate property, recall by Theorem 2.2 that
Dom Fare is dense in H for any nonempty closed bounded set C' in H.

Proposition 3.7. Let C be a p(-)-strongly convex subset of the Hilbert space H for
some function p : bdry C' =10, +oo[. The following hold.

(a) For any 1,...,2, € C and ty,...,t, > 0 with Y . t; = 1 such that z :=
Yo tixz; € DomFare, one has

1 1
dfarg(z) > ——dfar (z) + —— titil|z; —z;)|>  for all v € Farg(2).
( ) 2p('U) C 4P('U) 1Siz’j:§n ]H J”

(b) For any xz,y € C and t € [0,1] such that z :=tx + (1 — t)y € Dom Farc

1 1
— ——dfar?(z) > ——t(1 —t)||x —y|*> for all v € Farc(2).

(c) For any z,y € C and t € [0, 1] such that z :=tx + (1 — t)y € Dom Farc

dfarc(z)

dfarc(z) > max{t,1 —t}||lx —y||* for all v € Farc(z).

b
2p(v)
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Proof. (a) Let z1,...,z, € C and t1,...,t, > 0 with Y1  t; = 1 such that z :=
Sor tiz; € DomFare. Fix any v € Farc(z). By (6) we have z — v € —N(C;v).
Using the p(-)-strong convexity of the set C, we can then write (by (f) in Theorem
3.3) for each i € {1,...,n}

1

2p(v)

(z—v,2i —v) 2 Iz = vllllzs — vl

which obviously implies

n
<z—v,2tixi —v> Z 5 Hz—v||Zt llz; — vl
i=1

This and the definition of z easily give

dfarc(2) = |12 = v] = 5 Zt i — ol (15)
Set a:=Y"7" | ti||lz; — 2||* and fix any u € H. Observe first that
n n
Dotillzi—ull? =Y (w2 + e —ul?+2 (2 — 2,2 —u)) = a+|z—ul. (16)
i i=1
Therefore, we have
n n
S titillwi — )P =Dtz —al )t
1<i,j<n j=1 j=1
Putting together the latter equality and the fact that Z?:l t; = 1, we arrive to
> titilles — )
1<i,j<n
Combining this equality with the second equality in (16) then ensures
- 1
Dotille —vlP =5 30 titilla = a4 1)z — ol
i=1 1<i,5<n

Coming back to (15), we obtain

1 1
dfarc(z) > > titille —)* + [ER
dpv) | A= 2p(v)
which translates the inequality in (a).
(b) Tt is a direct consequence of (a) above.
(¢) It suffices to combine (b) above and Lemma 3.6. O

3.2. Main properties of p(-)-strongly convex sets. Consider again a function
p : bdry C' —]0, +00[ defined on a nonempty closed bounded subset C of the Hilbert
space H. By Theorem 2.2 we know that Dom farc contains a dense Gy set in H.
Accordingly, take any @ € Dom Farg and § € Farc(w). Putting u; := u+¢(u—7) we
know (see (7)) that for each real ¢ > 0 we have § = farc(uy), and hence dfarc(u:) =
(1+t)||w — 7||. Therefore, for every real v > 1 we can choose some real ¢ > 0 such
that § € Farc(u) and dfarc(ut) > vp(y). This ensures in particular that

{u € H : Iy € Farc(u), dfarc(u) > yp(y)} #0 for every v > 1. (17)
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On the other hand, given any u € H there exists by (Theorem 2.2) a sequence
(Un, Yn)nen in gph Fare such that u, — u. Writing for every integer n > 1
[yn = tnl| = lJun = ull < llyn — ull < llyn = unll + lun — ull

and using the convergence ||y, — u,| = dfarc(u,) — dfarc(u), yield ||y, — u|| —
dfarc(u), hence

Yn € bdry C' and ||y, — ul| — dfarc(u). (18)
This says that for every u € H the lower limit
lim inf |z — u
||z —u||—dfarc (u) p(l’)
xzE€bdry C

is well defined. Accordingly, in addition to (17) our analysis below will begin, for
~ > 1, with the similar set DZ(_)(C’) given by

{uEH:EI'y/ > 7, 3n €]0, dfarc ()], Vz € (bdry C) \ B(u, dfarc(u)—n), Ha;(—;;” >'y’} .

It is clear that
Dy((C) =Dy (C) = [ D} (©).
y>1

along with

(C)=<ueH: lim inf llw = ul >y for every v > 1. (19)

||z —u||—dfarc (u) p(x)
zEbdry C

X
Doy

Obviously, for any real v > 1 the inclusion
{u € H : 3y € Farc(u), dfarc(u) > vp(y)} € D) (C) (20)

always holds, and it makes a first link between DZ(.) (C) and the set involved in (17).

In fact, we will see later (in Theorem 3.10) that the latter inclusion is an equality
whenever the set C is p(-)-strongly convex.
When C is a singleton, say C' = {c}, it is an exercise to check that

DZ(_)(C’) =M\ Ble,yp(c)] for every v > 1.
In particular, we note that
D,y (C)NC =0 whenever C is a singleton.
The next proposition shows that the set DZ(‘)(C’) is always open in H.

Proposition 3.8. Let C be a nonempty closed bounded subset of the Hilbert space
H and let p : bdry C —]0,+0o0] be a given function. For any real v > 1 the set
DZ(_)(C) is open.

Proof. We may suppose that C' is not a singleton, since otherwise the result is
trivial. Fix any real v > 1 and any ug € DZ(.)(C'). For each u € H define

Uu) := lim inf M
||z —u||—dfarc (u) p(fﬂ)
xE€bdry C
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so £(ugp) > 7 by (19). Choose a real v' > v with ¢(ug) > +' and a real A > 1 such
that £(ug) > Avy'. By definition of ¢ there exists a positive real dy < dfarc(ug) such
that

(z € bdry C, dfarc(ug) — ||z — uo|| < 6) = W
Choose a positive real § < min {dy/3, (1 — A7) (dfarc(ug) — o) }. Fix any u €
B(ug,d). By (18) take any x € bdry C satisfying dfarc(u) — ||z — u|| < §. This and
(1) ensure that

>\

dfare(ug) — ||z — wol| < dfare(u) — || — u|| + 2||u — ug|| < 36 < do, (21)
which entails I |
T — Up ,
2= 00 S Ay, 22
@) #2)

On the other hand, from the inequality § < (1—X~1)(dfarc(ug) —dp) and from (21)
we have § < (1 — A71)||z — ug||, which allows us to write

1
lz = ull 2 fle = ol — llu — ol > [lz = uoll = &> ~ll — wol-

Combinining this with (22) gives % > «/. Taking the liminf as |z — ul| —
dfarc(u) with x € bdry C' we obtain £(u) > +' > v, hence u € DZ(.)(C). This being
true for every u € B(ug,d), we conclude that DZ(,)(C’) is open. O

With the above open sets DZ(‘) (C) at hands we can state and prove the following
theorem on p(-)-strongly convex sets.

Theorem 3.9. Let C' be a nonempty closed bounded subset of the Hilbert space H
and let p : bdry C —]0,+o0[ be a function which is lower semicontinuous relative
to bdry C. Consider the following assertions.

(h) For all z; € H, all y; € [Idy — NF(C; )] (x;) Nbdry C, i = 1,2,

lyr — 1]l |ly2 — 22| 2
(y1 — Y2, 1 — x2) < <1— — llyr — v
2p(y1) 2p(y2)

(i) For any real v > 1 and any u € DZ(.)(C), the set Farc(u) is a singleton, that is,

farc (u) ezists, one has dfarc(u) > yp(farc(u)), the equality

1
{farc(u)} = (Idy — NT(C;-) N (H\ vp()B))  (u)
holds, and the mapping farc is Lipschitz continuous on the open set DZ(.)(C) with
(v —1)~! as a Lipschitz constant, that is,
|farc (uy) — farc(u2)|| < (v — 1) |lug —ua||  for alluy,us € DZ(‘)(C’).

() For any real v > 1 and any uy,uz € DZ(_)(C’), one has that farc(uy) and farc(uz)
are well defined and satisfy
[(fare —1dg) (ur) = (farc —1dg ) (u) | 2 [lus —uz|* +(2y—1) || farc (u1) — farc (uz) || *.
(k) The mapping farc is well defined on the open set D,)(C) and for all uy,us €
D,»(C), one has

dfare(uq) dfarc(ug)
2p(farc(u1))  2p(farc(uz))

Then, the p(-)-strong convezity of the set C is equivalent to the assertion (h) which
itself implies each one of the assertions (i), (§) and (k).

lfarc(us) — farc (uz)]| < ( —1) " flur — ua.
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Proof. Proposition 3.8 says that DZ(_)(C’) is open for every real v > 1, and we have
already seen in Theorem 3.3 that the p(-)-strong convexity of C is equivalent to the
assertion (h).

(h) = (@). If C is a singleton, say C = {c}, we obviously have all the desired
properties since DZ(.)(C) = H \ Ble,vp(c¢)]. Then, we may assume that C' is not
a singleton. Fix any real v > 1. Let us consider the multimapping M : H = H
defined by

M(y) =y —N"(C;y) N (H\ vp(y)B) forally € H.
Note that Dom M = {y € bdryC : NF(C;y) # {0}} # 0. Fix any z;,75 €
Dom M ~! and let y; € M~1(z1) and yo € M~ *(z2). Since y; € [Idy — NF(C;-)] 71

(2;)Nbdry C for each i € {1,2}, we can apply our assumption given by the property
(h) to get

lyr — 1]l | lly2 — 22| 2
(y1 — Y2, @2 — 1) > ( + — 1) [ly1 —v2|*
2p(y1) 2p(y2)

Thanks to the fact that y; — z1 ¢ vp(y1)B and yo — 2 & vp(y2)B, we see that
2.

191 = g2l lz2 = 21l = (v = Dllys — 42

-1
Consequently, the multimapping M ~1(-) = (Idy - NP(C;)n (H\ ’yp(-)B)) is
single-valued and Lipschitz continuous on its domain with (7 — 1)~! as a Lipschitz
constant.

Let u € DZ(_) (C). We can apply Fitzpatrick’s theorem relative to farthest points
(see Theorem 2.2) to get a sequence (U, )nen of H with w,, — u such that farc(uy,) is
well-defined for every integer n > 1. Thanks to the continuity of dfarc(+), it is clear
that ||u, — farc(u,,)| = dfarc(u,) — dfarc(w). This along with the convergence
U, — u entail ||u — farc(uy,)|| — dfarg(w). Then, the inclusion u € Dz(i)(C) gives

the estimate
lim inf —||u — farc (un)|
n—oo  p(farc(uy))

—f n 3
Alu—farg (un)ll 1, we obtain
llun —farc (un)ll

1= Jim inf [ = farc (un) |
n—00 p(farc(un))

Fix any real 4" €]v,![. Hence, we may suppose

Combining this and the convergence

|lun — farc(uy)|| > 7' p(farc(uy,)) for alln € N. (23)
This and (6) furnish

farc(u,) € M~ (u,) = (IdH — NP )N (H\ 'yp(~)IB%)>_1(un) for alln € N.

We are then in a position to use the (y — 1)~ !-Lipschitz property established above
to get

[farc (up) — farc (uq) | < (v = 1) 7Hlup —ugll for all p,g € N,
in particular the sequence (farc(un))n oy IS @ Cauchy sequence of H. Keeping in
mind that bdry C is a closed subset of the Hilbert space H, the latter sequence
(strongly) converges to some vector v € bdry C, that is,

vy = farg(u,) = v € bdry C.
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Further, we see that the continuity of dfarc and the equality ||u, — v, | = dfare(u,)
(valid for every integer n € N) entail that |[u — v|| = dfarc(u), i.e., v € Farc(u).
Coming back to the inequality (23), it follows by the lower semicontinuity of p(-)
relative to bdry C' that

dfarc(u) = [lu —v|| = 7'p(v) > vp(v).
Putting together the latter estimate, the inclusion v € Farc(u) and (6) yield

—1
ve (I = N7(C; )N (H\9p()B))  (u) = M~ (u).
Consequently, we have established that

DZ(_)(C’) C Dom Farc and DZ(.)(C) C Dom M.
-1
Since M1 = (IdH —-NP(C;)n (H\vp(-)]B%)> is single-valued on its domain and

u € 'D;’(_)(C)7 we arrive to the existence of farc(u) along with

fare:(u) = M~ (u) = (I3 — N"(C:) 1 (H\ v0()B) ) (u)

This and the (y — 1)~ !-Lipschitz continuity of M1 on its domain combined with
the above inclusion DZ(_)(C) C Dom M~ assures us that

|farc (u1) — fare (ug)|| < (v — 1) 7 Hjuy — ug||  for all uy,us € DZ(.)(C’),

which translates the desired implication (h) = ().

(h) = (j). Fix any uj,ug € DZ(_)(C). According to the implication (h) = (i), we
know that for each i € {1,2}, the vector y; := farc(u;) is well defined along with
lu; — vill > vp(y:). Noting also that y; € [Idy;, — N (C;-)]~(u;) Nbdry C for each
i €{1,2} (see (2) and (6)), the estimate provided by (h) yields

(1 — 2, u1 —u2) < (1 =)y — v2ll>.
It remains to combine the latter estimate with the elementary equality

I?

(g1 — w1) = (y2 — w2)[|* = llur —uall® + llyr — y2ll® — 2 (y1 — y2,u1 — u2)

to obtain the desired inequality in (7).

(h) = (k). As above the implication (h) = (i) tells us that the mapping farc(-)
is well defined on D,(C). Fix any ui,us € D,y(C). Set y; := farc(u1) and
ya € farc(uz). Thanks to the inclusion y; € [Idy — NP(C;+)] 71 (u;) Nbdry C (due
to (2) and (6)) valid for each i € {1,2}, we can use the inequality provided by (k)
to get

lyr —wall  ly2 — uel 2
(1 — ya, s — 1) z( T 1) s — ™
2p(y1) 2p(y2)

It remains to apply the Cauchy-Schwarz inequality and to observe that ||y; — u;|| =
dfarc(u;) for any ¢ € {1,2} to obtain the desired estimate in (k). The proof of the
theorem is then complete. O

Let us continue with a function p : bdry C' —]0, +00[ defined on the boundary
a nonempty closed bounded subset C' of the Hilbert space H. Let us consider for
every real 7 > 1 (in addition to the set D)\ (C)) the set £ ,(C) given by

R,
{u €M :3Iy >~,¥n>0,3(u,y) € gphFarc N (B(u,n) x H), ”yp(y? > ’y'}
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which can be rewritten as

5 . lly — /||
Ep(_)(C’): u€EH: lim sup >
Dom Farc 34 — u p(y)
y € Farg(u')
Notice that the right members of the former and latter equalities for 5p(_)(C ) make
sense according to Fitzpatrick’s theorem relative to farthest points (see Theorem
2.2). Tt can be checked in a straightforward way that

{u € H : Ty € Farc(u),dfarc(u) > vp(y)} C 5;(_)(0) for ally > 1 (24)

along with
£(1(C) =5, () = | £,(©).
y>1
In addition to the inclusion {u € H : Jy € Farc(u), dfarc(u) > yp(y)} C DZ(J(C)
in (20), we have also observed above the inclusion of the left-hand side into 53(,) (©).
In fact, we claim that one has the stronger inclusion

D, ,(C)c &)\ (C) forally > 1. (25)

Indeed, take any u € DZ(_)(C). Choose sequences (uy )nen and (Yn)neny With y, €
Farc(u,) and Dom Fare 3 u, — u and such that

_ _ !
yn — un | lim sup ly — ']

pyn) DomFarc 2 v — u p(y)
y € Farg(u')

=: /.

The convergence u,, — u and the continuity of dfarc ensure that
lyn — un|| = dfare (u,) — dfare(u),
hence ||y, — u|| = dfarc(u). This and the inclusion y,, € bdry C' give
n=oo p(yn)  nooe pyn) ly — ul| = dfarc(u)  P(Y)
y € bdry C
This justifies the inclusion (25).

If C is a singleton, i.e., C = {c} for some vector ¢ € H, it is readily observed
that

EZ(.)(C) =H\ Ble,vp(c)].
In particular, we note that

E,1)(C)NC =0 whenever C is a singleton. (26)

Under the p(-)-strong convexity of C, the next theorem shows in particular the
coincidence of the sets 5;(.)(0) and ’DZ(_)(C).

Theorem 3.10. Let C be a p(-)-strongly convex subset of the Hilbert space H for
some function p : bdry C —]0,+o00[ which is continuous relative to bdry C. The
following hold.

(a) For every real v > 1, one has

DZ(_)(C’) = {u € H : Jy € Farc(u),dfarc(u) > vp(y)} = 53(_)(0).
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(b) The mapping farc(-) is well defined on the open set D,y (C) and locally Lipschitz
on this open set.

Proof. (a) Fix any real v > 1. Tt follows from (24) and from (¢) in Theorem 3.9
that

DZ(_)(C) C {u € H : Jy € Farc(u), dfarc(u) > vp(y)} C 5;’(_)(0). (27)
Fix any u € EZ(_)(C’). There are a real 4/ and two sequences (up)nen and (Yn)nen

of H with u, — u and y,, € Fare(u,) C bdry C for every integer n > 1 (see (2) for
the second inclusion) such that

_ oyt
lim lwn = ynll = lim sup lg — || > > .
n=oe p(yn) DomFarc > v — u r(q)
q € Farg(u')
Without loss of generality, we may suppose that
lwn = ynll >~" foralln € N. (28)
P(Yn)

Let v € DomFarc, 3 € Farg(vw') and z € C. Through the inclusion ¢y — ' €
NP (C;y') (see (6)) and the elementary equality

2
o' =27 =l = y'II> + Iy = 2> + 2y =o',z — )
we see that the p(-)-strong convexity of C' gives by the equivalence (a) < (f) in
Theorem 3.3 that
2 ’ 12 ’ >y = 2
' = 2" < W' =y I+ Y = 20" = ——— == ¥II",
p(y')
or equivalently,
ly" — 'l 2 ’ 12 ’ 2
DIz =" < v’ =y = o = 2] (29)
( p(y') )
Then, the latter inequality and (28) ensure that we obtain for all integers m,n € N
[[Yn — un| _
P(Yn)
< |lyn — unH2 = flun — ymH2

OV = Dllym — yal® < ( D) llym — ynll?

2
< dfarg (un) = (|fum = ymll = lun = wml)

2
= dfarZ (uy) — (dfarce (tm) — flun — uml|)"
Therefore, it is readily seen that (yy, )nen is a Cauchy sequence of H which converges
to some y € H. This and the equality ||u, —yn|| = dfarc(u, ) ensure that ||u—y|| =
dfarc(u). Further, the closedness of C' implies that y € C, hence y € Far¢(u) C
bdry C. Keeping in mind (28) and using the fact that the function p(-) is continuous
relative to bdry C' and takes positive values, we can write

[t — ynll _

dfarc(u) ) . dfarg(uy)
—— = lim —— = lim ———=*
ply)  mooe plyn)  noee p(yn)
Let (¢n)nen be a sequence of bdry C with ||¢, — u|| — dfarc(u) such that

>q" > . (30)

o len el llg — ull
lim ————— = lim inf —_
n—oo  p(cp) lg—ul[—dfarc(u)  p(q)
gEbdry C
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In view of (29), we have

B e~ <y =l = u - P,
hence by (30)
(7" = Dllen — yll* < dfarg:(u) — [lu — cq||*.
Then, we see that the sequence (¢, )nen converges to y (since ||c, —ul| — dfarc(w)),
in particular (by the continuity of the function p(-))

— n - df.
lim inf M = lim inf le ul = ly — ull = ar (u) > >,
la—ull »dfare(u) - plg oo p(en) p(y) p(y)

where the first inequality is due to (30) again. This gives u € DZ(.)(C). Then, it is
established that the inclusions in (27) are in fact equalities, that is,

D), (C) = {u € H : 3y € Farc(w), diarc(u) > 1p(y)} = £],(C).  (31)

(b) We conclude the proof by noting that (b) is a direct consequence of the openness
property given in Proposition 3.8 and of the implications (h) = (i) in Theorem 3.9
and (a) = (h) in Theorem 3.3. O

Given a nonempty closed bounded convex subset C' of the Hilbert space H, it

is well-known that S = {%(juc)(u) cu € H\Cp. We now show that a similar

equality holds whenever C' is assumed in addition to be p(-)-strongly convex, where
the nearest point proj-(u) is replaced by the farthest point farc(u). We need first
the following lemma which is in the line of [1, Proposition 3.3].

Lemma 3.11. Let p(-) be a function (resp. lower semicontinuous function) from
bdry C into ]0,+o0o[ and let C be a p(-)-strongly convex set in the Hilbert space H.
Let x,2' € H with 2’ —x € N(C;2') and ||x — 2'|| > p(a’) (resp. ||lx — 2’| > p(z')).
Then, one has ' € Farc(x) (resp. o' = farc(z)).

Proof. First, note that in both cases ' € bdry C. Consider any y € C. According
to Theorem 3.3 we have

(' —zy—af) < l2” = @lllly - «'1*.

b
T 2p(a)

If p(2') < ||z — ||, then
1
(@~ 2y~ ') < 5l — I,

and this translates (see (5)) the inclusion 2’ € Farc(x).
Assume now that p(z') < ||z — 2’||, so by what precedes 2’ € Farc(z). We then
have
dfarc(z) = ||z — 2| > p(z’)

and this guarantees (20) the inclusion 2’ € D,.)(C). It remains to apply Theorem
3.9 to conclude that farc(x) is well defined, that is, z’ = farc(x). O

We are now in a position to establish the description of the unit sphere through
farthest points as stated above.
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Proposition 3.12. Let C be a subset of the Hilbert space H which is p(-)-strongly
convex for some lower semicontinuous function p(-) : bdry C' —]0, +o00[ and which
is not a singleton. Let also (x',v) € H? with 2’ € bdry C and v € N(C;2')NS. For
every real a > p(x'), one has with © 1= ' — aw

B _ farg(z) —
dfarc(z) =a and v= Ao ()
Further, one has
_ [farc(u) —u
S—{ dfarc () .ue?—[}.

Proof. We have 2/ —x € N(C;2’) and ||z’ — z|| = a > p(z’), so Lemma 3.11 tells
us that 2’ = farc(z). This ensures the first two desired equalities.

Let v € S. According to Proposition 3.5, there is ¢ € C such that v € N(C;¢).
Choosing some real a > p(c¢) and setting u := ¢ — aw, we arrive by what precedes
to

farc(u) —u
~ dfarg(u)
The proof is then complete. O

Our aim is now to provide besides Theorem 3.3 several characterizations of p(-)-
strongly convex sets through either the regularity of the farthest distance function
or the existence of farthest points. We start with the lemma below which is an
adaptation of Lemma 3.4 of M.V. Balashov and G.E. Ivanov [3] (see also Lemma
10 in [18]). The context here of Hilbert spaces allow us to obtain more accurate
estimates.

Lemma 3.13. Let r > 0 be a positive real and let a,b, x in the Hilbert space H be
such that
la—z| <r <|b—=z|.

Then, one has with z := a + 55 (a — b) and m := min{r, |a — b||}

z—x|?
om <1— 1—'4ﬂ”> < lla—bll+7— b~ al, (32)
in particular
Iz — =|?
R ] (33)

Proof. First, we note that ||z — z|| < 2r (since |ja — z|| < 7), so (33) is a direct
consequence of (32) thanks to the elementary inequality

2vV1—t<2—1t
valid for every real t < 1.
Now, let us establish (32). Set u := “-* € B and v := ﬁ € S. It is clear that
lu+vl* + o —ul® = 2(Jul® + [[o]|*) < 4,
or equivalently,
lu+0))* < 4 = flo—ul*. (34)
We also easily observe that

Z—X

1
u—v=—(a—z+z—a)=
T T
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Coming back to (34), we then get

_ 2
Jutof < yfa— 12222
T

Let us distinguish two cases:
Case 1. m = |la — b||. It is then easy to check

r—lla -0

b—x=m(u+v)+ (a —x)

from which we derive (keeping in mind that m < r)
b=z <md+r— a0,
and this can be rewritten as
m(2—0) <2m+r—fla—0b|—|b—z| =la—>b]+r—|b—z

Case 2. m = r. We then have
la =0l —r

b—z=r(u+v)+
(ko) +

(b_a’)v

hence (using ||a — b|| > )
16— x| <7+ ||a—Db||—r
We then arrive to
r(2=0) <lla—bl[ +r— b -z

We conclude that the desired inequality (32) holds in both cases. The proof of the
lemma is complete. O

The next proposition provides a crucial estimate on the diameter of the set
Farc ,(Z) (see (3)) for a p(-)-strongly convex set C. We refer to Ivanov [18, Lemma
11] for the constant case p(-) = R. It will be convenient for the statement of the
proposition to denote

/
Le ey (u) == lim sup Iy =1l
DomFarc 24 — u r(y)
y € Farec(u')

so u € E,)(C) means L¢ .y (u) > 1.
Proposition 3.14. Let C be a nonempty bounded subset not reduced to a single-

ton of the Hilbert space H for which there exists a function p : bdry C —]0, +o0[
satisfying

y € Fare (y + ”xp(_y)y”(x - y)> for all (z,y) € gphFarc withx € £,()(C). (35)

Assume that the set £,.y(C) is open in H along with k := infpay. 3y p > 0.
Then, given any T € E,y(C), i.e. Lg ) (T) > 1, there exists a real v €
10, dfarc(Z)[ such that for every real n > 0 with 14-2n/k < L () (T) (or equivalently

T € 5;(4__)277/5(0)), one has
) < 4r
~ /min {r,dfarc(7) — r}

diam Farc, (T

NG
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Proof. Fix any T € &,)(C). Thanks to the definition and to the openness of
the set U := £,)(C), we can find some sequence ((un,qn))nen of gphFarc with
U>u, —7Tand

— _
Loy (T) = lim sup llg =l _ lim llgn — unl S 1 (36)
DomFarc 3 v — T p(a) n=oc p(gn)

q € Farg(u')

Extracting a subsequence if necessary we may suppose that (g,)nen weakly con-
verges to some § € H (denoted ¢, — §) along with the convergence p(g,) — r for
some real r € [k, +00[, where the inequality r < oo is due to (36) and to the bound-
edness of C. In view of (36), consider any real > 0 such that L¢ ,.y(Z) > 14-2n/k.
There is no loss of generality by writing

2
dfarc (uy) = ||gn — unl| > plgn)(1 + ?77) and o, = ||T — uy| < g (37)
for every integer n > 1. Passing to the limit as n — oo in the first inequality gives
dfarc(z) —r > 2rn/k > 0. (38)

Let ¢ € Farc,,(Z). Note that the inequalities in (38) obviously ensure that dfarc (%)
> r. Fix for a moment an integer n € N. Using the 1-Lipschitz property of dfarc
(see (1)), the first inequality in (37) and the definitions of x and o, we obtain

2
dfarc(z) > dfarc(u,) — oy > (1 + Zn)p(qn) —on > plan) + 210 — op. (39)

Keeping in mind the inclusion ¢ € Farc ,(Z), it follows from this and the second
inequality in (37) that

le—ttall > le— 7] |7 — un | > dfarc (@) —n—on > plga) +1—20m > plga). (40)
On the other hand, applying the assumptions (35) gives

qn € Fal“c(flfn) with x, := qn + M(“n - Qn)v
||Qn - un”
and this obviously entails
|2n — cl| < dfarc(zn) = p(gn). (41)
By definition of x,, and by the first inequality in (37) we also have
|20 — unll = [llgn — unll = p(gn)| = llgn — unll — plgn) = dfarc(un) — p(gn). (42)
This and the 1-Lipschitz property of dfarc ensure that
[2n — un| < dfarc(Z) + |7 — unl| — plgn) = dfarc(z) + on — plgn).- (43)

Further, letting n — oo in (42) furnishes ||z, — u,| — dfarc(Z) — r, thus
my, = min{p(qn), |Tn — un||} = min{r, dfarc(z) —r} > 0, (44)

where the latter inequality is due to (38). From the definition of z,, again, it is also
easily seen that

p(qn)
|20 — unl
The latter equality combined with (40) and (41) allows us to apply Lemma 3.13
with m,, = min{p(q,), |xn — un||} to get

Gn = Tp + (xn - un)

M lgn — c|?

4p(qn)? < Nwn — unll + p(gn) = llun —cl| =t an. (45)
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Further, from (43) and (40) we have

a, < dfare(T) + o — plan) + p(¢n) — dfarc () + 1+ 05 = 20, + 1. (46)
Coming back to (39), we also have

dfarc(Z) — p(qn) — on > 2(n — 0p) > 0.
According to this and to the fact that
dfarc(Z) — ||lgn — uy|| = dfare(Z) — dfarc(uy) < | — uyp|| = op,

it follows that

0 <2(n—on) < dfarc(T) — p(gn) — on < llan — uall — p(gn) = [lzn — unll,
where the latter equality is due to (42). We note by (45) and (46) that

20, +1
lgn = cll < 2p(gn)y/ ——— =: sn.
my,

Using the weak lower semicontinuity of || - || and the convergences ¢, — ¢ and
p(gqn) — 7, we arrive by (44) to

~ M M — 77
_ < liminf s, =2 P
17— cll < o _}_rolo 5 T\/min{T, dfarc(z) —r} g

Therefore, we have for all ¢, cs € Farc,,(T)
ler = call < flev =@l + fle2 — gl < 2.
This finishes the proof of the proposition. O

The condition x > 0 in the above proposition holds true whenever C is p(-)-
strongly convex as shown below.

Proposition 3.15. If a nonempty closed bounded subset C' of the Hilbert space H is
p(+)-strongly convex for some lower semicontinuous function p : bdry C —]0, +o0],
then infyary c p > 0.

Proof. By contradiction, suppose that infyq,ycp = 0. Let (cn)n>1 be a sequence
in bdry C with lim,_,c p(c,,) = 0. Fix some pair (z,v) such that € bdry C and
v € N(C;z)NS. Since p(-) is lower semicontinuous and p(z) > 0, we must have
¢n 7+ x, so there exist a real a > 0 and a subsequence (cs(pn))n>1 such that

llcs(ny — || > o for alln € N.

We deduce for each integer n € N, by the equivalence (a) < (e) in Theorem 3.3,
that

C, - 1
<1)7 s(n) — > < ~5 ||cs(n) —z|,
||Cs(n) Z‘H p(cs(n))

and this leads to the desired contradiction since

Cs(n) — T
v, —~ N\l <
”CS(n) _xH

—00. O

while —z| <

1 o
2p(cs(n)) ”cs(") 2p(cs(n)) -

We can now prove the following theorem providing a series of properties of p(-)-
strongly convex sets through the differentiability of farthest distance function.
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Theorem 3.16. Let C be a nonempty closed bounded subset not reduced to a sin-
gleton of the Hilbert space H and let p(-) : bdry C —]0,4+00] be a function which is
continuous relative to bdry C. Let also

IZ(,)(C) :={u € H : Jy € Farc(u), dfarc(u) > vp(y)}-

Consider the following assertions:

(a) The set C is p(-)-strongly convex.

(b) For any real v > 1, the set SZ(_)(C) 1s open in H and the mapping farc is well
defined on 53(_)(6') and (v — 1)~ '-Lipschitz continuous therein, that is,

|[farc (uy) — farc (ug)|| < (v — 1) Hjug — ua||  for alluy,ug € E;’(.)(C').

(c) For any real vy > 1, the set 5;(‘)(0) coincides with both Z7 . (C) and DZ(' (@)

p(+) )

and the mapping farc is well defined on E,.y(C) along with

dfare (uq) dfarc (ug)
2p(tarc(ur)) | 2p(farc(uz))

[farc(ur) - farc (us)|| < ( — 1) = wsl,

for all uy,us € E,((C).

(d) The set £,.y(C) is open in H and the mapping farc is well defined on &,.y(C)
and locally Lipschitz continuous on £,.y(C).

(e) The set £,(.y(C) is open in H and the mapping farc is well defined on &,y (C)
and norm-to-norm continuous on E,.)(C).

(f) The set £,(C) is open in H and the mapping farc is well defined on &,.y(C)
and norm-to-weak continuous on E,.y(C).

(9) The set £,.y(C) is open in H and the function dfarc is of class C*' on £,(.y(C).
(h) The set £,.y(C) is open in H and dfarc is Fréchet differentiable on E,.y(C).
(i) The set £,.(C) is open in H and the function dfarc is Gateauz differentiable
on E,(y(C) and Farg(u) # 0 for allu € £,.(C).

(j) The set £,.y(C) is open in H and the function dfarc is Gateauz differentiable
on E,1(C) and ||[VCdfarc(u)|| =1 for all u € £,(C).

(k) The set £,.y(C) is open in H and dfarc(u) is strongly attained for all u €
Ep(1(C).

(1) The set £,.)(C) is open in H and for any u € E,.)(C) such that the element
y = farc(u) is well defined one has

—u
farc(u) = fare (y — th) for allt €]p(y), +ool.

(m) The set £,(C) is open in H and for any (u,y) € gphFarc with u € £,.y(C)
one has

Yy e Farc(y — ||yp(y)u|| (y — u))

Then, the implications (a) = (c) = (b) = (d) hold, the assertion (d) is equivalent
to anyone of (e) — (k), and the implications (h) = (I) = (m) also hold. If in
addition, inf cpar. () p(c) > 0, then (m) = (k).

Proof. First observe that Theorem 2.3 guarantees that (d) — (k) are pairewise equiv-
alent.

The implication (a) = (c) directly follows from Theorem 3.10 and from the fact
that the p(-)-strong convexity of C' implies (k) in Theorem 3.9. On the other hand,
we obviously have (¢) = (b) and (b) = (d).
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To show that (h) implies (I) suppose that £,.y(C) is open and dfarc(-) is Fréchet
differentiable on &,..)(C). According to Theorem 2.3, we know that the mapping
farc () is well defined on the open set &£,.y(C) and continuous therein. Fix any
u € E,)(C). Choose a real v > 1 such that u € EZ(_)(C). By definition of 53(,)(6’),
we can find two sequences (ul,)nen and (yn)nen of H with y,, € Farc(u,,) for every
integer n € N such that

[yn — ual

P(Yn)

Taking into account the latter convergence and the openness of the set £,..(C), we
may suppose without loss of generality that u;, € £,..)(C) for every integer n € N,
and this allows us to write

u, —u and >~ foralln > 1.

o = faro(u) > farg(u) = y and 105

p(y)

Applying Lemma 2.4 provides some real 75 €]0, 1] such that
farc(u) = farc (u + s(farc(u) — u))  for all s < 7.

L farc (u)—u
Put ug := u + 5 g—ul

not reduced to a singleton). Fix any t €]p(x), +oo[. If ¢t > dfarc(u), we have with
Ti= 7dfar2(u) > 1 (see (7))

for every s € R (keeping in mind that x # u since C is

y = farc (farc (u) — 7(farc (v) — u)) = farc (farc (u) — tﬁ) (47)

Consider now the case when ¢ < dfarc(u). Define the set
Q¢ = {s €] —oo,dfarc(u) —t] : us € E,)(C), farc(u) = farc (us)}

which is nonempty since 0 € Q;. Set k := sup @y < dfarc(u) —t and choose a
sequence (8, )nen Of @y such that s, — k. For every integer n € N we can write

dfarc(us, ) = |[farc(us, ) — us,,

farc(u) —u
ly — ull )

farc(u) — (u+ sy,

s
= 1= ——— | [lfarc(u) — ul|
‘ ly — ull ‘
= lly = ull = snl
= dfarc(u) — s, (48)
and
lus, = yll = llus, — farc(w)]| = llus, —farc(us, )| = dfare(us, ). (49)

Putting together (48), (49) and the convergence us, — u, we get
luw — y|| = dfarc(uy) = dfarc(u) — & >t > p(y),
hence y € Farg(u,) and

le—wll o =l |

lim sup =
DomFarc 2 v/ — u, p(2) P(y)
z € Farg(u')
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This says that u, € £,.)(C). Then, we know that dfarc(-) is Fréchet differentiable
at u, along with

y = farc (uy).
Now, we are going to show that x = dfarc(u) — t. By contradiction, suppose that
k # dfarc(u) — t, that is, k < dfarc(u) — ¢. Thanks to Lemma 2.4, we can find
some 6 €]0, 1] such that

farc (u.) = fare (us + 0 (fare (uy) — u,)) = fare (u, + 6’ (fare (u) — ug)),  (50)
for every real 8’ < 0. Let us choose some real 7 €]0, 8] small enough such that
k +n(dfarc(u) — k) < dfarg(u) =t and  u, +n(farc(u) — ux) € £, (C). (51)
Putting « := k + n(dfarc(u) — k) > k, simple calculations show that
u, + n(farc(u) — uyg) = g,

which gives by (50) and (51) that o € Q. The latter inclusion is a contradiction
since @ > Kk = sup ;. Then, it is established that

k = dfarc(u) — t.
Combining this and the equality farc(u) = y, we obtain

y—u y—u
u, = u + (dfarc(u) —t) =y—t _
ly —ull ly — ul
According to this and to (47), we have for any ¢ €]p(y), +oo[
y—u
y = farc(u,) = fare(y — t+—),
ly —ull

so the implication (h) = (I) is established.

Let us show (I) = (m). Take any (u,y) € gphFarc with u € £,,(C) and any
real t > p(y). For every real 8 > 0 put ug := u+0(u —y), so y = farc(uy). Fix any
real 6 > 0. By (I) we have

y = farc (y B t@/ﬂe) ~ fare (y _ ty—U) ,
lly — gl lly — ull

hence dfarc (y — = ) = t. Then, the limit as ¢t | p(y) ensures that we have

y
dfarc(y—p(y) HZ:ZH) = p(y). This means y € Fare (y — p(y)ﬁ), which justifies
(m).

Assume in addition that infg,,. () p > 0. Let us establish the implication (m) =
(k). Fix any @ € &£,(.)(C). According to Proposition 3.14, under (m) we have

lim diam Farc ,, (%) = 0,
740

and this ensures (see (4)) that dfarc(u) is strongly attained. The proof of the
theorem is complete. O

Remark 3.17. It should be noted that there are nonconvex sets C such that
dfarc(-) is Fréchet differentiable on £,(.y(C) for p(-) = R > 0 large enough. Indeed,
setting C' := SU{0} C H, we observe that dfarc(-) = 1+||-|| is Fréchet differentiable
on H\ {0} D Er(C) =H\ (R —1)B for every real R > 1. O

We end the paper with the next proposition which provides, in addition to Theo-
rem 3.3(c), another description of p(-)-strongly convex sets as intersection of closed
balls.
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Proposition 3.18. Let C be a p(-)-strongly convex subset of the Hilbert space H for
some continuous function p(-) : bdry C' —10, +oo[. Assume that C is not reduced to
a singleton. Then, one has Q¢ .y := {(u,y) € H* : y € Farc(H), dfarc(u) = p(y) }
%0 and
C= () Blur),
(u,y)€EL
for every set L such that 2c ) C L C {(u,y) € H* : dfarc(u) = p(y) }.

Proof. Fix any = € £,(.(C). According to Theorem 3.16, we know that y := farc(x)
is well defined along with

y—x
yEFarC (y_p(y)Hy—xH) .

Setting u :=y — p(y)ﬁ we then see that
(u,y) € gphFarc  and dfarc(u) = ||y — ul| = p(y),

that is, (u,y) € Q¢ ) # 0.

Let L be a set such that 2¢ ,) C L C {(u,y) € H?: dfarc(u) = p(y) }. We are
going to show that D = C with D := ﬂ(u,y)eL Blu, p(y)]. Given any ¢ € C, we see
that

lle — ul| < dfarc(u) = p(y) for all (u,y) € L,
or equivalently, ¢ € (, , ey Blu, p(y)]. This translates the inclusion C' C D. Let
us show the converse inclusion. By contradiction, suppose that we can find some
z€ D\C. Set p:=projs(2), d:=dc(z) >0 and v := =2 € N(C;p). Fix any real
k> p(p) and set g := p — kv. We obtain by Theorem 3.9 that for every ¢ € C

R

2p(p)

By (5) we have the inclusion p € Farc(q). It follows from this
dfarc(q) = [lp — qll = & > p(p),

hence (see Theorem 3.10) ¢ € £,(.y(C). This inclusion allows us to apply Theorem
3.16 to get

1
(p—q,c—p)=r{v,c—p) < — IIC—pH2S—§IIC—pH2-

p=farclg) € Faro (p ) Zn) |

Thus, the point w :=p — p(p)ﬁ satisfies
(w,p) € gphFarc and dfarc(w) = [lp — w|| = p(p),

in particular, (w,p) € ¢,y C L. We deduce from this and the definition of D
that
z € D C Blw, p(p)].

On the other hand, we also have

KV d+ p(p)
z—w=z—p+pp)g o =2—p+ppv=—"7"(2-Dp).
5]l d
Taking the norm || - || of the extreme members in what precedes and keeping in mind

that z € Blw, p(p)], we then arrive to

d+ p(p) < p(p).

This must imply d = 0, that is, z € C since C' is closed in H, which contradicts the
fact that z € D\ C. The proof of the proposition is complete. O
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