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1 Introduction

The class of p(-)-prox-regular sets in Hilbert spaces has been introduced and studied by A.
Canino in 1988 ([4]). It has been thoroughly developed by G. Colombo and L. Thibault
in the survey [6]. Roughly speaking, a (nonempty closed) subset S of a Hilbert space H is
prox-regular with thickness/radius p(-) whenever there is a function p : AF(S) :={z € S :
NP (S;x) # {0}} —]0,4+00] such that the nearest point mapping projg is well defined and
continuous on a suitable open neighborhood (depending on p()) of the set S. Here and
below, N (S;-) stands for the proximal normal cone to the set S (see Section 2 for more
details). Whenever the function p(-) is constant, say p = r for some extended real r > 0,
the p(-)-prox-regularity property is nothing but the (usual) uniform prox-regularity® with
constant r introduced in [17].

Prox-regularity has a long and deep story which goes back to the pioneer work [8] of
H. Federer in 1959 (with the class of "positive reached sets" in R™) and has been involved
since in numerous and various topics of mathematical analysis (see the sections "The
sweeping process" and "Others applications" in the survey [6], see also the comments at
the end of Chapter 15 in the recent book [26] and the references therein).

In this paper, we provide new properties for the class of p(-)-prox-regular sets, namely:

(r1) Given a (possibly nonregular) thickness p(-) and a point x € O,)(S) := {£ < 1}

with ,
U2 = lim sup ll” = gl
lo' =yl = ds() P
y € AT(S)

we estimate the diameter of the following sets of approximate nearest points (with
n>0)

Projg, (x) :={c € S : [le — z|* < d&(z) +n} (1.1)
and

Projg,(z) :={c€ S |c—z| < ds(x) +n}. (1.2)
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More precisely, we show that for some constant k, (independent of 1) we have

diam Profg’n(w) < Kz/M

and
diam Projg , () < ken/1 + 2ds(2)4/1.

Let us mention that the above constant k, satisfies

2
Ky = ! = 7 whenever p = r,
r— ds (:K) 1— ds(z)

T

in particular k, = 2 whenever the set S is co-prox-regular (i.e., nonempty closed and
convex). To the best of our knowledge, the latter estimates are new in the literature
(even for a constant radius p = r). We deduce from this (see Proposition 2.1 below)
that the infimum dg(z) is strongly attained which obviously implies that the set of
nearest points Projg(x) is reduced to a singleton.

We also estimate (in a sharp way) the error between the nearest point projg(z) and
an approximate nearest point p € Proj?gﬂ7 (), namely

Rz
swpps(@) ol < v
pEProjé’n(m)

(m2) We give an upper estimate in terms of closed balls for the p(-)-open tube O,.(S5).
In the constant case p = r, we recover the fact that the complement of a uniformly
prox-regular set is nothing but the union of closed balls with constant radius ([18]).

(m3) We give a characterization of p(-)-prox-regular sets through the proximal subdiffer-
ential Opdg(z) for appropriate ouside points = ¢ S.

Besides our investigations on the theory of p(-)-prox-regularity, we also develop (1)
for the class of p(-)-strongly convex sets in Hilbert spaces. Such a class has been recently
considered by L. Thibault and the author in [19] and can be seen as an extension of the
classical R-strong convexity property. Recall that a (nonempty closed) subset of H is
strongly convex of constant R > 0 whenever it is the intersection of a family of closed
balls in H with common radius R. It is known (see, e.g., the survey by V.V. Goncharov
and G.E. Ivanov [10] and the references therein) that such a property is equivalent to the
fact that any « € Eg(C) := {dfarc > R} has one and only one farthest point farc(x)
from C along with the continuity of the induced mapping Ex(C) > u — farc(u). Here
and below, Farc(z) is the set of farthest points of = from the set C, that is

Farc(z) :={y € C: ||y — z| = dfarc(z)},

where dfarc(z) := sup.c¢ ||c — z|| is the farthest distance of x from C. It is then quite
natural to replace the above sets (1.1) and (1.2) in (71) by

FarQCm(a:) ={ceC:lc—z|*> dfar%(x) —n} (1.3)

and
Farc ,(x) :={ce C:|c—z| > dfarc(z) — n}. (1.4)

We provide (in the line of our development in (71) for prox-regularity) estimates for the
diameters of the so-called approximate farthest point sets (1.3) and (1.4). Doing so, we
complement (through a different approach) the following estimate due to G.E. Ivanov in
[11] (stated and proved in the more general context of uniformly convex Banach spaces
and for antisun sets)

WP = p2lly i (R, dfare () — R) <,

20m( 2R =



valid for any « € Farc 4 r(x) and any pi, ps € Farc,(x). Here dy stands for the modulus
of uniform convexity of H defined by

g2 _ ¢g?
u(e) :=1—14/1— 12 5 for alle € [0, 2].

We also mention that the set of approximate farthest points (1.4) has been also studied by
M.V. Balashov ([1]). In [1], the author shows that for two strongly convex sets Cy,Co C H
of constant R; (where haus denotes the Hausdorff distance)

R,
hanus(l*jarcl,,,1 (x1), Farc, p, (acg)) <16 max E—Z(QHxl — xo|| + 2haus(Cy, Co) + |1 — 772\),

for all n; €)R;, dfarc, (z;)[.

The paper is organized as follows:

In Section 2 we recall some important notions which will be used through the paper.
Section 3 is devoted to the development of the above properties (1), (m2) and (m3) for
prox-regular sets with variable radii. The property (m1) is studied in the context of
strongly convex sets in the last section of the paper.

2 Notation and preliminaries

In all the paper, H is a real Hilbert space not reduced to zero endowed with its inner
product (-, -) and its associated norm || -|| := y/(-,-). The open (resp. closed) ball centered
at © € H with radius 7 > 0 is denoted by B(z,r) (resp. Blz,r]). We set B := B[0, 1] (the
closed unit ball of #) and S := {u € H : |Ju|]| = 1} (the unit sphere of H). The identity
mapping of H is denoted Id.

2.1 Approximate minimizers/maximizers

Let us start by recalling some basic concepts:

Definition 2.1 Let Y be a nonempty subset of a metric space X and let f : X — R be a
function and let A := infyey f(y) and ' := sup,cy f(y)-

(i) Any sequence (Yn)n of Y such that f(y,) — A (resp. f(yn) — T') is called @ minimizing
sequence (Tesp. a maximizing sequence) for the infimum A (resp. the supremum T') of
the function f over the setY.

(i) The infimum A (resp. supremum I') is said to be strictly attained at g €Y if

f@=A and fy')>A forally €Y \{7}

(resp.

f@=T and f(y)<T forally €Y \{7}).
(iii) The infimum A (resp. supremum T') is said to be strongly attained at y € Y if any
minimizing (resp. maximizing) sequence for the infimum A (resp. supremum T') converges
to the point y.
(iv) For each real n > 0, an element § € Y is called an n-approximate minimizer (resp.
approximate maximizer) of the function f overY if

f@) <A+n (resp. f(y) =T —n).

The set of n-approzimate minimizers (resp. approzimate mazimizers) is denoted My (f)
(resp. My, (f)).

Clearly, the infimum A (resp. the supremum I') is strictly attained at g € Y whenever
it is strongly attained at 7.
We have the following crucial (and classical) result on the diameter of the sets M. . (f)

and Mym (f)



Proposition 2.1 Let Y be a nonempty closed subset of a complete metric space (X,d)
and let f: X — R be a function. The following hold:
(a) Assume that f is bounded from below and lower semicontinuous. Then, the infimum
inf ey f(y) is strongly attained at some § € Y if and only if

lim M =0.

nlfgfy,n(f)

(b) Assume that f is bounded from above and upper semicontinuous. Then, the supremum
sup, ey f(y) is strongly attained at some y € Y if and only if

lim My (f) = 0.

2.2 Distance function

The distance function dg and the farthest distance function dfarg from a nonempty subset
S C H are defined for every x € ‘H by

ds(x) :=inf ||z —y|| and dfarg(z) :=sup ||z —y||.
yes yeS

To those functions are naturally associated the multimappings Projg : H = H of nearest
points in S and Farg : H = H of farthest points in S defined for every x € ‘H by

Projg(z) == {y € S ds(x) = ||lz -y}

and
Farg(z) :={y € S : dfarg(z) = ||l — y||} .

Whenever Projg(T) (resp. Farg(Z)) is reduced to a singleton for some Z € H, that is,
Projg(z) = {y} (resp. Farg(z) = {7}) the vector § € S will be denoted by proj¢(T) (resp.
farg(Z)) or ps(T).

It is an exercise to check the following equivalences valid for every x,y € H

1
y € Projg(z) ©ye S and (w—y,c—y>§§|\c—y||2 for allc € S (2.1)

and
1
y € Farg(z) @ y€ S and (y—x,c—;g>§—§||c—y||2 for allc € S.

The next result provides fundamental characterizations for the regularity of the (usual)
distance function. We refer the reader to [26, Proposition 15.19] for a proof.

Theorem 2.1 Let C' be a nonempty closed subset of H and let U be a nonempty open
subset of H. The following assertions are equivalent:

(a) The function d% is C' on U;

b) the function d% is Fréchet differentiable on U;

c) the function d% is Gateauz differentiable on U and ||Dgdc(z)|| =1 for every x € U;
d) the function d% is Gateauz differentiable on U and Proj.(z) # 0 for every x € U;

e) the mapping proje : U — C is well defined on U and continuous therein;

f) the mapping proje : U — C is well defined on U norm-to-weak sequentially continuous
herein;

g) the infimum dc(x) is strongly attained for all x € U.

(
(
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(
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Under anyone of the latter assertions, one has

Vd%(x) = x — projo(x) for allz € U.

We have a similar result for the farthest distance function (see, e.g., [9]). Note that
dfarc(z) > 0 whenever the set C' is nonempty and not reduced to a singleton.



Theorem 2.2 Let C be a nonempty closed bounded subset of H not reduced to a singleton
and let U be a nonempty open subset of H. The following assertions are equivalent:

(a) The function dfarc is C* on U;

(b) the function dfarc is Fréchet differentiable on U;

¢) the function dfarc is Gdteaux differentiable on U and ||Dgdfarc(x)|| = 1 for every
reU;

(d) the function dfarc is Géateaur differentiable on U and Farc(z) # 0 for every x € U;
(e) the mapping farc : U — C is well defined on U and continuous therein;

(f) the mapping farc : U — C' is well defined on U norm-to-weak sequentially continuous
therein;

(g9) the supremum dfarc(z) is strongly attained for all x € U.

Under anyone of the latter assertions, one has

x — farg(x)

Vdfarc(z) = dfarc (2)

for allx € U.

The theory of p(-)-prox-regular set makes a great use of the famous Lau theorem [14].
Recall that any Hilbert space is reflexive, sequential Kadec-Klee and strictly convex.

Theorem 2.3 (Lau’s theorem of genericity of points with nearest points) Let X
be a reflerive Banach space endowed with a norm N satisfying the sequential Kadec-Klee
property and let C' be a nonempty closed subset of X. Then, the set of points of X \ C
admitting nearest points in C' contains a dense G set of X \ C.

If in addition the sequential Kadec-Klee norm N is strictly convex, then there exists a
dense Gs set of points in X \ C with unique nearest points in C.

The following result is the farthest points counterpart of Theorem 2.3. It is also due
to K.S. Lau [15].

Theorem 2.4 (Lau’s theorem of genericity of points with farthest points) Let C
be a nonempty weakly compact set in a Banach space (X,N'). Then, the set of points in
X with farthest points in C' contains a dense Gg set in X.

If in addition the norm N is strictly convex, then there exists a dense Gs set of points
in X with unique farthest points in C.

2.3 Proximal normal cone and its associated subdifferential

We give some preliminaries about normal cones and subdifferentials which will be deeply
involved in the rest of the paper. For more details, we refer the reader to the books
[5, 16, 24, 25].

A vector ¢ € H is said to be a prozimal normal to a closed set S C H at x € S
whenever there exists a real 7 > 0 such that € Projg(z +7¢). The set N¥(S;z) (which
is a convex cone containing 0 but not necessarily closed) of all proximal normal vectors
to S at x € S is called the prozimal normal cone of S at x. By convention, if z € H \ S,
we put NP(S;2) := (). Recall that if S is convex, then N (S;z) is nothing but the
Moreau-Rockafellar normal cone, that is,

NP(S;z)={veH: (v, —x) <0Va' € S}.

We point out that we may have N¥'(S; ) = {0} for some closed convex cone S C ¢?(N) and
x € bdry S (see, e.g., [7, Example 7.7]). Coming back to a general (possibly nonconvex)
set .S, it should be noted that

u—pe NP (S;p) for all (u,p) € gph Projg (2.2)
We can also easily check that

qg—ue NP(S;q) for all (u,q) € gphFarg. (2.3)



Here and below, the graph gph M (resp. the domain Dom M) of a multimapping M :
H = H is defined as
gph M := {(z,y) € H* 1y € M(x)}

(resp.
Dom M :={z € H : M(x) # 0}).

A vector ( € H is said to be a proximal subgradient of a function f : U — R defined
on a nonempty open subset U of H at T € U provided that there are a real ¢ > 0 and a
real n > 0 such that

Cy-7) < fly)— f@) +oly—z|* forallye B(T,n).

The set Jf(T) of all such proximal subgradients is called the proxzimal subdifferential of
f at T. Given any set S C H, we recall that for any x € H with dpdg(z) # 0, the set
Projg(x) is reduced to a singleton (i.e., projg(z) is well defined) and

ds(z)0pds(x) = {x — projg(z)}. (2.4)
At last but not least, we have the crucial equality

Opds(z) = NP (S;z) B for allz € S. (2.5)

3 Prox-regularity with variable thickness

This section is devoted to the class of p(-)-prox-regular sets. For more details (proofs,
historical comments and further results) we refer the reader to the survey [6] and the
book [26]. As usual, we set 1/r := 0 whenever r = +o0.

3.1 Definition, first properties and remarks

Given a nonempty closed set S C H, we set
AP(S):={xeS:NF(S;z) # {0}} C bdryS.

Assume that S # H. Let u € H\ S =: U. According to Theorem 2.3 we know that there
is a sequence (up)nen of the open set U such that p, := projg(uy) is well defined (that
is, Projg(uy,) is a singleton) for every n € N. Noticing (see (2.2)) that for each n € N,
0 # up — pn € NT(S;p,), we obtain

AT (S) # 0.

We are then able to define for a given function p : A¥(S) —]0, +-oc] the function ¢ : U —
[0, +o0] given by

7 : [z —yll
{(z) = limsup ———. (3.1)
yeAP (s)
It follows from the equality
-7 . . _1
Uz) = ds(x)( lim inf p(y))
| —yll = ds(x)
y € AT(S)
that the set
O,y(8) :={z e U :L(x) <1} (3.2)

is open in H. If p = r, it is evident that O,)(S) is nothing but the r-open tube around
S, that is, O,)(S) = {0 < ds < r}. It will be convenient to set A”(S) := S and
O, (S) := 0 whenever S = H.



Definition 3.1 Let S be a nonempty closed subset of H and let p : AF(S) —]0,+o0]
be a function. The set S is p(-)-prox-regular provided that, for any x € AF(S) any
v e NFP(S;2) NS and any t € RN)0, p(z)]

z € Projg(z + tv). (3.3)

In such a case, one says that the function p(-) is a prox-regularity radius function of the
set S.

Note that the radius of prox-regularity p(:) in the latter definition is required to be
defined on AT (S) C bdry S. This slightly differs from others developments on that topic
([4, 6, 26]) where p(-) is defined on the whole considered set S. Of course if the function
p(+) is real-valued, the inclusion (3.3) is equivalent to

z € Projg(z + p(z)v)
which is also (obviously) equivalent to
CNB(x+ p(x)v, p(z)) = 0. (3.4)

Whenever the latter equality (3.4) is satisfied one says that the unit proximal normal
vector v at x is realized by a t-ball with t = p(z).

Examples of p(-)-prox-regular sets (with lower semicontinuous/continuous radius) can
be found in [26, Chapter 15].

The following easy result (see, e.g., [26, Theorem 15.6]) provides a fundamental char-
acterization of p(-)-prox-regular sets.

Proposition 3.1 Let S be a nonempty closed subset of a Hilbert space H and let p(-) :
AP (S) =)0, +00] be a function. Then, the set S is p(-)-proz-regular if and only if

(v,2' —z) < [ (3.5)

2p(z)
for any x € AT(S), anyv € NP (S;2)NS and any 2’ € S.

Remark 3.1 Keep the notation of the latter proposition. Let AT (S) C S’ C S and let
p: 8" —]0,+00] be a function such that pjyr(sy = p. The inequality (3.5) is obviously
equivalent to

1
(v, 2" —x) < m”xl —z|?

for all z,2’ € S and all v € NP(S;2) NB. It is then natural (and convenient) to say that
S is p(-)-prox-regular. |

)

Let S be a p(-)-prox-regular set of H for some function p(-) : AF(S) —]0,+oc].
Through Propositon 3.1 we easily see that the multimapping N¥(S;-) is closed-valued.
If the function p(-) can be extended to a lower semicontinuous function p(+) : bdry S —
10, +0¢], we also show in a straightforward way (via Propositon 3.1 below, see also |26,
Proposition 15.13]) that the set gph NP (S; ") is strongly x weakly sequentially closed. In
such a case, we are able to derive that the set S enjoys a normal/tangential regularity

property
NF(S;z) = NY(S;z) and TB(S;2)=T(S;z) forallz e S.

Here T¢ (resp. TP) stands for the Clarke (resp. Boulidang) tangent cone and N¢
denotes the Clarke normal cone. The example below shows that such facts may fail for a
p(+)-prox-regular set S with a continuous radius relative to AT (S).



Example 1 It is easy to check that the set S := {(z,7) € R? : r < |x|} is p()-prox-regular
with p : AP(S) = bdry S\ {(0,0)} —]0, +oo[ with

p(z,|z)) := V2|z| for allz # 0.
Observe that the sets AP (S) and gph N¥'(S;-) fail to be closed and
TP(5:(0,0)) # TC(8;(0,0)) and  N”(8;(0,0)) # N(S:(0,0)).

Note also that the set S is not prox-regular at the point (0,0) in the sense of [26, Definition
15.65]. |

The above set S satisfies the equality N¥'(S;(0,0)) = N¥(S;(0,0)) where N is
the Fréchet normal cone. We point out? that the epigraph S’ := epi f of the function
f R — R defined for every z € R by

f@)=—|z|* ifz>0 and f(z)=|z|? otherwise
is p(-)-prox-regular for some radius p(-) : AT (S) —]0, +oo[ while

NP (8"(0,0)) # N"(55(0,0)).

3.2 Strong attainment of the distance associated to a prox-regular
set

Our main aim in that subsection is to show that the infimum dg(z) is strongly attained
for any z € O,()(S) whenever the set S is p(-)-prox-regular for some radius p : A7 (S) —
]0,4+oc]. Recall that the existence and uniqueness of a nearest point projg(z) with = €
O,((S) (which obviously holds whenever dg(x) is strongly attained) has been previously
obtained in [6, 26] under the continuity (on the whole set S) of the radius. Having in
mind Proposition 2.1, we are going to estimate (without any regularity assumption on the
function p(-)) the diameter of the sets

Projg  (z) == {c€ S: e —2|® < d¥(z)+n} = SN Bz, \/d§(x) + 1]
and
Projg ,(7) :=={c € S [lc — 2| < ds(z) + n} = SN Blz,ds(z) +n].

We have the following nice result:

Proposition 3.2 Let S be an r-proz-reqular set of H for some real r > 0. Then, for any
x € H, the set Proj?gm(x) (resp. Projg,(x)) is min(r, \/dg(x) + n)-proz-regular (resp.
min(r, ds(x) + n)-proz-regular).

Proof. It is a direct consequence of the fact that the intersection of an s-prox-regular set
with a closed ball of radius s is s-prox-regular (see, e.g., [26, Corollary 16.17]). m
We start our study with the following easy lemma:

Lemma 3.1 Let S be a p(-)-proz-regular set for some function p : AT(S) —]0,+oc].

Then, for all (z,p) € gphProjg with x ¢ S and d,f&) <1 and for all ' € S, one has

1
Ip —a'||* < W(Hm/ —a|* - di(x)),
p(p)

in particular

1
2 < — |2’ = 2],
Ip—a'll € ———lla' ~al
p(p)

2We thank an anonymous referee and Lionel Thibault for this remark.




ds(x)
» p(p)
that z ¢ S (so p € AP(S)). Through elementary computations, we see that

Proof. Fix any (x,p) € gph Projg with « ¢ S < 1and any 2’ € S. We may assume

Iz = pll* = lla" = 2]|* = 2" = p,& = p) — [|lz — p|*. (3.6)

Combining the p(-)-prox-regularity of the set S (see Proposition 3.1) and the inclusion
x—p€ NT(S;p) (see (2.2)) yields

|z —pll, .
2(x —p,’ —p) < x'—p
< ) p(p) |

12 =@ . (3.7)

p(p)
It then suffices to put together (3.6) and (3.7) to complete the proof. m

The following lemma is crucial for our approach.

Lemma 3.2 Let S be a p(-)-proz-regular set of H for some function p : AT (S) —]0, +o00].
Let x € O,)(S) and let cy,...,c,y, € S. Then, for each real € > 0, there exists p €
Projg (=) N Projg’s(m) such that for alli € {1,...,m}, one has

lle: — pl? < ( +e)(llei — z* — d& () +¢)

1— ()
with £(x) as in (3.1).

Proof. We have S # M (since O,()(S) # 0). Let € > 0 be a real. According to Lau
theorem relative to nearest points (see Theorem 2.3) we can find a sequence (uy)nen Of

H \ S such that u, — z and p, := projg(uy,) is well defined. Since % — Z;Eg =1

(keeping in mind that = ¢ S) and p,, € AT (S) for all n € N we have

llwn — paull |z — pnll

lim sup = limsup <{(z) <1.
n—oo P(Pn) n—oo  P(Pn)
Pick any ¢’ > 0 such that
_ ) 1 1
lz)+e <1 and = < ——— +e.

1—4l(z)—¢ — 1—4(x)
Choose some N € N satisfying for all n > N

ds(un) _ lun —pall 5 )+ &
oon) ) o) o<l

along with

4wy, — x||(dg(x) + |lwn — a:H) <e and |u,—z| < (3.8)

N ™

For each i € {1,...,m}, there is N; € N such that
llci — unll® — d%(u,) < |lc; — z||* — d%(z) +¢ for alln > N;.

Set ng := max (N7 max;—i, . N Ni), D = pn, and u := u,,. Putting together the 1-
Lipschitz property of dg(-) and second inequality (3.8), we have

lp =zl < ds(u) + [lu — 2| < ds(z) +2[lu — 2| <ds(z) +¢.
This and the first inequality in (3.8) give
lp = 2|* < d§(z) + 4llu — =] (ds(x) + [lu — =) < di(x) +e.

Thus, we have the inclusion p € Projg (x) N Proj%ys(x). On the other hand, Lemma 3.1
gives for each i € {1,...,m}

llei = pl* < llei = ull® — d& (u))

_ ds(w) (
1 p(p)



from which we derive

lle; — p|? < m(“q —z|* - d¥(z) +¢)

< (e ) (e — ol — B(@) + ).

This finishes the proof. m

We are now in a position to establish the strong attainment of the infimum dg(z)
through Proposition 2.1.

Theorem 3.1 Let S be a p(-)-proz-regular set of H for some function p : AF(S) —]0, +00)
and let x € Oy (S). Let Ky := 2,/ 1_%(96) with £(z) as in (3.1). Then, for each real n > 0

one has

diam Proj%m(:c) < KM (3.9
and
diam Projg , () < kzy/n(n + 2ds(x)). (3.10)
In particular, the infimum dg(x) is strongly attained.

Proof. Fix any real n > 0. Let p1,ps € Projgm(a:) (resp. p1,p2 € Projg,(z)). Let also

€ > 0. According to Lemma 3.2, we can find some p € Projg . (z) N Projée(x) such that
for each i € {1,2}

lpi = plI* < ( +e)(Ipi — 2l® — d§(2) +¢) < ( +e)(n+e)

1 1
1— () 1— ()

(resp.

1 1
Ipi = plI* < (——=— +¢) (Ipi — z]* — di(z) +¢) < (#

1—4(x)
llpi — pll <Vn+5”1—1£(q;)+6

ot
1—{(z)

Hence, for each i € {1, 2}

(resp.

Ipi — pll < V/n(2ds(z) +n) +e +e).

It remains to apply the triangle inequality and to let € | 0 to get the inequality (3.9)
(resp. (3.10)). The proof is complete. ®

Remark 3.2 The p(-)-prox-regularity of the set S then entails every assertion of Theorem
2.1 with the open set U = O,.)(S). For the converse implications (under the continuity
of p(-)) we refer the reader to [6, 26]. |

The crucial case of a constant radius p(-) deserves to be stated. To the best of our
knowledge the estimates below are new.

Corollary 3.1 Let S be an r-proz-reqular set for some r €]0,+oo[, z € {ds < r}. Let

Ky = 2, /%. Then, for each real n > 0 one has

diam Proj%,n(x) < Kz /M

diam Projg , () < kzy/n(n + 2ds(x)).

10
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In particular, if S is co-proz-regular (i.e., nonempty closed and convex) one has for each
reH
diam Proj% , (z) < 2¢/7

diam Projg , (z) < 24/n(n + 2ds(z)).

We now estimate the error ||ps(z) — p|| between the exact nearest point pg(z) and an
approximate nearest point p € Proj%’n(x).

and

Corollary 3.2 Let S be a p(-)-prov-regular set of H for some function p : AP(S) —
10, +00], € Opy(S) and let £(x) as in (3.1). Then, ps(x) is well defined along with

Ips(z) — el < \/ N

In particular, for each real n > 0, one has

sup  ps(a) = pll < | —2—. (3.11)
pEProj3 () 1-— f(l‘)

Proof. Let ¢ € S. Pick any sequence (g,,)nen of positive reals with e, | 0. By virtue of
Lemma 3.2, we can find p, € Proj%jan () such that

1
llpn — c||? < (17% +&n) (|l —¢||* — d&(z) +e,) foralln € N. (3.12)
—{(z

Noticing that (p,)nen is a minimizing sequence for the infimum d%(x), we know by The-
orem 3.1 that pg(z) is well defined and p, — p. Letting n — oo, in (3.12) then yields

1
2 2 2
z)—c||” < = T —c ds(x)).
[ps () |7 < 1 E(x)(” [ 5( ))
The proof is complete. m

Remark 3.3 Of course if S C H is r-prox-regular for some positive real r > 0, the
inequality (3.11) can be rewritten as

-
sup [ps(a) = pll <  [——T——.
pEPronSm(a:) r— S(x)

We are going to show that the latter estimate is sharp. Let r,n > 0 be two positive reals.
Consider the set S := R?\ rUg2 where Up2 denotes the open unit ball of R? endowed with
its Euclidean norm ||-||gz. Fix any € €]0, r[ and set « := (,0). Note that projg(z) = (r,0)
and dg(x) = r — e. Recalling that

Projé,n(x) = SN Blz,\/(r—e)?+1]

we easily see that
Projg, (x) N {| - ez = 1} = {(u, £v)}

with u :=r — 3L and v = /72 — (r — 3£)2. It remains to see that

) N ™
I(, v) = projs(@)|ze = — = T ds(@)

to get with p:= (u,v) € Proj%m(a:) that

nr

[P — projg(z) g2 = W

11



We pass now to the study of the Lipschitz behavior of z — projg(z) for a prox-regular
set S.

Proposition 3.3 Let S be a p(-)-proz-reqular set for some function p : A¥(S) —]0, +00].
The following hold:
(a) The mapping projg is well defined on O,\(S) and for all x1,x2 € O,y (S), one has

. — roia(s _ds(m)  dg(z9) o
Iorois(n) = prolstea)ll < (1= 5 pmoi o)) ~ 2ofprois(eay)) 1721

(b) For any ~ €]0,1[ the mapping projg is well defined on the set O.,(S) and (1—~)!-
Lipschitz continuous therein.
(¢c) For any v €0, 1] and any real n > 0 one has

n _
Ip1 — P2l < Y s (1 =) Har = a2ll,

Jor all x1, 25 € Oy ,)(S), all p1 € Projzsm(xl) and all ps € Proj%)n(xg),

Proof. (a) According to Theorem 3.1 we know that projg is well defined on the (open)
set U := O,)(S5). Let x1,20 € U. For each i € {1,2}, setting p; := projg(z;) and

i = ';Z E;C’)) < % and using the p(-)-prox-regularity of the set S we easily get

(x; — pi,c—pi) < ille—pil|* forallc € S.

We then have

(z1—p1,p2 — p1) < nllp2 — polf
and

(3 — p2,p1 — p2) < y2llp2 — P[>
Adding the two above inequalities yields

(1 =y —72)lp1 = p2l? < (w2 — 21,02 —p1) -
It remains to invoke Cauchy-Schwarz inequality to conclude that
p1 = pall < (1= —72) " lan — a2
(b) It is a direct consequence of (a) since for each v €]0, 1| we have

d
s@) v for all (z,y) € gphProjg.

ply) 2

(¢) Fix any v €]0,1] and any real n > 0. For each i € {1,2}, we have {(x;) < 7 so
Corollary 3.2 gives

)

Ips(e) = pill /77

It remains to combine the inequality

Ip1 = p2ll < llp1r = ps (1)l + llp2 — ps(z2)]| + [Ips(21) — ps(a2)|

with the (1 — ~)~!-Lipschitz property of the mapping pg(-) on O4p(y(S) to complete the
proof. m

The following result guarantees that an approximate projection (unit) direction (more
precisely, ﬁ with p € Proj?gm(x)) can be approximated by an exact one v, at the

same reference point (that is, v, := %) In 23], it is established (thanks to the
Borwein-Preiss variational principle) that for any closed set C' C H, the above vector v,
T—ps(T)

can be estimated by TFpe @
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Proposition 3.4 Let S be a p(-)-proz-regular set for some function p : AP(S) —]0, +oo],
€ Op)(8) and let n > 0 be a positive real. Let also {(x) as in (3.1). Then, for every
pE Proj%vm(x) one has

T—Dp x —ps(z) 1
I - I < ——/1.
le=pl e =ps(@)[" ~ ds(z) —ﬁ(ff)f
If p(-) = r for some constant r €]0, +oc[, one has
z—p x — ps(x) 2 T
I <

@\ r—ds@ ¥

| -
[ =pll [l —=ps(@)]l

If S is co-proz-regular (that is, nonempty closed and convex) one has

Lo x — ps(z)

2
el T peal! < V™

Proof. It suffices to write

z—p  |z—ps(@) 2 o) — (1 — lps(x) — pll
=l Tz —ps@l = e —pl+dst@ @ ~P) ~ @ =ps@l = 570

and to invoke Corollary 3.2 to obtain the desired inequality. m

Remark 3.4 Keep the assumptions of Proposition 3.4. Then, one has dpdg(z) = { Hz iig)n I3

so the latter result says that for each p € Profg’n(x) there is ¢, € Opdg(x) such that

T—p x —ps(x) 2 r
e =ol " Te—ps@l| <T@\ r—ds@ V™"

3.3 Further properties on the open p(-)-tube O,(S5)

In this section, we give several important properties of the open p(-)-tube O,)(S) (see
(3.2) for the definition) where S C H is a closed set.

Proposition 3.5 Let S be a p(-)-proz-regular subset of H for some function p : AP(S) —
10, 4+00[. Let also £(x) as in (3.1). The following hold:
(a) One always has

ds(x Vi
p(priszx)) <U(x) <1 forallx € O, (S),

in particular
O, (S) € {z € DomProjg \ S : Iy € Projg(x),ds(z) < p(y)} =: A.

(b) One always has with U :={x € H : ||z|| < 1}

= (H\ S)NDom (Id—i—p(-)[UmNP(S; .))_1_

(¢) If the function p(-) is lower semicontinuous at each point of AT (S), then one has
A= 0,0,(9).
Proof. (a) This is a direct consequence of the fact that projg(z) is well defined for any
z € Opy(5)
(b) Set M := (Id + p(-)UN NP(S;-))_I. Fix any © € Dom M =: D with ¢ S. Let

y € M(z) # (). We have
z—ye€py)UNNT(S;y). (3.13)

13



Using the p(-)-prox-regularity of S we get
1
(x—y,c—y) < §||C—y|\2 for allc € S,

and this implies (see (2.1)) that y € Projg(z). This and the above inclusion (3.13) easily
give the inequality
ds(z) = [lz =yl < p(y)-

Therefore, we have x € A and this translates the inclusion D C A. Since the converse
inclusion is evident, we get A = D as claimed.
(¢) Assume that the function p(-) is lower semicontinuous at each point of AT(S). Fix

any ¢ € A. Let y € Projg(x) such that L := d;(gg) < 1. Choose some sequence (Y, )nen of
AP(S) with ||z — yn|| = ds(z) such that

By Lemma 3.1, we have
ly = ynll> < (1= L) (llyn — #||> — d%(z)) for alln € N.
Therefore, we have y,, — y and this ensures £(z) < L < 1, i.e,, z € O,(S). m

Remark 3.5 The above assertions (a) and (b) are known (see, e.g., [26, Proof of Propo-
sition 15.9]). [

In [18, Theorem 3] L. Thibault and the author establish that for any pair (s,r) of
reals with 0 < s < r the complement of a uniformly prox-regular set with constant r
is nothing but the union of closed balls with common radius s. An adaptation of the
proof leads to the next theorem. Before stating it, we mention that [18, Theorem 3] has
been extended by C. Nour and J. Takche [20, Theorem 1.1] for a closed set S C R™ with
S = cl(int S) satisfying the exterior sphere condition (which is weaker than the uniform
prox-regularity). Recall that a closed set S C H the r-exterior sphere condition for some
real r > 0 whenever for each = € bdry C there is v € N¥(S;2) NS which is realized by an
r-ball (see (3.4)). Nour and Takche also develop [20, Theorem 1.2] the case where S is not
regular closed (that is, S # cl(int.S)) through an appropriate extended exterior sphere
condition.

Theorem 3.2 Let S be a p(-)-proz-regular set of H for some function p : AT (S) —]0, +oo]
and let v €]0,1[. Then, there exists a nonempty set L C H x AT (S) such that

0,8y |J Blz,ve(p)] CH\S.

(z,p)EL

Proof. Fix any y € O,y(S). According to Theorem 3.1, p := ps(y) is well defined. Note
that p € AP(S) (since y ¢ S). Set v := |ly — p|| "' (y — p) € NP(S;y) and ¢t := p(p). By
definition of a p(-)-prox-regular set, we can write

p € Projgs(p + tv)

and this entails B(p + tv,t) NS = @. On the other hand, we note that (keeping in mind
that [ly —pll = ds(y) <?)

ly—(p+tv)| =t—ds(y) = a. (3.14)

Let us distinguish two cases:

Case 1: vt > «. In view of (3.14), we have y € Blp+tv,a] C B(p +tv,t) C H\ S.
Case 2: 7t < «. Observe first that y # p + tv (otherwise we would have ||y — p|| = t).
Set

zi=y—tlly—p—tv] ' (y—p—tv).

14



It is readily seen that y € B[z, vt]. We easily check that for any u € B[z, vt]
lu—@+t)]| <llu—zl+z=(@+t0)| =t +t—ds(y) -7t <t,

hence
Blz,vt] C B(p+tv,t) CH\ S.

The proof is complete. m
Remark 3.6 We obviously have
HN\S C O,y (S)U{zeH\S:l(x) > 1}

Assume that p = r for some constant > 0 in the latter theorem. Since any point y in
the set {¢ > 1} = {ds > r} satisfies y € Bly,7r] C H \ S we obtain that H \ S is the
union of closed balls with radius ~r.

Now, assume that p(-) is lower continuous at each point of A¥(S) and S is approxi-
matively compact (which is the case if # = R"). Let 29 € {¢ > 1}. There are v’ € R and
a sequence (yn)nen of AT (S) with ||y, — zo| — ds(zo) such that

v <y <1< (xg) = lim M.
n—oo  p(Yn)

Since S is approximatively compact, we have y,, — p € AT (S) hence
ds(xo) = ' liminf p(y,) > 7'p(p) > vp(p).
n—oo

We derive from this zg € Blzo,vp(p)] C H \ S. We conclude that 7 \ S is the union of
closed balls with radius v(p) with p € AT (S).

We mention here that sets in R™ which are union of closed balls with (semicontinuous)
variable radius have been studied by C. Nour, R.J. Stern and J. Takche [21] (see also the
recent work [22]). [ |

3.4 Characterizations of p(-)-prox-regular sets through outside
points

The main aim of the present section is to develop several extensions of the characterization
of p(-)-prox-regularity in Proposition 3.1 through possibly outside points, say z,z’ €
Op((S). This can be done with the help of the proximal subdifferential dpds(x) (which
is nothing but N*(S;2) N B whenever z € S). We follow the approach utilized by L.
Thibault and the author in [18] for uniformly prox-regular sets.

Proposition 3.6 Let S be a nonempty closed subset of H and let p : bdry S —]0, +00]
be a function. The following assertions are equivalent:

(a) The set S is p(-)-proz-regular;

(b) for any (2',p’) € gphProjg with ds((,)) < 1, for any (z,p) € gphProjg and any

& € Opdg(z), one has

1 1
<§7 JJ/ - J}> < Wldis(w,)( ||.Z‘/ —pH2 - d%(.fl)) + ds(l‘/) — ds(l‘);
)

(¢c) for any x € S, for any (z',p’) € gph Projg with S((m) <1 and any £ € Opdgs(x), one
has

1 1
(€a’ = o) < o Ty (I = ol = d(a) + ds ()
o(p')
(d) for any ' € S, for any (z,p) € gphProjg and any & € dpdg(x), one has
1
(€2’ =) < s lla’ =l - ds(a).
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Proof. By Proposition 3.1, we see that anyone of the assertions (b), (¢) and (d) implies
(a). Further, it is readily seen that the assertion (b) entails (¢) and (d). Let us establish

the implication (a) = (b). Fix any (z,p), (2/,p’) € gphProjg with dj(glf;) < 1 and any

& € Opdg(x).
Case 1. x € S. Note that (see (2.5)) £ € NP(S;2) NB. Using the p(-)-prox-regularity of
the set S gives

(€ a —) = (€9 — o)+ (.2 — ') < %(m) W -2l +ds(@).  (3.15)

On the other hand Lemma 3.1 guarantees that

2 1 1
I" < oo~ (

l—.%' 2_ 2 :E/ ' '
20(2) 1 _ " = 2|” — d§(a")) (3.16)

ly —

2p(z)

p(p")
Combining (3.15), (3.16) and the equality dg(x) = 0 furnishes the inequality

1 1
o) Tz o' — ol = d3(@) +ds(a’) — ds(a).
P 1 p(p’)

<§,Z‘/ —],‘> S

Case 2. z ¢ S. In such a case we have (see (2.4))

dds(z) = {€} with ¢:= L c NP(S;p) N B = dds(p).
ds(z)
Due to the definition of £, we easily get
(§a' —z) = (2" —p) +(§p—2) = (§2" —p) — ds(2). (3.17)

Thanks to the p(-)-prox-regularity of the set S we have

/ o 1 / / / 1 / 2
(€, 2" —p) = (2" = p) + (&0 —p) Sds($)+m”p —plI*. (3.18)

As above Lemma 3.1 yields

1 / 2 1 1 / 2 2 (.0
—||P — P < ————~ \||[T —DP —ds(z)). 3.19

It remains to combine (3.17), (3.18) and (3.19) to get

1 1 2
(§2' —2) < mw(ﬂx/—m — dg(2')) +ds(2') — ds(z).
p(p’

The implication (a) = (b) is then established. This finishes the proof. m

The Lipschitz property on the (single-valued) mapping projg on O.,.)(S) for a prox-
regular is deeply involved in the proof of the next theorem.

Theorem 3.3 Let S be a nonempty closed subset of H and let p : bdry S —]0, +o0] be
a function. Then, the set S is p(-)-proz-regular if and only if for each v €]0,1[, for any
(z,p) € gph Projg with x € O, (S)US, any 2’ € O,,)(S)US and any £ € dpds(x),
one has

1
slle” = l|* + ds(a’) — ds ().

(€' - < 2p(p)(1 =)
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Proof. =, Let v €]0,1[. Fix any (z,p) € gphProjg with z € O,,(S) U S, any
'€ O,,)(S)U S and any & € dpds(z). Let us distinguish two cases.
Case 1: x € S. Then, one has £ € N¥(S;2) N B, p = = along with

(€' —x) = (&' —ps(a)) + (&, ps(z’) —p) -

1
<ds(2') + 5—|ps(z’) - p|?
(=) Qp(p)H (") = pll
B S
2p(p)(1 =)
where the last inequality is due to Proposition 3.3.
Case 2: x ¢ S. We know that £ = dg(x) ™! (z — p) (see (2.4)) and this entails

(€ 2" —x) = (&2 —ps(@)) + (§,ps(z’) — ps(x)) + (&, ps(x) — )
< ds(2) 4 (€, ps(a) — ps(x)) — ds(z). (3.20)

<ds(z') +

Using the inclusion ¢ € NP (S;ps(z)) N B and Proposition 3.1 allows us to write

(€. ps(a’) — ps(z)) < |2’ — || (3.21)

20 (s @)1 )2

Combining (3.20) and (3.21) gives the desired inequality.
<, Let z,2' € S, ¢ € NP(S;2) NB. Fix any sequence (V,),>1 of 0, 1[ with v, — 0. We
have & € Opdg(z) (see (2.5)) hence

(¢, —2) < |z — .

2@ )2

Letting n — oo in the latter inequality guarantees the p(-)-prox-regularity of the set S.
The proof is complete. m

4 Approximate farthest points for strongly convex sets

In this last section, we estimate (as in Subsection 3.2) the diameter of the approximate
farthest set of points

Fy :=Fargy(z) :=={ce C: ||z — || > dfarc(z) — n}

and
F = Farzan(x) ={ceC: |z —c|*>dfarz(2) — n},

where C' C H is a p(-)-strongly convex set. Of course, if ry := dfarc(z) —n > 0 (resp.
1o := dfarZ (z) —n > 0) we have

Fy:=CNH\B(z,\/r1) (resp. Fyr:=CnNH\B(z,r2)).

Let us first recall the definition of a strongly convex set with a variable radius. Such
a concept has been introduced in the recent work [19].

Definition 4.1 Let C' be a nonempty closed subset of the Hilbert space H with C # H and
let p : AP (C) —]0,4+oc[ be a positive function. One says that C is p(-)-strongly convex
whenever for any x € AY(C) and v € N¥(C;2) NS, one has

x € Farg (z — p(z)v).

Whenever p(-) = R, one says that C is an R-strongly convex set (or uniformly strongly
convex set of constant R).
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It can be checked that such a set is nothing but the intersection of closed balls with
variable radii ([19]). In particular, any p(-)-strongly convex set is (closed bounded) convex.

The constant case p(-) = R has a long story for which we refer to the survey by V.V.
Goncharov and G.E. Ivanov [10] (see also the references therein). It is known that any
intersection of closed balls of H with radius R is uniformly strongly convex of constant R.

We start with the following result which complements Proposition 3.2. Note that it
has been first observed in [1, Proof of Theorem 3.2].

Proposition 4.1 Let C be an R-strongly convex set for some real R > 0, x € H and
n > 0 with ry := dfarc(z) —n > 0 (resp. o = dfarg.(z) —n > 0). If R < \/r1 (resp.
R < \/r2) then the set Farc ,(x) is \/r1-proz-regular (resp. /T2-proz-regqular).

Proof. It suffices to apply [26, Corollary 16.17] (having in mind that the complement of
an open ball with radius r > 0 is r-prox-regular. =

The following easy characterization of p(-)-strongly convex sets will be needed (see

[19])-

Proposition 4.2 Let C be a nonempty closed subset of the Hilbert space H and let p :
AP (C) =)0, +oo[ be a function. Then, the set C is p(-)-strongly convez if and only if

1 2
(v, 2" —a) < 2" — =",

= 2p(x)
for any x € AT(C), any v € N¥(C;2) NS and any 2’ € C.

Given a nonempty closed bounded set C' C ‘H not reduced to a singleton and a function
p(+) : AP(C) —]0, +00], we define (in the same way as [19])

Dyy(C) =gz €H: lim inf M > 1
|z —y|| — dfarc(z)  PW)
y € AP (0)

Observe that the above limit inferior is well defined thanks to Theorem 2.4 and to the

inclusion (2.3). If C is reduced to a singleton, say C = {c}, it will be convenient to set

AP(C) = C and D, (C) = H \ Blc, p(c)]. Note that the set D,.)(C) is always open.
The first lemma of our study is easy.

Lemma 4.1 Let C' be a nonempty closed bounded subset of the Hilbert space H and let
p : AP (C) —]0,+00] be a given function. Let also (x,y) € gphFarc with x € D,y (C)
satisfying the inclusion

r(y)
y € Farc(y — (y —x)). (4.1)
V@)
Then, one has
1
ly —c||?* < W(dfar%(x) —|lz—¢||?) forallc € C.
oly)
Proof. Fix any c € C. Note first that df%‘;)(m) > 1. From the inclusion (4.1) we see that
[l — yll o _ _ dfarg(x) 2
2y —mec—y < ————|ly—cl" = ————lly —[". (4.2)
> r(y) | p(y) |

Putting together this and the following elementary equality
le = yll* = lle = 2l* = 2{c — y, 2 —y) — ll= — yII” (4.3)

easily gives the desired inequality. m
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Remark 4.1 The inclusion (4.1) obviously holds (see (2.3)) whenever C is p(-)-strongly
convex. Observe that there are nonconvex sets (as C' := SU{0}) which satisfy the inclusion
(4.1) below. [ |

The following lemma is in the line of Lemma 3.2.

Lemma 4.2 Let C be a nonempty closed bounded subset not reduced to a singleton of the
Hilbert space H such that there exists a function p : AF(C) —]0, +oo[ satisfying

py)
|z —yll

y € Farc(y + (x—y)) for all(z,y) € gphFarc withx € D,y (C).

Let x € D,y(C) and let cy,...,c; € C. Then, for each real € > 0, there exists q €
Farc . (z) N Farés(:c) such that for alli € {1,...,m}, one has

1 2
llei —ql* < (,fi(x) — &) (dfarg. (@) — [l — 2]* + <)
with || H
. r—y
/() := lim inf _— 4.4
H@) le—yl|—dfarc(y)  p(Y) (44)

yeaP (o)

Proof. We may suppose that C is not a singleton (in particular dfarc(z) > 0). Let
€ > 0 be a real. By Lau theorem relative to farthest points (see Theorem 2.4) we can

find a sequence (u,)nen of H such that u, — x and ¢, := farc(u,,) is well defined. Since
llz—gunl dfarc (=)
lwn —qnll dfarc ()

=1 we have

liminfw = 1iminfM > f(x) > 1.
n—oo Pldn n—oo P Qn)

Pick any & > 0 such that

1 1
lz)—¢">1 and < .
lzx)—¢ an ﬁ(x)—l—e’*ﬁ(a:)—l—FE
Choose some N € N satisfying for all n > N
dfarc (uy,) o 1w — qnll ’

o) plgy AW et

along with

Ay — z||(dfare(z) — Jun, — 2]]) <€ and  |lu, — 2| < (4.5)

<
5
For each i € {1,...,m}, there is N; € N such that

dfar (un) — |lci — un||? < dfard(z) — ||le; — z||> + ¢ for alln > N;.
Set ng := max (N, max;—1,...N Ni), D = Dn, and u 1= Up,. Writing

lg — 2| < dfarc(u) — [|u — 2| > dfarc(z) — 2ju — z|| > dfarc(z) — €
we see that

lq - @ < dfark(2) - 4]ju — o (dfarc(z) - [lu— o) > dfark(z) - e.

Thus, we have the inclusion ¢ € Farc o (z) ﬂFar%)E(x). Applying Lemma 4.1 gives for each
ie{l,...,m}

1
lei = all* < gy — (dar(w) = fles —ul®)
pla)
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from which we derive

lle; — p||? < _(dfarZ () — [|e; — 2||* +¢)

< (i () e ol ).

This finishes the proof. =
Now we can state and prove the following result:

Theorem 4.1 Let C be a nonempty closed bounded subset of the Hilbert space H such
that there exists a function p : AT (C) =)0, +o0| satisfying

Y .
y € Farc(y + pr(_)y|(:c —vy)) forall(x,y) € gphFarc withx € D,y (C).

Let x € D,y (C). Then, for kg := 2, /ﬁ and for each real n > 0 one has

diam Farén(x) < K/ (4.6)

and

diam Farc,, (z) < wz\/n(2dfarc(z) + 1) if dfarc(z) > 1 (4.7

with £(x) as in (4.4). In particular, the supremum dfarc(x) is strongly attained.

Proof. Fix any real n > 0. Let q1,q2 € Farén(a:) (resp. ¢1,¢2 € Farg,(x)). Let also

€ > 0. According to Lemma 4.2, we can find some ¢ € Farc . (z) N Farég(x) such that for
each i € {1,2}

o= al? < (= + ) () = g =al* +6) < (5= + )0+
(resp.
o =0l < (5= +2) (Afarb (&) — s =2l +2)

< (M%l 1 ) (2ndfarc(z) + 7% + ).
Hence, for each i € {1,2}

o= all < V2| =g +
(resp.

o= ol < v/a2dErc(a) + )+ | = + <)

It remains to apply the triangle inequality and to let € | 0 to obtain the inequalities in
the statement. The proof is complete. =

For an R-strongly convex set, we have the following estimates:

Corollary 4.1 Let C' be an R-strongly convex set for some R €]0,4o00[ and let x €

Er(C) :={dfarc > R}. Let k, := 2,4 /R—#W‘ Then, for each real n > 0 one has

diam Farén(m) < 2Kz4/M

and
diamFarc , (z) < 2k,+/n(dfarc(z) —n) ifdfarc(z) > n.
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We now estimate the error between farc(x) and any approximate farthest point ¢ €
Far%m (x).

Corollary 4.2 Let C be a p(-)-strongly convex set of H for some function p : C —]0, +00],
x € Dy (S) and let £(x) as in (4.4). Then, farc(z) is well defined along with

|farc(z) —cf| < \/g(x)l_l(dfarzc(x) —lz—c|?) foraliceC.

In particular, for each real n > 0, one has

1
sup |farc(x) —q|l </ ——=V7- (4.8)
qGFarZC)n(a:) ﬁ(l’) -1

We end the paper with the following result which encompasses the Lipschitz behavior
of the farthest point mapping relative to a strongly convex set.

Proposition 4.3 Let C be a p(-)-strongly convex set of H for some function p : A¥(C) —
10, +o0[. The following hold.

(a) The mapping farc is well defined on the open set D,y (C) and for all 1,22 € Dy()(C),
one has

dfarc(zq) dfarc(z2)
2p(farc(z1))  2p(farc(z2))
(b) For every real v > 1 the mapping farc is well defined on the open set D.,.)(C) and

(v — 1)~ L-Lipschitz continuous therein.
(¢) For any real v > 1 and any real n > 0 one has

lfarc (x1) — farc(z2)] < ( —1) " lar — 2.

n _
g — g2 <2 P + (v =17 o — a2,

for all x1, 25 € Dy (S5), all g1 € Farzcm(xl) and all q2 € Farzcm(acg),

Proof. Proceed as Proposition 3.3. m
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