ON FIRST AND SECOND ORDER STATE-DEPENDENT
PROX-REGULAR SWEEPING PROCESSES

FLORENT NACRY, JIMMY NOEL, AND LIONEL THIBAULT

ABSTRACT. This paper is devoted to a new family of measure differ-
ential inclusions in Hilbert spaces. We show that it encompasses the
first order BV prox-regular sweeping process and the second order one
with outward normal at the velocity. Through a new suitable mixed
catching-up algorithm coming from first and second order sweeping pro-
cess theory, we provide sufficient conditions ensuring the existence of a
trajectory solution for our evolution problem.

1. INTRODUCTION

R.A. Poliquin and R.T. Rockafellar ([46]) introduced proz-regular sets by
requiring that their indicator functions be prox-regular. Geometric prop-
erties of those sets and their links with other previous concepts (positively
reached, ¢-convex, weakly convex, O(2)-convex, proximally smooth) were
established by R.A. Poliquin, R.T. Rockafellar and L. Thibault ([47]). The
present paper is a contribution to first and second order sweeping processes
governed by prox-regular sets.

Let C(t) be a time-dependent closed convex set of a Hilbert space H which
moves in an absolutely continuous way, that is,

(1.1) haus(C(s), C(t)) < o(t) — o(s) for all s,t € I := [Ty, T],

for some nondecreasing absolutely continuous function o(-) : I — Ry :=
[0, +00]. According to J.J. Moreau ([37]), for every initial condition ug €
C(0), there is one and only one (absolutely continuous) trajectory solution
of the following generalized Cauchy problem with F' =0

—u(t) € New (u(t)) + F(t,u(t)) aetel,
(1.2) u(t) € C(t) forallt eI,
U(To) =1up € C(To).

The differential inclusion in (1.2) associated to the (outward) normal cone in
the sense of convex analysis N¢(;)(u(t)) has also an interesting mechanical
interpretation with F' = 0. Indeed, recalling that the latter set is reduced
to {0} if u(t) € int C(t), (1.2) means that the velocity «(t) has to point
inward C(t) whenever u(t) is caught-up by the boundary of C(¢). Such
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a kinematic point of view led J.J. Moreau to name sweeping process the
evolution problem (1.2) with F' = 0.

Roughly speaking, there are three major ways to handle the so-called
Moreau’s sweeping process with F' = 0:
- the catching-up algorithm ([38]) which is some kind of Euler’s explicit
scheme associated to the iterates u; defined through the metric projection
as

uf =y and ulfy = projogm (ul),
where Ty =: ¢ < ... < tg(n) := T is a time discretization of I;
- the reduction to an unconstrained differential inclusion ([49, 6])

—a(t) € o(t)dcdo)(u(t))

with the absolutely continuous function p(-) involved in (1.1) (here d¢ de-
notes the Clarke subdifferential);

- the regularization of the normal cone ([37]) (see also the survey [41] and
the references therein) through the family of ordinary differential equations
(with a parameter v > 0)

1
uy(To) =uo and — 0, (t) = ZVd%(t)(u,,(t)) a.e.t€l.

The important role in many concrete problems of Moreau’s sweeping process
(see, e.g., [1, 32, 36, 34]) lies at the heart of the following extensions of (1.2):
with bounded variation of the moving set ([38, 34, 27]), to the stochastic
setting ([13]), to Banach spaces ([10]) and manifolds ([9]), to nonconvex
moving sets ([52, 29, 30, 42]), with a perturbation F' # 0 ([33, 34]), with
state-dependent moving sets ([17, 31, 28]), to the second-order case ([15,
2, 45]), to the delayed case ([43]), with outward normal at the velocity for
first order ([3]), with truncated excess and Hausdorff distance ([2, 42]), in
Wasserstein’s space ([25]), in optimal control ([12]), etc.

Introduced by J.J. Moreau himself in [38], the bounded variation (or dis-
continuous) sweeping process depicts a situation where the moving set C(t)
is allowed to jump. This amounts to saying that the function o(-) involved
in (1.1) may have some discontinuities with respect to the time. Assum-
ing that the function o(-) is only right-continuous with bounded variation
([38, 34, 42]) leads to the following measure differential inclusion (see Section
3 for a precise meaning)

—du € Ng(u(t)) + F(t,u(t)) aetel.

Another variant of a great interest is obtained by putting a state-dependence
in the moving set, say

(13) —’ll(t) S NC(t,u(t)) (u(t)) + F(t, u(t)) aetel
or in its bounded variation form

(1.4) —du € NC(t,u(t))(U(t)) + F(t,u(t)) a.e.tel.
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To the best of our knowledge, the dissertation thesis of K. Chraibi ([17]) con-
tains the first work devoted to the (absolutely continuous) evolution problem
(1.3) in the particular context of a closed convex C(t,z) C R? and F = 0.
The existence result in [17] (with F' = 0) has been extended to Hilbert spaces
by M. Kunze and M.D.P. Monteiro Marques ([31]). Their proof is strongly
based on a generalized Schauder’s fixed point theorem (see Section 4) which
ensures the well-posedness of the implicit scheme

ug :=wug and ujpy == Projo

1) (u?)

Let us point out here that (1.3) can also be handled without the use of any
fixed point type result thanks to a semi-implicit algorithm (see, [17, 28, 6,
29, 40))

ug =up and wug g = PTOJC(t;LH,u;L)(Ui )-

Unlike the original Moreau’s sweeping process (1.2), any existence result in
infinite dimensional setting for (1.3) makes a crucial use of a compactness
type assumption. It remains an open question to establish their necessity or
not.

One of the main area of research in sweeping process theory consists in
going beyond the convexity of the involved moving set. It probably starts
in 1988 with M. Valadier ([52]). With # = R", he established that (1.2)
has a solution (with N = N¢ the Clarke normal cone) for a nonconvex
set C(t) provided that the multimapping (¢,z) — Ng(t) (z) has its graph
closed. We also mention the work by C. Castaing ([14]) from which we
can derive existence result for the case where C(t) is a translation of an
autonomous nonconvex set. Major developments have been done since the
pioneer works of Castaing and Valadier. In the dimensional setting, it is
known ([8, 21, 49]) that the closedness of C(t) along with (1.1) ensure the
existence of a solution for (1.2). What we know so far in a general Hilbert
space are existence results for various classes of moving sets coming from
variational analysis such as prox-regular ([21, 27, 42]), alpha-far ([30]) and
subsmooth ([29]). In the present paper, the sets involved in the sweeping
processes will be prox-regular.

Besides first order theory, C. Castaing introduced in [14] at the end of
80’s the following second order evolution problem with outward normal at
the velocity inside the set

(1.5) —ﬁ(t) S Nc(u(t))(u(t)> with U(T(]) = ug and d(To) =19 € C(UO)

For the other second order problem with outward normal at the state/position,
that is, the differential inclusion —ii(t) € N¢(u(t)), we refer to [45] and
the references therein. As for the first order, in numerous ways and for
various purposes (see, e.g., the monograph [34] and the references therein),
many researchers studied (1.5) in the perturbed form with a possibly time
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dependence in the moving set

—ii(t) € Nequ) (W(t)) + F(t u(t), u(t)),
U(To) = UO,Q(T()) =g € C(To,uO).

Taking into account the problem (1.4), it is quite natural to consider the
following measure differential inclusion

(1 6) _du(t) € NC(t,u(t))(u(t)) + F(t,u(t),ﬂ(t)),
) U(T0> = uO,d(To) =19 € C(T(),’U,O).

The existence of solution has been developed in [15] for the first time in the
absolutely continuous setting with a prox-regular moving set in a separa-
ble Hilbert space H. The problem has also been investigated by S. Adly
and B.K. Le ([2]) with a control on a convex set C(t,z) involving only the
truncated Hausdorff distance. The right-continuous bounded variation form
appeared in [4], with a convex-valued multimapping F' satisfying only a
time-dependent growth condition

F(t,u,0) Cat)(1+ [lull + [lo])B,

for some fixed a(-) € L'(I,R,), where B stands for the closed unit ball in
H. More recently, the evolution problem (1.6) has been examined in [5] with
a subsmooth set in the context where the moving set is controlled in time
by a continuous function with bounded variation. Using such a continuity
assumption, the authors succeeded in adapting to the second-order setting
the catching-up semi-implicit approach in [28, 29].

The papers [43, 53] brought to light a link beetween the above first and
second order sweeping processes. Indeed, in an absolutely continuous setting
with H = R", it is established in [43, 53] that the existence of solution for
(1.6) can be obtained through a suitable first-order state-dependent sweeping
process. The crucial assumption in those works seems to be the control of
the minimal norm coming from the convex perturbation term, in the sense
that

d(O,F(t,u,v)) <«
for some real a > 0. The aim of the present paper is twofold. On one hand,
we introduce a new mixed first order sweeping process (taking place in the
product space H?)

—d® € Neq o) x(®(1) + Gt ®(1)) x {f(t, ®1(t))}
(FMSP){ & (Tp) :%O,q&g;(Tf) = ug, 1

for which we establish that it encompasses the BV evolution problems (1.4)
and (1.6). On the other hand, we provide sufficient conditions ensuring the
existence of solutions for (FMGSP). Here, our single-valued perturbation f
is Lipschitz and G is convex-valued satisfying the following time-dependent
minimal norm control

d(0,G(t,u,v)) < a(t)(1+ [ul),
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for some a(-) € L*(I,R,). The work is achieved thanks to a suitable mixed
catching-up algorithm

Yl = projg (yy — f;f’“ f(s,2)dA(s)),
m

95;+1 = PTOJC(tg+1,x;+1,yg+l) (95; - ti)-H g(s, wg, y;?)dk(s)),
where g(t,u,v) denotes the minimal norm element of G(t,u,v). Then, from
this existence result, we have been able to derive the existence of a trajec-
tory solution for both above state-dependent first order and second order
sweeping processes governed by a prox-regular moving set with bounded
variation.

The paper is organized as follows. Section 2 is devoted to the introduction
of notation and the necessary preliminaries. In Section 3, we develop the
concept of solution for the discontinuous perturbed first and second order
sweeping processes. In Sections 5 and 6, we focus on the existence of solution
for such evolution problems.

2. NOTATION AND PRELIMINARIES

Throughout, H is a real Hilbert space endowed with the inner product
(-,+) and the associated norm ||-||. The open (resp. closed) ball of H centered
at x € ‘H with radius r» > 0 is denoted by B(x,r) (resp. Blz,r]). The letter
B denotes the closed unit ball of #, that is B := B[0,1]. In all the paper,

I := [Ty, T)] is an interval of R for some reals Ty < T, A stands for its
Lebesgue measure. As usual, N denotes the set of integers starting from 1
and Ry := [0, +oo[ the set of nonnegative reals.

Let S be nonempty subset of H. The distance function from S is defined
by
ds(z) :=:d(z,S) := ing |z —y| forallx € H.
ye

For any = € H, the (possibly empty) set of nearest points of x in S is defined
as

Projg(z) :={y € S : ds(x) = ||z —y|}.
If Projg(z) = {y} for some § € S, one says that projg(z) (or Ps(x)) is

well-defined and in such a case one sets projg(z) :== ¥ (or Pg(x) :=7).

2.1. Normal cones and subdifferentials. Let S be a nonempty closed
set of the Hilbert space H. A vector v € H is a prozimal normal vector to the
set S C H at a point x € S provided that (see, e.g., [35, 48, 51]) there exists
a real 7 > 0 such that z € Projg(z + rv). The set of all proximal normal
vectors at z, denoted by N (z) or N¥'(S;x), is a convex cone containing
zero (not necessarily closed in H). As usual, we set

).
(2.1) NE(z):=0 forallz e H\S.
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For each v € H with w € Projg(v) # 0, we may obviously write w €
Proj S(w + (v — w)) and this ensures the crucial inclusion

(2.2) v—w € NE(w).

The Clarke tangent cone Ts(z) (denoted also by T'(S;z)) of S at x € S
is (see [19]) the set of h € H such that for every sequence (zy,)nen of S with
xn, — x, for every sequence (t,)nen of positive reals with ¢, — 0, there is a
sequence (hp)nen of H with h, — h satisfying

T +thhy, € S foralln € N.

It is an exercise to check that Tg(z) is a closed convex cone containing 0.
The Clarke normal cone of S at x € S is denoted by Ng(z) or N(S;z) and
is defined as the polar cone of Ts(z), i.e.,

Ng(x) :={veH:(v,h) <0,Vh € Ts(x)}.

Asin (2.1), one puts Ts(z) := Ng(z) := () for every z outside S. It is routine
to show that the proximal normal cone is always included in the Clarke one,
ie.,

(2.3) NZ(x) € Ng(z) for allz € H.

Let f: U — RU {400} be a function defined on an open subset U of
‘H. Through the above concepts of normal cones, one defines the proximal
subdifferential Op f(x) and the Clarke subdifferential Of(z) of f at z € U by

(2.4) Opf(@):={veH: (v,-1) € NE (v, f(=)) }
and
(2.5) of (x) := {v €H: (v,—-1) € Ng, (x,f(x))},

where H x R is endowed with the usual product structure and
Ef:=epif:={(u,r) €U xR: f(u) <r}.

It follows from the very definition of the latter subdifferentials that Op f(z) =
() and Of(x) = () whenever f is not finite at € U. From (2.4), (2.5) and
(2.3), it is readily seen that

(2.6) opf(x) C df(x) forallx € U.

Of course, when U is convex and the function f is convex on U, the two
latter subdifferentials coincide with the one in the sense of convex analysis,
that is,

(2.7) Opf(z)=0f(x)={veH: (v, —z) < f(a') - f(z), V&' € U}.

If f =dg (here S is closed but possibly nonconvex) we have the following
description of its proximal and Clarke subdifferential (see, e.g., [20, 11, 51])

(2.8) Opds(z) = NY(z)NB and ddg(z) C Ng(z)NB for allz € S.
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For a function f which is Lipschitz near « € U, it is known that (see [19, 51])
the Clarke subdifferential is nonempty, weakly compact and satisfies

Of(x) ={veH:(v,h) < fo(x;h)Vh € H},

where f°(x;h) is the Clarke directional derivative of f at x in the direction
h defined by
fo(z;h) = limsup t ' (f(z' +th) — f(2')).
t}0,2' —>x
Under such a Lipschitz assumption, the Clarke directional derivative f°(x;h)
is nothing but the support function of the closed convex set df(x). Recall
that for any subset S of the Hilbert space H, its support function o(-,S) is
defined by
0(&,S) :=sup (&, x) forall{ e H.
z€eS

As a direct consequence of the Hahn-Banach theorem, we see that the sup-
port function characterizes the closed convex sets of H since for every subsets

S1,S2 of H,
(2.9) €6 S; CcoSy < o(-,S1) <ol S2).

Here and below, co (resp. ¢o) stands for the convex (resp. closed convex) hull
of S. Through the support function, we define the concept of scalar upper
semicontinuity as follows: a multimapping F' : 7 = H from a Hausdorff
topological space T to the Hilbert space H is said to be scalarly upper
semicontinuous whenever, for any & € ‘H, the extended real-valued function
o6, F(): T — R:=RU{—o00, +oc} is upper semicontinuous.

2.2. Prox-regularity in Hilbert spaces. As mentionned above, we focus
on evolution problems described through a prox-regular moving set, that is,
a multimapping C : I x H = H with prox-regular values. Let us first recall
the definition.

Definition 2.1. ([47]) Let S be a nonempty closed subset of H, r €]0, 4+o00].
One says that S is r-prox-regular (or uniformly prox-regular with constant
7) whenever, for all z € S, for all v € N (z) N B and for all ¢ €]0, 7], one
has x € Projg(z + tv).

Now, let us provide some useful characterizations and properties of uni-
form prox-regular sets ([47]). The proofs as well as additional results, ap-
plications and historical comments can be found in the survey [22] and the
book [51]. Before stating the next result, we need to recall that for any
extended real r > 0, the r-open enlargement of a subset S of H is defined as
the set

Up(S) :={z e H :ds(z) <r}.

Theorem 2.2. Let S be a nonempty closed subset of H, r €]0, +oc]. Con-
sider the following assertions.
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(a) The set S is r-prox-regular.
(b) For all z1,z9 € S, for allv € NE(z1), one has

1
(0,22 —21) < ool lz1 — wa|.
(¢) The mapping projg : Up(S) — S is well-defined and locally Lipschitz on

Ur(S).
(d) For allu € Uy(S)\ S, one has

Ps(u) = Ps (Ps(u) + t”Z:%) for allt € [0,7].
(e) One has
NE(z) = Ng(z) for allz € S
and

Opdg(z) = ddg(z) for allz € U,(S).

Then, the assertions (a), (b) and (c) are pairwise equivalent and each one
implies both (d) and (e).

Let us end this paragraph with a crucial result established by M.V. Bal-
ashov and G.E. Ivanov [7] for projection onto prox-regular sets. We present
it in a suitable form for the development of our analysis in the next section
(see also [44]), and we sketch the proof for completeness.

Here and in the rest of the paper, haus(:,-) stands for the Hausdorff-
Pompeiu distance on H which is defined for two nonempty subsets S and S’
of H by

haus(S,S") := sup |ds(z) — dg(z)| = sup |ds(x) — ds/(x)].
zeSUS’ TEH
Theorem 2.3 ([7]). Let Si,S52 be two r-proz-reqular sets of H for some
r €]0,400], s €]0,r[. Ifhaus(S1,S2) < r, then for every x € Us(S1)NUs(S2),

one has

Hprojsl( — projg, (z)|| < \/25(1 - ;)_1 haus(St, S2).

Proof. Set h := haus(S7, S2) and assume that h < r. Fix any = € Us(S1) N
Us(S2). For each i € {1,2}, set x; := projg,(z). Pick any t € [h,7[. We
claim that

(||131 — z3)?
t

2(x —x1,29 —x1) < 8 -|—2h).

Without loss of generality, assume that 2 # 1, in particular z € U,.(S7)\ 5.
By virtue of Theorem 2.2(d), we have

t(x—xl)).

T1 = projg, (901 + 7 — 1]
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For all z € S1, we have

t(x —x1)

B t(x —x1)
[ — 1]

-z
[l — 1

x1 + xa|| > ||z1 + — |z —z|| >t — ||x2 — 2]| .

Taking the supremum on both sides of the latter inequality ensures that

tr—x
x1 + Ho —z1) —xo|| > sup (t — ||za — 2||) =t — dg, (z2) >t — h.
”x - xl” 2€851
We deduce from this (keeping in mind that ¢t > h)
2t
|1 — 22| + ——— (2 — @1, 21 — x2) + 2 > 2 — 2th,
[ — 1

or equivalently
% (x — x1, 29 — 1) < ||z — 21| (lz1 — 22||* + 2th).
Using dg, (z) = || — x1]| < s, we obtain

21 — 2|

2
2<x—x1,x2—x1)§s( +2h),

which is the inequality claimed. In a similar way, we see that

2(x — xa,x1 — 2) < S(M + Qh).
Adding the two latter inequalities yields
w1 — a||* < S(L1 ~ ol +2h).
It remains to let ¢ 1 r to complete the proof. O

2.3. BV multimappings and vector measure theory. The present pa-
per is devoted to the study of the following Moreau’s sweeping process (see
Section 3 for the detailed concept of solutions)

210 —d® € Noaw)xo(®() + Gt () x {f(t, ®1(t))},
' ®(To) = (uo, qo)-

Our existence result will require that there is a positive Radon measure pu
on I such that for every x,y € H

(2.11)  haus(C(s,,y),C(t,z,y)) < u(Js,t]) foralls,t € I withs <t

Our first aim here is to show how the latter inequality (2.11) is strongly
related to the notion of bounded variation for multimappings. Doing so,
consider any multimapping M : I = [Ty, T] = H and any real 7 € [T, T1.
Let o be a subdivision of [Ty, 7], that is o = (to,...,tx) for some reals
To =ty < -+ < t, = 7 with £ € N. One associates to such a subdivision
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k-1

o, the real hy := Y- haus(M (t;), M (ti11)). The variation of M on [Ty, 7] is
=0

defined as the extzended real

var(M; [Ty, 7]) := sup he,
CES(y.7]
where S, ;1 is the set of all subdivisions of [Tp, 7]. The multimapping M(-)
is said to be of bounded variation (BV for short) on [Ty, 7] if var(M; [Ty, 7]) <
+00. Then, it is straightforward to check that the existence of a positive
Radon measure p on [ satisfying

(2.12) haus (M (s), M (t)) < p(]s,t]) for alls,t € I withs <t
entails (keeping in mind that haus(-,-) satifies the triangle inequality) that
0 < var(M; [Tp, t]) — var(M; [Ty, t]) < u(Jt,t]) for allt €]t, T7;

in particular M(-) has a bounded variation on I along with a variation
function var(M; [Ty, -]) right-continuous on I (see below).

In order to develop the converse implication, we need to introduce the
concept of differential measure. Let u(-) : I — H be a mapping. Assume for
a moment that M (t) = {u(t)} for every ¢t € I. From the equality

k—1 k—1
he =Y haus(M(t;), M(ti1)) = > llultit1) — ut;)]l,
1=0 1=0

it is clear that M(-) is of bounded variation if and only if u(-) is of bounded
variation in the usual sense for mappings. In such a case, it is known (see,
g., [24]) that u(-) has one-sided limits at each point of I denoted

u(r) == 13%? u(t) for all T €]Tp, T,

and
u(th) = ltifn u(t) forall T € [Ty, T,
T
where in the whole paper, ¢ T 7 (resp. t | 7) means t — 7 with ¢t < 7 (resp.
with ¢ > 7). If in addition u(-) is right-continuous on I (i.e., u(r) = u(r™)
for all 7 € [Ty, T'[) there exists a vector measure du on I called differential
measure satisfying

du(]s,t]) = /} ) du = u(t) — u(s).

Now, let us come back to our problem with a general multimapping M
by assuming that M (-) has a bounded variation on I along with a right-
continuous variation function var(M;[Tp,-]) on I. Since the latter function
is nondecreasing on I, it is of bounded variation on I, so if we denote by
s the differential measure associated with it, we have

var(M; [Ty, t]) — var(M; [Ty, s]) = pa(]s, t])  for all s, t € I with s <.
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It follows that
haus (M (s), M (t)) < u(]s,t]) for alls,t € I with s <,
that is, M(-) satisfies (2.12) with p = par.

Besides BV multimappings and differential mesures, some additional pre-
liminaries on vector measure theory are also needed. Let us end this section
by developing it.

Take any positive Radon measure v on I and any real p > 1. We denote
by LP(I,H,v) the real space of (classes of) mappings from I to H which
are v-Bochner integrable on I. Recall that a (class of) mapping f: I — H
belongs to LP(I,H,v) whenever if it is v-Bochner (or strongly) measurable
on I (see, e.g., [26, Chapter 2, Definition 1]) and [; || f||” dv < co. For more
details on Bochner integral, we refer the reader to [26] and the references
therein.

Let v, 0 be two positive Radon measures on I. We recall (see, e.g., [24])
that, with I(¢t,r) :=1IN[t—r,t+r] (r >0 andt € I) the limit
dv . D(I(t,T))

(2.13) ) = lim v(I(t,r))

(with the convention § = 0) exists and is finite for v-almost every ¢ € I. The

(nonnegative Borel) function %(-) is called the derivative of the measure ¥

with respect to v. Moreover, the measure 7 is absolutely continuous with
dv dv

respect to v if and only if o = Z2(-)v (i.e., 5 (+) is a density of ¥ relative to

v). If the latter equality holds, a mapping u(-) : I — H is v-integrable on

if and only if u()%() is v-integrable on I. In such a case, one has

. dv
/Iu(t)dy(t) = /Iu(t)dy(t)dy(t).

If the two Radon measures v and © are each one absolutely continuous
with respect to the other one, one says that v and o are absolutely continu-
ously equivalent.

It is worth pointing out that, taking o equal to the Lebesgue measure A,
the relation (2.13) gives

ax .\ _ ALY or a with v
- (t) = ) 0 forallt € I withv({t}) >0,
hence
%(t)y({t}) =0 v-ae.tel

Now, consider v a positive Radon measure on I, u(-) : I — H a mapping
and @(-) € LY(I,H,v). If, for any t € I,

u(t) = u(Tp) + / adv,

]TU 7t]
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then wu(-) is of bounded variation, right-continuous on I and
du = udv.

In such a case, the mapping 4(-) is said to be a density of the measure du
relative to v. According to J.J. Moreau and M.Valadier ([39]), for v-almost
every t € I,

+ —_
ity — By gy W) () du( ()
dv ro v(I(t,r)) w0 v(It(t,r)) o v~ (t,7))
where [~ (t,r) = [t —r,t]N T and I*(t,7) = [t,t + 7] NI for each ¢t € I and
each real r > 0.
Given a positive Radon measure v on I we will also use the property that

(2.14) the set {t € I : v({t}) > 0} is countable.

This known property can be seen from the fact that the latter set coincides
with (Jpen Ak, where Ay := {t € I : v({t}) > 1/k} is a finite set for each
k € N since v(I) < 4o0.

3. CONCEPT OF SOLUTIONS

This section is devoted to the concept of solutions for first and second
order discontinuous sweeping processes. For more details on bounded vari-
ation solution of sweeping process, we refer the reader to [34, 50] and the
references therein.

We start with the following definition which is a slight extension of [27,
Definition 2.1] to the context of bounded variation state-dependent sweeping
processes. Before giving it, we need to associate to a multimapping M :
I x X = Y with closed values, where X and Y are two normed vector
spaces, the real op; defined by

{QMIO if 0 € M(t,z) for all (t,x) € I x X,

(3.1) !
oy =1 otherwise.

Definition 3.1. Let G : [ xH = H be a multimapping and let C' : I xH =
‘H be a multimapping such that there exists some positive Radon measure
uon I satisfying for every z € H,

haus(C(s,z),C(t,z)) < p(]s,t]) for alls,t € I with s <.

One says that a mapping v : I — H is a solution of the First order bounded
variation state-dependent Moreau Sweeping Process associated to p for the

initial condition ug € H with ug € C(Tp, ug)
(FSP) —du € Neu() (u(t) + Gt u(t))
u(Tp) = uo,

provided:
(a) the mapping u(-) is of bounded variation on I, right-continuous on I and
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satisfies u(Ty) = ug and u(t) € C(t,u(t)) for all t € I;

(b) there exist a A-Bochner integrable mapping z(-) : I — H with z(t) €
G(t,u(t)) for M\-almost every ¢t € I and a positive Radon measure v on I,
absolutely continuously equivalent to p + ogA and with respect to which
the differential measure du of u is absolutely continuous with %(-) as an
LY(I,H,v)-density and such that

du d\

Let us mention that such a concept does not depend on the involved Radon
measure v, that is, a mapping u(-) : I — H satisfying (a) above is a solution
of (FSP) if and only if (b) holds for any positive Radon measure v which is
absolutely continuously equivalent to p + ogA.

Now, let us focus on second order evolution problems. The following
definition has been introduced in [4] as a careful adaptation of Definition
3.1 to the context of second order sweeping processes with outward normal
at the velocity.

Definition 3.2. Let G : I xH? = H be a multimapping and let C : I xH =
‘H be a multimapping such that there exists a positive Radon measure p on
I satisfying for every = € H,

haus(C (s, z), C(t,z)) < p(]s,t]) for all s, ¢ € I withs <.

One says that a mapping v : I — H satisfies the Second order bounded
variation Sweeping Process associated to p for the initial conditions wug, vg €
H with vy € C(To,up)

—di € Neu(w) (0(t)) + Gt u(t), a(t))

(SSP) {U(To) = uO,iL(To) = g,

whenever:

(a) the mapping u(-) is absolutely continuous on I and u(Tp) = wup;

(b) there exists a mapping v : I — H (called derivative for u(-) relative
to (SSP)) right-continuous with bounded variation such that v(Tp) = v,
v(t) € C(t,u(t)) for all t € I and v(t) = u(t) for A-almost every t € I;

(c) there exist a A-Bochner integrable mapping z : I — H with z(t) €
G(t,u(t),v(t)) for A\-almost every ¢ € I and a positive Radon measure v on
I absolutely continuously equivalent to p + gogA with respect to which dv
admits a density in L'(I,H,v) such that

v X
(1) +2(8) () € ~Nega (v1) v-aete L.

It is worth pointing out (as above) that such a concept of solution is in-
dependent of the involved Radon measure v.
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An important link between problems (FSP) and (SSP) is given through
the following result. It asserts that the derivative of a solution of second
order sweeping process is nothing but a solution of a first order Moreau
sweeping process (independent of state). More precisely:

Proposition 3.3 ([4]). Let C : I = H and G : I x H == H be two mul-
timappings. Let p be a positive Radon measure on I such that

haus(C(s), C(t)) < u(]s,t]) for alls,t € I withs < t.

If u(-) : I — H is a solution of the second order sweeping process associated
to p for the initial conditions ug, vy € H with vy € C(Tp)

—du € NC(t) (u(t)) + G(t, u(t))
u(Ty) = o, u(To) = vo,

then there exists a solution v : I — H of the first order sweeping process
associated to i for the initial condition vy € C(Tp)

—dv € Ny (v(t)) + G(t,v(t))
’U(To) = 0

such that

t
u(t) = ug +/ v(s)dA(s) for allt € 1.
To
The next definition gives the exact meaning of (2.10). Here and below,
for a prescribed mapping ® : I — H?, it is convenient to set ®; := m; 0 ® for
each i € {1,2}, where m; : H> — H is defined by

mi(z1,20) :=x; for all (xq1,29) € H2.

Definition 3.4. Let f : I xH — H be amapping and let G : I xH? = H and
D : I = H be two multimappings. Let C : I x H? = H be a multimapping
such that there exists a positive Radon measure p on I satisfying for every
(z,y) € H?,

haus(C(s,z,y),C(t,z,y)) < p(ls,t]) for alls,t € I withs <t

One says that a mapping ® = (&1, ®s) : I — H? is a solution of the First
order Mixed partially BV Sweeping Process associated to p for the initial
conditions ug, vy € H with (uo, 1}0) S D(To) X C(To, 0, UO)

—d® € Neow)xpw (P) + Gt (1)) x {f(t, @1(t))}
(FMSP) { ®1(To) choaq:bz(Tf) = up,

whenever:

(a) the mapping ®1(-) (resp. Py(+)) is right-continuous with bounded vari-
ation (resp. absolutely continuous) on I, ®(7p) = (vo,up), and P(t) €
C(t,®(t)) x D(t) for all ¢t € I

(b) for A-almost every t € I,

Dy (t) + f(t,®1(t)) € —Npr) (P2(t));
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(c) there exist a A-Bochner integrable mapping z1(-) : I — H with z1(¢t) €
G(t,®(t)) for A-almost all ¢t € I and a positive Radon measure v absolutely
continuously equivalent to y+ opA where P : I x H? = H? is the multimap-
ping defined by

P(t,z,y) = G(t,z,y) x {f(t,x)} for all (t,z,y) € I x H?

such that

AP d\
d—;(t) +21(8) (1) € ~Noaw)(@1(t)) v-ae tel.

Assume that the positive Radon measure p on I involved above is ab-
solutely continuously equivalent to the Lebesgue measure A on I. Then, a
mapping ® = (®1, ®y) : I — H? satisfies (FSMP) if and only if

—®(t) € Noaw)xpe) (B(1) + G(t, 0(t) x {f(t, 21(2))},
@1 (Th) = vo, P2(Tp) = uo

i.e., the following conditions hold:
(a’) the mappings ®1, P9 are absolutely continuous on I;
(t') for A-almost every t € I,

o (t) + (¢, @1(t)) € —Np(s) (P2(1)).

(/) there exist a A\-Bochner integrable mapping 21 : I — H with 21(t) €
G(t,®(t)) for A-almost every t € I such that

(I)l(t) +21(t) € _NC(t,Q(t)) ((I)l<t)) A-a.e.tel.

4. PREPARATORY RESULTS
In the present section, we list for sake of completeness the technical results

which will be necessary in order to establish our main existence theorem.

Let us start with the following classical Gronwall lemma and its discrete
version.

Lemma 4.1 (Gronwall’s inequality). Let ¢ : [To,T] — R be an absolutely
continuous function on [To,T|, a : [Ty,T] — R and b : [Ty,T] — R be
Lebesgue integrable functions on [Ty, T]. If for A-almost every t € [Ty, T},

G(t) < b(t) + a(t)e(t),
then for all t € [Tp, T,

o(t) < o(Th) exp < / t a(s)dk(s)) + / t b(7) exp < / t a(s)dA(s)) (7).

To To
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Lemma 4.2 (Discrete version of Gronwall’s inequality). Let A > 0 be a real
and let (vp)n>0 and (By)n>0 be two sequences of nonnegative reals such that

n—1
vn§A+ZBkvk for all n € NU{0}.
k=0
Then, one has
n—1
v, < Aexp (Z Bk> for alln € NU{0}.
k=0

The celebrated Schauder’s fixed point theorem (see, e.g., [23, Theorem
8.8]) will also be used in the proof of our main result (Theorem 5.1).

Theorem 4.3 (Schauder’s fixed point). Let C' be a nonempty closed bounded
convex subset of H and f : C — C be a continuous mapping. If f(C) is
relatively compact, then f has a fized point.

The scalar upper semicontinuity provided by the next proposition will be
fundamental. It can be seen as an adaptation of [4, Proposition 2.2]. Before
giving it, the following lemma is needed.

Lemma 4.4 ([27]). Let S a subset of the real Hilbert space H which is r-
prox-regular, with r €]0,+o00]. Let x € S and ¢ € Opds(x). Then, for all
z € H such that dg(z) < r, one has

1 , 1, 1
(G5 =a) < 5l ol 4 3-8+ (3 =l +1) ds(o)

and 5
(2 =) < — ||z — 2 + ds(2).

Now, we can state and prove:

Proposition 4.5. Let C : I x H? = H be a multimapping satisfying:
(1) there exists an extended real r €]0, +00] such that for all (t,z) € I x H,
C(t,x,y) is r-proz-reqular;

(ii) there exist a positive measure u on I, a norm || - ||z2 on H? and a
function ¢ : H? x H? — [0, +oo[ with lim  o(X,Y) =0 such that for
IX=Yll,,2—0

all s,t € I with s <t, allu € H and all X,Y € H?,
d(u, C(t, X)) —d(u,C(s,Y)) < p(ls, t]) + o(X,Y).

Let (tp)nen be a sequence of I converging to some t € I with t,, >t for all
n € N and (2, Yn)nen be a sequence of H? converging to some x € C(t, x,y)
and such that x,, € C(tpn, Tn,yn) for alln € N.

If there exists N € N with p(Jt, tn]) < +oo, then for any z € H, one has

lim sup O'(Z, OPAc (b, ,yn) (mn)) <o (z, OPdc(t,2,y) (m)) .

n—oo
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Proof. Assume there exists N € N with u(Jt,tny]) < +oo. Fix any z € H.
We may assume that the sequence (o(z, Gpdc(tmxmyn)(xn)) converges.
Doing so, we have

neN

limsupa(zvanC’(tn,mn,yn)(xn)) = h_>m 0(27 8PdC(tn,mn,yn)(xn))'
n—»00 n—»00

From assumption (i) and Theorem 2.2(e), we get
OPAC (1 wnyn) (Tn) = 0dct, 2y yn) (Tn)  for alln € N.

In particular, for every n € N, the set Opdc 4, 4, ,)(Tn) is weakly compact,
hence there is &, € Opdc(, 2, yn)(Tn) such that o(z,0pdc, 2, ) (Tn)) =
(€, z). Thanks to the inequality [|&,|| < 1 for all n € N (see (2.8)), we may
assume that (&,)nen converges weakly to some & € H. Let us establish that
§ € 0dg(t,3,) (7). Fix any u € H. As x, € C(ty, Tp,yn) for all n € N, there
exists a real oy > 0 such that for all a € |0, ap[ and all n € N,

dc(tnyxnyyn)(xn + au) S HO[UH <T.

This allows us to apply Lemma 4.4 to obtain for all a € ]0, o[ and for all
n €N,

2
(4.1) (e ) < 202 Jul? + gy, (0 + ).
On the other hand, the assumption (i7) gives for all a €]0, ap[ and all n € N,

dC(tn,mmyn)(wn + au) < dC(t,m,y)(ﬁn + Olu) + ,u(]t, tn]) + 90($n, Yn, T, y)

Extracting a subsequence if necessary, we may suppose that (¢,)nen is non-
increasing, so

Jim e t]) = p( (Y Il ) =o0.

keN
It follows that for all a € ]0, ap[, imsup dey,, 2, ) (Tn + ) < derz) (T +

n—oo
au). Using (4.1), we obtain for all a €]0, ap|
2 92
(€ au) < —a”[Jull” + dog,z) (@ + au).

Combining the latter inequality with dg(t 4, () = 0, we arrive to

a1 o
(§,u) < liminf o (dC(m,y) (z+au) — dC(m,y)(ﬂU)) < dc(t,x,y) (z;u).

al0

This being true for any u € H, it results that
§€ adC(t,a:,y) (SL‘) = anC(t,ac,y) (ZE),

hence

lim o(z,0pdco(t, e yn) (Tn)) = nlgrolo (&n,2) = (£,2) < O'(Z,apdc(t’%y) (a:))

n—oo

The proof is then complete. O
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The following proposition is a slight variant of a previous result stated
and proved in [41, Remark 7.4]. The closed unit ball of a real normed space
(Z,]| - |lz) is denoted Bz.

Proposition 4.6. Let X,Y be two real normed spaces and C : I x X =Y
be a multimapping. Assume that there exists a positive measure u on I such
that

haus(C(s, x), C(t, 33)) < u(]s, t]),

for all s,t € I with s <t and x € X. Consider the following assertions.

(a) For every real T > 0, every bounded set A C X and every t € I,
C(t,A) N TBy is relatively compact.

(b) For every real T > 0 and every bounded set A C X, C(I x A) N 7By 1is
relatively compact.

(¢) Given any real T > 0, any sequence (tn)nen in I tending to t with t, >t
for some t € I and any bounded sequence (xy)nen of X, then every sequence
(Yn)nen of Y with y, € C(tn,xn) N 7By for all n € N has a convergent
subsequence in'Y .

Then, the implications (b) = (a) < (¢) hold. Further, if p({t}) = 0 for
every t € I, then the first implication is an equivalence.

Proof. The implication (b) = (a) is obvious. Assume (c¢) and fix any real
7> 0, any t € I and any nonempty bounded set A C X. Let any sequence
(Yn)nen with y, € C(t, A) N 7By for all n € N. For each n € N choosing
xn € A with y, € C(t,z,)N7TBy, the sequence (z,),en is bounded, so by (c¢)
the sequence (Y, )nen admits a convergent subsequence. Then, C(t, A)NTBy
is relatively compact, so the implication (¢) = (a) is proved. To prove the
converse implication, assume that (a) holds and take any real 7 > 0, any
sequence (ty)nen in I tending to ¢t with ¢, >t for some ¢t € I, any bounded
sequence (zp)nen in X and any sequence (yp)nen with y, € C(t,,x,) for
all n € N. For each n € N the inequality

haus(C(t, ), C(tn, 2n)) < p(Jt, tn])
furnishes some z,, € C(t,x,) such that
lyn — 2nlly < u(lt,tn]) +27" =t ep

and such an inequality entails that the sequence (z;,)nen is bounded. Here
and below, || - ||y stands for the norm on Y. Consequently, there is a real
k > 0 such that for all n € N,

Yn € C(t,x,) N KBy + £,By.

Using this and the bounded set A := {z,, : n € N} we obtain some sequence
(bn)nen in By such that

Yn + enby € C(t, A)NkBy for alln € N.
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Then the relative compactness of C(t, A) N kBy by (a) combined with the
(strong) convergence e,b, — 0 (due to u(]t,t,] — 0) ensures that (y,)nen
admits a convergent subsequence. This justifies the implication (a) = (c).
Finally, assume that the p-measures of singletons of I are null and let us
prove in this case that (a) = (b). Fix any real 7 > 0 and any nonempty
bounded set A C X. Take any sequence (y,)nen in C(I x A) N 7By, so for
each n € N there is some t,, € I and z,, € A with y,, € C(tn, x,) N7TBy. Let
t € I be a cluster point of (¢,),en. There exists a subsequence (t4(,))nen
tending to ¢ with either t,,,) > ¢ for all n € N or ¢,(,,) <t for all n € N. In
the first situation where t,(,,) > ¢ for all n € N, (keeping in mind (a) < (c))
the assertion (c) says that (ys(n))nen has a convergent subsequence. Suppose
that t,,) <t for all n € N. As above, for each n € N by the inequality

hauS(C(ts(n)7 $S(n))7 C(t, ws(n))) < M(]ts(n) ) tD

we can choose some z, € C(t, Z4(,)) such that

Hys(n) - Z”HY < M(]ts(n),t]) +27" =gy,
and clearly &, — 0 since p({t}) = 0. The latter inequality tells us that the
sequence (z,)nen is bounded, hence there is a real x > 0 such that for all
n €N,
Ys(n) € C(t7 xs(n)) NkBy +&,By.
Using this we obtain some sequence (by,)nen in By such that
Ys(n) T Enbn € C(t,A) N kBy for alln € N.

Since €,b, — 0, the relative compactness of C(t, A) N kBy entails that
(Ys(n))nen has a convergent subsequence. Consequently, in any case the
sequence (yn)neny admits a convergent subquence, so C(I x A) N 7By is
relatively compact. This confirms the implication (a) = (b) and finishes the
proof. O

5. EXISTENCE OF SOLUTION FOR MIXED PARTIALLY BV
STATE-DEPENDENT SWEEPING PROCESS

This section is devoted to the development of sufficient conditions ensur-
ing existence of solutions for the first order mixed partially BV sweeping
process

—d® € No,a1)xq(P(t) + G(t, (1)) x {f(t, ®1(2))}

Before giving the main result in that direction, let us introduce for a
multimapping P : I x H? = H its associated mapping of minimal norm
mp : I x H?> = H defined by

mp(t,T,y) == Projp(s ) (0) for all (t,z,y) € I x H?.

Now, we are in position to prove the following existence result.
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Theorem 5.1. Let C : I x H> = H and G : I x H? = H be two multimap-
pings and f : I x H — H be a mapping. Let QQ be a closed convex subset of
H, (uo,q0) € H x Q with ug € C(Tp,uo, qo)-

Assume that:
(i) there exists r €]0,+00] such that for every t € I and every x,y € H, the
set C(t,x,y) is r-proz-reqular;
(1) there exist two reals L €]0,1[, L’ > 0 and a positive Radon measure [

on I with sup p({s}) < (1 — L)r such that
SE]T(),T]

haus (C(t1, 21,y1), C(ta, 22,42)) < p(lt1, ta]) + L [|ay — xoll + L' [ly1 — w2l ,

for allti,to € I with ty < ts and xr1,T2,y1,yo € H;
(#i7) the mapping f(-,x) is A\-Bochner measurable on I for each x € H, there
exists a real B > 0 such that

1Ft @)l < B+ all) forall t € La e M,
and for each bounded subset B of H there exists a real lp > 0 satisfying
Hf(t,:n) - f(t,x')“ <lp Hx - m'H for allt € I,z,2' € B;

(iv) the multimapping G is nonempty closed convex valued, G(t, -, -) is scalarly
upper semicontinuous for each t € I, and for each (x,y) € H?, the map-
ping mg(-,z,y) : I — H is A\-Bochner measurable on I and there exists a
nonnegative function a(-) € LY(I, \,R,) such that

Ime(t, 2, y)|| = d0,G(t z,y)) < a(t)(1+ [lz]]),
forallt €I, x,y € H with (x,y) € C(t,xz,y) NkB x Q N k'B, where
K = |lqo|| +28(1 + &)(T — To)

and

To, T 2 [T
M —+ 3)68 U}Zth S = ﬁ T (04(3) + Llﬁ)dA(s),
(v) for every bounded subset B of H, the set C(I, B x k'B) N B is relatively
compact.

Then, there exists a solution ®(-) : I — H? of the mized partially BV
differential inclusion

P) { —d® € Noga)xq(®(1) + Gt @(1)) x {f(t, P1(1))},

K= (HUOH +

D(Ty) = (w0, o).

Further, ®y is 25(1 + k)-Lipschitz continuous on I.

Proof. Let us first define the multimapping P : I x H? = H? by
P(t,z,y) := G(t,z,y) x {f(t,2)} for all (t,z,y) € I x H>.

For each (t,x,y) € I x H? denote by g(t,,y) the element of minimal norm
of the nonempty closed convex set G(t,x,y) of H, that is,

g(t> xz, y) =mag (t7 xz, y) = projG(t,m,y) (O)
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Observe that the inequality in assumption (iz) can be rewritten as

|d(z1,C(t1,21,31)) — d(22,C(t2, 22,32))]
(5.1) < |lz1 = 22|l + u(Jta, t2]) + L1 — z2| + L'flyr — w2,
for all t1,to € I with t; < to and x1,z2,¥y1, Y2, 21, 22 € H. On one hand, the
assumption (iii) gives (see (3.1))
(5.2) |F(t )| < Bop(1 +|le]) for all (t,2) € I x H.

On the other hand, the assumption (iv) ensures for any ¢ € I and any
x,y € H with x € C(t,z,y) N kB and y € Q x «'B that

(5.3) lg(t. z,y)|| = d(0,G(t, z,y)) < epa(t)(1 + [|z]]).
Hence in particular g(-,x,y) is A-Bochner integrable according to the A-
Bochner measurability of mg(-, z,y) = g(-,x,y) on I. Let v be the positive
Radon measure on I absolutely continuously equivalent to the measure p +
opA defined by
L.kt 20p(1+ k) (a(-) + (L' + 1)(B+1))A

= 1T :
Now, consider the function v(-) : I — R defined by

v(t) :=v(]To,t]) forallt el

(5.4)

and set
Vi=v(T) = v(|To, T]).
Let (£5,)nen be a sequence of positive reals with &,, | 0 and areal 0 < ' < r
such that
(5.5) en+(1—L)7' sup p({s}) <+ forallneN.
SE]T(),T]

Step 1. Time discretization.

As in J.J. Moreau [38], choose for each n € N, 0 = V' < V" < ... <
Vi =V (with g, € N) such that

dn
(a) for all j € {0,...,q, — 1}, V1 = V' <ep;

(b) for all k € N’ {‘/E)k’ Tt V;I]Z} C {‘/Ok+1a ey ‘/;Jlfci}}
For eachn € N, set Vl"jrqn := V+4€, and consider the partition (J;‘l)je{o,...,qnq}

of I where for each j € {0,...,q,}
T = (VP VL) = {t € T: VP < u(To,t]) < VI ).

Observe that (Ji")o<j<g,, 18 a refinement of (J7")o<;<q, for all m,n € N with
m > n. Using the fact that v(-) is nondecreasing and right-continuous on
1, it is not difficult to see that, for each n € N, j € {0,...,¢q, — 1}, the set
Ji' 1s either empty or an interval of the form [a, b] with a < b. Furthermore,
for each n € N we have J; of the form J7! = [a,b[N]. This gives for each
n € N an integer k, € N and a finite sequence

To=ty <...<ty =T
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such that for each i € {0,. — 2}, there is some j € {0,...,q, — 1}
satisfying JI' = = [t and such that for i = k, —1 the interval [t} _,, ¢} |
is either Jgjl \ T} (if J; # {T}) or J for some k € {0,...,q, — 1} For
each integer n, put

(5.6) w7 (el + IB)aG)

n

Without loss of generality (including new points if necessary) we may and
do suppose that for every n € N,

0 ) S e (5 G (),
Note that (ky)nen is a nondecreasing sequence and that for each n € N, for
all i € {0,...,k, — 1} and all ¢ € [t7, ¢, [, we have

v(jt,t]) = v(t) —o(t}) < en,
hence
(5.7) v(Jt7 i) <en forallie{0,... &k, —1}.

Step 2. Construction of sequences (7} )o<p<k, and (y,)o<p<k,-

Fix for a moment any integer n € N. Put zfj := up € C (1, uo, qo) N kB
and y := qo € Q N k'B. We are going to construct by (finite) induction
x5, T, T Y,y € Hosatisfying for each p € {0,...,k, — 1} the

tn
following relations with o} tf“ g(s, 2y, yp )AA(s)
) tn
Ypr1 =projg(up — Jul 7 f(s,23)dA(s)),
(5.8) Tp+1 = Prole(y tp+ 1% 1:Yp1) (CE;’Z N Gg)
HypH Yp H < 2Bop(1+rK)(t, p+1 — 1),
(xgﬂ,ypﬂ) € kB x B,

along with

]ty tyal) + 20pmy 2
S e A B

(5:9) gl < ll=pll +

Set yf == pron(yO ftn (s,2)dA(s)) and observe that

tn tn
It sl < o8 (5~ [ osaiixe) |+ | [5G apares)
tn ’ tn
<oy = [ fsap)ins) + [ 17 aplldr

< Q/t 1£(s, )| dA(s)

0

(5.10) < 2Bop(1+ [lzg D (87 —t5) < 280p(1 + K) (T — 15),
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where the third inequality is due to y{ € @, the fourth to (5.2) and the last
one to the inclusion z{j € kB. Then, we see that
(5.11) lyr | < llyo |l + 2Bep(1 + w) (8] — t5) < K.
Now, for the construction of 27 we will use a method inspired by the ones
used in [15] and [44]. Putting together (5.1), the inclusion (zf,yl) €
C(ty,zy,yy) N kB x Q N k'B, (5.10), (5.3), (5.4), (5.7) and (5.5), we see
that for every vector v € B [ug, v (]t{, t}])],
d(l’g - 037 C(ﬁllv v, y?))
<d(zf — o5, O(t5, 25, y5)) + p(tg. t1]) + Lllv — 2]l + L'yt — o

< [ o NG 80 + 15,17
+ 2L Bop(1 + k) (t] — t7)
gQP(l + H) /tnl (Oé(s) n 2L’,8) d)\(s) n ,U,(] gjt?[)

+ Lu (185,80 + p({t) + Lr({#3})
L2+ m) [ (als) +2L'B)dAGs) + (185,17

<(t-1) 1-L
Ly (i) + (L =)
(= L+ Dy (i, 5D + (1 - D) a({#5))

(5.12) <en +(1—L)7' sup wu({s}) <r <.

sE]To,T]
Then, the uniform prox-regularity of constant r of the set C’(t?,v,y’f) for
each v € Blug, v (Jt,t}])] and Theorem 2.2 allow us to define the mapping
1 : Bluo, v (Jtg, 7])] — H by

ol (v) = projc(t?yvvy?)(xg —og) for all v € B [ug, v (Jt§,t7])] -

Now, we show that ¢}(-) is continuous on Blug, v(]ty,t}])]. Fix any T €
Blug, v(Jty,t}])]. According to (ii) we have for all x € Blug, v(Jt7,t}])] with
|z — 7| < L~1r

haus (C (87, 2,47, C(t3,7,4)) < Lz — 7 <r.

Thanks to (5.12), we also have the inclusion
ty
o~ [ 9o, )aNGs) € U (CUE72.01) 1 Uy (C(H 2.01)
tg
for all x € Blug, v(]ty,t}])]. Then, we can apply Theorem 2.3 to get for all
x € Blug, v(Jt3,#}])] with ||z — | < L™tr

() — (@) <[22 (1 = D) o — 32
-
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Consequently, the mapping 7 (+) is continuous as claimed above. From the
definition of ¢} (-), (5.1), (5.3), the inclusion zf € C(ty, zy, yg) N B, (5.10)
and the definition of v, observe that for all v € Blug, v(]t, t1])],

17 (v) = woll
<[t () = (uo = og) | + llog |

ty
<d(zg — og, C(t},v,y1)) + /tn lg (s, 25, y0) | dA(s)

0

<d(zg — 05, C(t5, 26, 0)) + 1 (o, t1]) + L [Jv — a5

Ll =3l + ep(1+ lapl) [ a(s) dr(s
(5:13) <200(1+ lafl) [ *(a(9) + L8 ANs) + 085, 651) + Lo = a5
<20p(1+1) [ (@) + L8 dNs) + n 083, H3) + Lo (. 17)

<(1 = Lv (Jtg, t1]) + Lv (Itg, #7]) = v (Jt5, t11) ,
hence for all v € Blug, v(Jty,t7])],

@1 (w) € C (81, Bluo, v(1t5, 1)), 1) 0 Bluo, v, 1))
We derive from the latter inclusion, (5.11) and the assumption (v) that the

set o7 (B[uo, v(]ty, t’f])]) is relatively compact. By virtue of Schauder’s fixed

point theorem recalled above (see Section 4), we know that ¢ (-) has a fixed
point z} in Bluo, v(]ty,t7])], i.e.,

. tT
Ty = prOJC(t?,x?,yy)(afg - ftgl 9(s, 28,y )dA(s)) = 1 (1),
[t — gl < v (]tg, ¢7]) -

Applying (5.13) with v = 27 yields
tn

(1 =1L) 27 — 25| < u(]ts, 7]) + 20p(1 + HxSH)/ (a(s) + ') dA(s).

ty

Thus, we have (keeping in mind the definition of g in (5.6))

:U'(] 87 711]) —+ 2QP778 2
n < n n n
o) < g+ 20BN 200 2y
(1. 17]) + 20 2
< n 1 n
< (pap+ 2D T
(5. 1)) + 20 2
< ([l v <k
< (lef+ MBI oy (2 ) <

Now, let p € {1,...,k, — 1}. Assume that zg,...,z); and yg,...,y, have
been constructed, so that properties in (5.8) and (5.9) hold true. Set y; ; =
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prOjQ(yg — ﬁ?’l f(s,x;})d)\(s)) and note that

vp1 —up || < +

[ s

tp

n n o n
prrl - (yp - /tn f(87$p)d)‘(s))
P
< dq(yp —/

tp

n
tpt1

F(s,2m)dA(s)) + /t+ 1£(s,2™)| dA(s)

i
< 2/tn £ (s,22)|| dA(5) < 2B0p (1 + ) (t24y — ).

The latter inequality with the second inequality of (5.8) ensure that
lypall < lyp | +280p (1 + K) (810 = 1)
< lwp-1ll + 280 (1 + K)(tyq — th—1)

< llyoll +280p(1+ k) (tyy — t5) < K.

Let us focus on a7, ;. Taking into account the inclusion xy € C(ty, 7, y,) N

kB, we may proceed as above to get for any v € B [:p;‘, v (] tps tgﬂ])],
d (z; = 07, C (11,0, Up41))
<d (2, — 03, O (t5, 7, 9)) + 1 (]85, 8514])
+ Lo =25 + Lllypar -y
ey
< [T o ) | ane) + (6 830))

tp

+ Lo ([t ty]) + 2L Bop(1+ £) (G541 — 17)
t

<op(1+ k) / " als) dAs) + p({ta )+ (0 )

ty

+ Lv({tp 1 }) + Lv (Jtp. t7 0 [) + 2L 0p(1 + H)/t

tpt1
BdA(s)

n
P

tn
20p(1+ &) [l (a(s) + L'B) dX(s) + p (Jt5, i1 [)
<(1-1I) -
1-L
+Lv (Jtptya[) + (1= L) u({tya})
<v (Jtptya[) + (1= L) u({ty)
<en+(1—=L)7" sup p({s}) <+ <
SE]T(),T}

Using the prox-regularity of C (t; 110 Y +1) for each v € H and Theorem

2.2, we may define the mapping ¢y, : Blzy, v(]ty, ty1])] — H

P (v) = Projogy, vap, ) (45 = 03),
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for all v € Blzy, v(Jty, ¢ 1])]. In the same way as above for ¢}, we establish
that the mapping ¢}, ; is continuous on Blzy, v(]ty, 1), 4])]. Further, for all
v € Blzy, v(Jty,ty1])], we have

lopa(0) — a3
<[lepa) = (= o) + o3
<d(ap — o, Ot ) + [

tp

<d(xp — o3, Oty )+ (5 tpa]) + Lo — |

tor1
g

(5.5 9p) || dA(s)

n
tpt1

U~ g+ enL ) [T als)an
n fp+1 /
<20p(1+ 5]) [ (a(s) + LB)NS)
t

(5.14) + u(ty, tha]) + Lo =z

§%PO+HXLH1@@%+U@dM@

+u ]ty tpaal) + Lo (165, t5a])
<=Ly (Jt5: 1)) + Ly (Jt5,1514]) = v (15, 55:])

hence
a0 € (0, Blag v (15, 0] ) 0 Bl v )

Keeping in mind that the set in the right-hand side of the latter inclusion is
relatively compact, we can apply Schauder’s fixed point theorem to obtain

a fixed point 7, € Blay,v (|t5, 17, ,])] of ¢}y (), otherwise stated

. t
{xg-f-l = prOJC(tg+17$Z+1vy;+1) (.T}Z B ft§7+1 g (S’ .%'g, yg) d/\(s)) = (‘DITJL+1($Z+1)’
epr =2l < v (165, thia]) -

Further, it follows from (5.14), taking v =z, , that

(1= L)[lzpiq =2yl < 2@P(1+II$ZII)/pH(Oé(S)JrL'ﬁ) dX(s)+p (]t tyia]) -

ty
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Thus, we have

Ut 4205 2 oy
1-L 1—LPTP
0t tpaa]) + (0t t8]) + 2005 +750)
1-L

2
=l + )

I
lzpall < flz 1 +

I
< [l ll +

(85, thal) + 23 o 0

[ 2 &
< [lzg || + T + 17 2 et
=0

9 P
<A+ 1-1 Z |27 {1,
=0

where

p(To,T)) +2 [ (a(s) + L'B) dA(s)
1-L ’

A= HUOH +

It remains to apply Lemma 4.2 (see also [18]) to get that

9 2
[zp 1] < Aexp <I—L ZU?) < K,

to complete the induction.
Now, let n € N. Coming back to (5.8), we get (thanks to the inclusion
(2.2)) for all p € {0, ..., Kk, — 1},

28
_xZH * x;‘ B /tn g (8’ xZ, yg) dX(s) € NC(tZH@ZHvaH)
P

(2py1) -

On the other hand, using the second equality in (5.8), assumption (ii), the
inclusion zj; € C(ty, 7y, y;) N B, (5.3), the inequalities in (5.8) and the
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definition of v, it results that for all p € {0, ..., k, — 1},
e = a5 + 07

=d(a = 03, C (840,01

<d(ap — o7, C(t5.ap.u7) )+ (185 541))

+ Lz, — zp]
n
p

+ Llyp —

<ort+) [ o) axe) + (15 650])

tp

+ Lv (Jty, t5,1]) + 20pL' (1 + k) /

ty

tn

" BdA(s)

<20p(1+ k) /tan (a(s) + L'B) dX(s)
+u ([t tpal) + Lv (]85, 541 ])
(5.15) <=Ly (Jt5, tpa]) + Lo (i3, 15.0]) = v (165, 651])
Step 3. Construction of sequences (uy(-))neny and (¢n(-))nen-

Fix any integer n € N. Let us define the mapping u,(-) : I — H by
up(T) := z}, and for each t € [t,t) [ with p € {0,..., k, — 1},

P 'p+1
W vt o n o, o n ! n m
up(t) = Ty + % (xp+1 — Ty +Up) _/ g (87xp7yp) dA(s)
V(}t]ﬂtp«l»l]) tn

if v(Jty,t541]) > 0 and

up(t) := z,

Fix for a moment any p € {0,...,k, — 1}. Assume first that v(]t;, 7, ,]) =

0. In view of the definitions of v and pp (see (5.4) and (3.1)), we must have
f =0and g = 0. Combining (2.3) and the equalities in (5.8), we see that

Yp = Ypy1 and since p(]ty, ¢, 1]) = 0 (by definition of v)

if (16, t744]) = 0.

[op1 = 23|l = dowg,,en e (@)

< haus(C'(ty, 7y, vy ), C(tpi1, Tpi1s Ypr1)) < L Hx;} — xZ_HH .

Since L < 1, the latter inequality [|a},, — x| < Ll|lz;; — 23, 4[| entails that

zy =z, . Hence, if v(]t}, 1, 1]) = 0, we have g =0, o5, = 0 and

up(t) = x, = x,,, forallt € [t t7,4]

If v(Jty, ty.1]) > 0, it is not difficult to see, for all ¢ € [t;, )],

P> Upt1
n V(]t;’ﬂ) n n n ! n ,n
un(t):a:p+lw(mp+l—:np+ap)—/ g (s, z,y7) dX(s).

P "p+1 124
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Now, let us consider the mapping z, : I — H defined for all £ € I by

9T,z syp ) ift="T.

Let us also consider the mapping A,, : I — H with A,(Tp) := 0, defined
on [ty tp ] with v(Jt}, ¢, 1]) = 0 by An(t) := 0 for all t €]t}, ¢, 4], and on

thth ith tn tﬁ’ s 0 Db
] D> p+1] Wl VG Do p+1]) > y

i, — a4+ o
Ap(t) = 2L P P for allt €]t™,t",,].
n( ) V(]tﬁatg+1]) ] D p+1]

It can be checked that A,(-) (resp. z,(:)) is v-Bochner measurable on I
and such a property combined with (5.15) (resp. assumption (iv)) gives the
v-Bochner integrability of A,(-) (resp. z,(-)) on I. Consequently, we may
write for all t € I,

5A7)  wn®) =wo+ | An(s)du(s) — / an(5)dA(8),
1To,1] 1T0,1]

and this says in particular (see Section 2) that the mapping uy,(-) is right-
continuous with bounded variation on /. Assume for a moment that gop # 0.
From (5.4), we see that ) is absolutely continuous relative to v, which ensures
(see again Section 2) that Z—I)) € L*>®(I,R4,v) is a density of A relative to v,
hence the equality (5.17) yields

un(t) = uo + /]T ; (An(s) — zn(s)j)\(s)> dv(s) for allt e I.

1%

Note that such an equality still holds if pp = 0 (thanks to the equality

zn(t) = 0 for each t € I and to (5.17)). Then, du,, has A,(-) — zn()%() as

a density in L'(I,H,v) relative to v, which allows us to write

du dA
(5.18) d—y”(t) = A, (t) — zn(t)a(t) v-ae.t € 1.
On the other hand, from the definition of A, (-), (5.8), (2.2) and the fact that
the proximal normal cone always contains zero, we have for every ¢ E]tg, iy 1]

with p € {0,..., k, — 1},
(5.19) An(t) € =N{, (€ps1)

(o 1:Zp 1195 41)
and by (5.15), (5.18) and the definition of A, (-) again

duy,

(5.20) IAa ()l = || 720 + zn(t)zi(t)’ <1 vae tel.

Now, let us define the mapping ¢, : I — H by setting

n, =%
Qn(t) = yp + n

n
tlDJrl

—qn (y;-H - yg +/
p+1 D 24

f(s,:ng)d)\(s)) -/, f(s,m5)dA(s)
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for all ¢t € [t;,t). 1] with p € {0,...,k, — 1}. Fix for a moment any p €

9 p+1
{0, kn—1}. Tt is clear that gn(t;) = v, and that g,(-) is absolutely
continuous on I and that for each p € {0,...,k, — 1} we have
. 1 n n t2+1 n n
(521) QH(t) = W(prrl - yp + f(S,l’p)d)\(S)) - f(t7xp)
p+1 P 24

for A-almost every t E}t;}, i +1l- On the other hand, for A-almost every
t €]ty ty1[ we have the estimate (see (5.8) and (5.2))

Ly
0Ol < g o1 = 5 = [ foapire) | + 1)
p+1 P tp
1 fpe1
< a0~ [ Fls,2)NE) + B+ )
p+1 " "p tp

! / £ (s 2| dA(s) + B+ k)

= tr tn
p+1 " “p Jip
(5.22) < 28(1 4+ k),

and this guarantees the 25(1 + x)-Lipschitz property of the mapping ¢,(-)
on I. In particular, we must have

lan )] < llgn(To)|| +28(1 + k) (t — Ty) < &' for allt € I.

It follows from (5.22), (5.2) and the inclusion x; € B that, for A-almost
every t € 1

(5:23) ||dn(t) + f(t,2p)|| < Ndn(@®)[I+][f (£ 2p)|| < 28(1+r)+B(1+K) =: c.
Using (5.8) and (5.21), we observe that
(5.24) Gn(t) + f(t,2y) € =No(ypi1) Aae.t € [ty ty ]
Now, let us consider the mappings 6,,,0, : I — I defined by 6,(T) :=
th 1, 0n(T) :=T and for all ¢ € [tg, 3-1—1[ with p € {0, ..., k, — 1},
on(t) :==1t, and On(t) =1,
It is routine to check that
n(t) Tt and 0,(t) Lt forallte l.
By the definition of u,(-) and (5.8), we see that for all p € {0,...,k, — 1}
Un(t;gﬂ) = JUZH € C( Z+1,w2+1,y}}+1) = C(tZHa Un ( Z+1),Qn(t$+1)),
and this can be rewritten as
(5.25) Un (0n(t)) € C(On(t), un(0n (1)), ¢u(05(t))) for allt € I.
According to (5.18), the inclusion (5.19) can also be rewritten as

_ duy

dA
An(t) = - (t)—i—zn(t)%(t) € _NC’(Gn(t),un(en(t)),qn(en(t))) (un(6n(t)) v-aetel.
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Putting together the latter inclusion with (5.20) and (2.8), we arrive to

2 Ay, — n(0n -a.e. 1.
(5.26) (1) € =0Pde (5, (1 o (00 01) .0 (8 0) (W (On (1)) V2t €
On the other hand, the inclusion (5.24) yields
(5.27) dn(t) + f(t,un(6n(t))) € —Ng(gn(bn(t))) Maete I
Concerning the set @, from (5.23) and (5.27), it is easily seen that

¢! (q'n(t) + f(t, un(én(t)))) € —Ng (qn(Hn(t))) NB Xaetel,

hence (see (2.8))

(5.28) c_1<q'n(t) + f(t,un(dn(t)))> € —dpdg <qn (Hn(t))> Aae.t el

Assume for a moment that op # 0. From the definition of v (see (5.4)), it
is straightforward to check that the measure gppa(-)(1 + k)X = a(-)(1 + k) A
is absolutely continuous with respect to v, then W(Q exists as a
density and

0<a(t)(1+ ,g)%(t) _d(a()(1+ RN

(t) <1 v-ae. tel.

dv
By (5.16) and (5.3), it is not difficult to check that
(5.29) |z ()] < a(t)(14+ k) forallt e I.

The two latter inequalities guarantee that

Hji‘(t)zn(t)H <a(t)(1+ H)%(t) <1 wv-ae tel.

Clearly, such an inequality is still valid if pp = 0. Then, we derive (see
(5.20)) in both cases pp = 0 and gp # 0 that

du,
dz/(t)‘

Step 4. Convergence of (u,(:))nen up to a subsequence.
By the inequality (5.30) there is a subsequence of (%('))%N (that we do

not relabel) which weakly converges in L?(I,H,v) to a (class of) mapping
v(-) € L*(I,H,v). Defining the mapping u : [Ty, T] — H by

(5.30) ‘

dX
< de(t)zn(t)H +1<2 v-ae tel.

u(t) :=up + / v(s)dv(s) foralltel,
]To,t]

the latter weak convergence yields that for each t € T

un(t) = up + /]T dﬂ(s) dv(s) - ug +/ v(s)dv(s) = u(t).

7t] dl/ }TO )t]
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Then, the mapping u(-) is right-continuous with bounded variation on I (see
Section 2) and du has %(‘) =v(-) € L3(I,H,v) as a density relative to v.
Further, note that

duy, du .12
- T weakly in L°(I,H,v),

which entails in particular that

duy, du

weakly in LY(I,H,v).

On the other hand, by (5.30) we have for every n € N and every t € I,

du,

(8| dv(s) < 20 (It 6a (1))

(5:32)  lun (0n(t)) — un(®)[| < /]t 0, ()] ‘

Then for each t € I since 0,,(t) | t and (uy,(t))neny weakly converges to u(t),
we deduce that (up(0,(t))nen weakly converges also to w(t). Further, for
every t € I and every n € N, the very definition of u, and 6, along with
(5.8) furnish

[un(On(®)] < sup ||lap]| < &,
p€{0,....kn}

hence by (5.25)
(5.33) up (On(t)) € C(I x kB x k'B) N kB for alln € N.

Since the set C'(I xkBx£'B)NkB is compact according to assumption (v), the
inclusion (5.33) assures us that for each ¢ € I, the sequence (uy,(0,(t)))nen
strongly converges to u(t), hence (u,(t))nen also converges to u(t), i.e.,

Up(On(t)) = u(t) and w,(t) — u(t) forallte .
Step 5. Cauchy property of (¢,(*))nen-

Fix any integers m,n > 1. Thanks to the convexity of @, (2.7), (5.28)
and the inclusion g, (6,,(t)) € Q, we get

(7 (dn®) + £ (8 un(6a(8))) ) a0 (0n(8)) = G (®))
< dQ(Qm(t» —dq (Qn(en(t))) = dQ(Qm(t))a

for A-almost every ¢ € I. From the latter inequality, the inequality ||G, (t)]] <
c valid for A-almost every t € I (see (5.23)) and from ¢, (0,(t)) € Q we
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<C_1< n(t) + £ (1t un(6n( >,Qn — qm(t >

:<071< n(t) ftun n( ),qn — qn(0n(t) >

deduce that

< <Qn(t) +f t un t) ))aQn _Qm t >
< lgn(t) = @n(0n ()] + do(am(t))
< lgn(®) = @n(On (@) + [1gm (6m (£)) — @m (t)]]

<c(On(t) - )+C(9 (t) —1)
(5.34) =c(Om(t) + 0n(t) — 2t),

for A-almost every t € I. Since m,n have been arbitrarily choosen, we also
have the following inequality

(7 (am(®) + £ (£ um () )t (1) = an(8))
(5.35) <e(Om(t) + 0, (1) — 2t),
for A-almost every ¢ € I. Adding the inequalities (5.34) and (5.35) yield

(¢ Hdn(t) = dm(t)); an(t) — gm(t))
< (= f (b un(6a (1)), gn(t) — gm (1))
+< T (t um (6 (1)) gm () — gn(®)) + 2¢(0, ()+9 (t) —2t)
“Hlgn(®) = g @[ £ (& un(60(8)) = (8 um(8m(®))) |
(5.36) +2c(0m() On(t) — 2t),

for A-almost every ¢ € I. From the Lipschitz assumption in (4i7) and the
inclusion {ug(dx(t)) : t € I,k € N} C kB, there is a real [ > 0 such that for
all t € I, all k, k' € N,

(5.37) || (6, ur(6k(2)) = f (& ww (O () || < 1 llwn (65 (t)) — wpr (0pr (1)) -

Putting together (5.36) and (5.37) and applying the elementary inequality
ab < 271(a? 4 b?) valid for every (a,b) € R? yield

<Cil (Qn(t) - Qm(t))v%z(t) - Qm(t)>
<(2¢) " (Nam(t) = an(®)1I* + 2 [lun(8n(t)) — wm (m (D))
(5.38) + 2¢(0m () + 0, (t) — 2t).
Now, define ¢, , : I — R by

1
Umn(t) = o llam(t) - gn()|*  forallt €
and observe that (5.38) ensures

() < Y () + An(t)  Aae t €1,
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where
Apn(t) = ;20 lun (6n(t)) — um(ém(t))|]2~|—2c(¢9m(t)+9n(t)—2t) for allt € I.

A direct application of Gronwall lemma (see Lemma 4.1) gives

T T d\
U (t) < el Amn(s)dA(s) = el T Amn(s)——(s)dv(s).
To To dl/
Fix for a moment any ¢ € I for which %2(¢) is well-defined. If v({t}) > 0,

we have (see Section 2) A, (1)L (t) = 0. If v({t}) = 0, we observe through

dv
Jun(t) ~wn(uDI =1 [ 2 ()|
16n(t),] OV
du
< —(s)||dv(s) < 2v(]6n(2),t
< [ )] e < 2v000.0)

that Ay, (t)92 () — 0 as m,n — 0o as well as

2
| A n(t)] < ;—0(2/6)2 +2¢(2(T — Tp)) for allm,n € N.

In such a case, we may apply the Lebesgue dominated convergence theorem
to obtain for every t € I,

Ymn(t) =0 asm,n — oo.
We derive that for each t € I, (qx(t))ken is a Cauchy sequence in the Hilbert
space H and then there is ¢(t) € H such that
qk(t) = q(t).
Further, from (5.22), we see that ¢(-) is a 26(1 + x)-Lipschitz mapping.

Step 6. The mapping &(-) := (u(-),¢(-)) is a solution of (P).

First, observe (thanks to (5.29)) that we can extract a subsequence (that
we do not relabel) (z,())nen Which weakly converges in L'(I,H,)\) to a
mapping z(-) € L (I,H,v). Since Z—l/} € L>*(I,R4,v), we get
(5.39) zn()%() — z()%() weakly in L*(I,H,v).

Now, we claim that u(t) € C(t,u(t),q(t)) for every t € I. Indeed, for
any t € I noting first that [|¢,(0,(t)) — gn(t)|| < c(0,(t) —t), we see through
(i), (5.32), (5.25) and the 25(1+ k)- 1psch1tz property of ¢(-) that for every
n €N,

( ,C(t,u ))
<d(un< At >>,c( (1), 100 (1), 4 (00(1) ) + llan (2) — 0 (B (0)

p (I, 0n(0)]) + L f[u(t) — un (O (@) + L'la(t) = gn(0n(t))]
<3V(]t On()]) + L [|u(t) — un (0n ()l +28(1 + £) L (0n(t) — ).
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Hence, we have the convergence property d(uy(t), C(t, u(t),q(t))) — 0 as
n — 0o, which ensures (thanks to the closedness of C(+)) that

u(t) € C(t,u(t),q(t)) foralltel.
From the inequality valid for every t €

dq(a(t)) < dq(an(0a(t))) + 1la(t) — g (Bl = lla(t) — ga(3a(t))]]
it follows that
q(t) e Q for allt € I.

Now, coming back to (5.31) and (5.39), the sequence <‘Z”—;(-)+zn(-)%(~)) N
ne

weakly converges in L'(I,H,v) to %(~) + z()fjl—l)‘/() Then, by Mazur’s
lemma, we can find for each n € N

6l € cof TEC) 4 () ) s k2

such that the sequence (&,(+))nen strongly converges in L' (I,H,v) to %(-)—F
z(+) % (). Extracting a subsequence if necessary, we may assume that (&,(-))nen

converges v-almost everywhere to %(-) + z(-)%(-). Consequently, for v-

almost every t € I,

4050 € Nl G0 +a0p0: k2nl.

dv
neN
Thus, for v-almost every t € I we have
du dX duy dA
h, —(t t)—(t) ) < inf h, —(t t)—(t
(S0 + 20500 ) < i s (G0 + 20500 )

for all h € H. It results from (5.26) and the latter inequality that for
v-almost every t € 1

<h, %(t) 4 z(t)ji(t)>

< lim sup "( =10 (5, 1) 00 01,00 0nity) (B O (D) ») ’

n—o0

for all h € H. Now, invoking Proposition 4.5, we have for v-almost every
t €I and for all h € H,

(1 5440 + 205 0)) < o~ hOrdegaaon ()

=0 (h, —0pPdo(tu(t),q(t)) (U(t))) :

By virtue of Theorem 2.2, the latter inequality holds with the Clarke subd-
ifferential which is always closed and convex. Then, the equivalence in (2.9)
and the inclusion in (2.8) guarantee that

du dX

(5.40) a(t) + Z(t)dj(t) € —0dc(tu(),q(t) (W(t))) T =Ny, gy (w(t))
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for v-almost every t € I. In the same way, from (5.28) we establish that
(5.41) q(t) + f(t,u(t)) € —Ng(q(t)) Mae.tel.
Defining @ : I — H? by
&(t) := (u(t),q(t)) foralltel
and taking into account (5.40) and (5.41), we obtain that ¢; is a right-
continuous mapping with bounded variation on I satisfying
%(t) + z(t)Z—i(t) € —Nowao, 1) (P(t)) v-aetel
and @9 is absolutely continuous (in fact, Lipschitz continuous on /) with
Do(t) + f(t,P1(1))) € —Ng(Pa(t)) v-ae.t el

We claim that z(t) € G(t,u(t),q(t)) for A-almost every ¢ € I. We may
assume that gp # 0. Since (21 (+))ren weakly converges to z(+) in L(I,H, \),
the Mazur’s lemma (up to a subsequence) allows us to write

z(t) € ﬂ co{z(t): k>n} Mae. tel
neN
This inclusion along with the fact that

2n(t) € G(t, un(Gn(1)), gn(Gn(t))) for allt € I,n € N

furnish a Borel subset Q2 C I with A({ \ ©) = 0 such that for all ¢t € Q and
all h € H,

(h, (1)) < timsup o (b, G (1, un(6a(1)), Gn(0a(1)) ).

n——+0o

Put ¥ :={t € I : v({t}) > 0} and note that 3 is countable (see (2.14)). For
each t € I\ X, we have by (5.32)
l|tn (t) — un(9,(0))|| < 2v(]0,(t),t]) for alln € N,

thus ||un(t) — un (5, (t))]] — 0 as n — 400 (since v({t}) = 0), which implies
that u,(0,(t)) — u(t) as n — 400 since u,(t) — wu(t). Then, for each
t € Q\ X using the fact that G(t,-,-) is scalarly upper-semicontinuous we
get

(h,z(t)) < o(h,G(t,u(t),q(t))) forallh e H,
which entails z(t) € (

G(t
set G(t,u(t),q(t)) and by
follows that

,u(t), ( ) by the closedness and convexity of the

(2.9). Since the countable set X is A-negligible, it
z(t) € G(t,u(t),q(t)) AMae.tel.

The proof is then complete. O

Remark 5.2. It is worth pointing out the following feature concerning
the measurability of the mapping of minimal norm mg(-, z,y) involved in
the assumption (iv) of Theorem 5.1. By Theorem III-41(2) in [16] this
mapping mg(-, x,y) is A-Bochner measurable whenever the Hilbert space H
is separable and the multimapping ¢ — G(t,x,y) is Lebesgue measurable in
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the usual sense that its graph belongs to £(I) ® B(H), where £(I) and B(H)
denote respectively the Lebesgue o-field of I and the Borel o-field of H. W

We derive from Theorem 5.1 the case when the measure p is absolutely
equivalent to the Lebesgue measure, say u(]s,t]) = v(t) — v(s) for some
nondecreasing absolutely continuous function v : I — R...

Corollary 5.3. Let C : I xH?> = H and G : I x H? = H be two multimap-
pings and f : I x H — H be a mapping. Let QQ be a closed convex subset of
H, (ug,q0) € H X Q with ug € C(To,up,qo)-

Assume that:
(1) there exists r €]0, +00] such that for every t € I and every x,y € H, the
set C(t,x,y) is r-proz-reqular;
(1) there exist two reals L €]0,1[, L' > 0 and a nondecreasing absolutely
continuous function v: I — R on I such that

haus(C(t1, 21, y1), C(t2, ©2,y2)) < v(ta) —v(t1)+L [z — 22l + L [lyr — val|,

for all t1,to € I with t1 < to and x1,x2,y1,Yy2 € H;
(#i1) the mapping f(-,x) is A\-Bochner measurable on I for each x € H, there
exists a real B > 0 such that

f(t,z)|| < B+ |z|]) foralltel,xeH,
and for each bounded subset B of H there exists a real lp > 0 satisfying
Hf(t,:v) - f(t,az')“ <lp Ha: — :U'H for allt € I,z 2’ € B;

(iv) the multimapping G is nonempty closed convex valued, G(t, -, -) is scalarly
upper semicontinuous for each t € I, and for each (x,y) € H?, the map-
ping mg(-,z,y) : I — H is A\-Bochner measurable on I and there exists a
nonnegative function o(-) € LY (I, \,R) such that

Ima(t,z,y)|| = d0,G(t, z,y)) < a(t)(1+ [z]),
forallt €I, x,y € H with (x,y) € C(t,z,y) NkB x Q N K'B, where
K= lqoll +28(1 + &)(T — Tp)
and

2 T

K= (||u0\|+w+s)es with s:= 11 . (a(S)-i-L/,B)d)\(S);

(v) for every bounded subset B of H and everyt € I, the set C(t, Bxx'B)NB
is relatively compact.

Then, there exists a solution ®(-) : I — H? of the mized partially differ-
ential inclusion

{ —&(t) € Nogam)xo(®(t) + G(t, (1)) x {£(t, ®1(1))},
®(Ty) = (uo,qo)-

Further, ®o is 25(1 + k)-Lipschitz continuous on I.
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Proof. Consider the (unique) positive Radon measure p on I satisfying
p(]s, t]) = v(t) —v(s) foralls,t € I withs < t.

Since the measure p is non-atomic, Proposition 4.6 says that the assumption
(v) is equivalent to the relative compactness of C'(I, B x £'B) N B for every
bounded subset B of H. It remains to apply Theorem 5.1 to complete the
proof. O

We deduce from the latter theorem the case where f = 0 and Q = {0},
that is, the existence of solutions for (FSP).

Corollary 5.4. Let C: I xH = H and G : I x H = H be two multimap-
pings, ug € H with uy € C(To,up).
Assume that:
(1) there exists r €]0,+00] such that for every t € I and every x € H, the
set C(t,x) is r-proz-reqular;
(17) there exist a real L €]0,1[, and a positive Radon measure p on I with
sup p({s}) < (1 — L)r such that

SG}TO,T}
haus(C(t1, 1), C(t2, z2)) < p(ltr, t2]) + L |lz1 — 22

for all t1,to € I with t1 < to and x1,x2 € H;
(#i1) the multimapping G is nonempty closed convez valued, G(t,-) is scalarly
upper semicontinuous for each t € I, and for each x € H, the mapping
mag(-,x) : I — H is Lebesque measurable on I and there exists a nonnegative
function o(-) € L*(I,\,Ry) such that

Ima(t, 2)l| = d(0, G(t, x)) < a@)(1 + [lz]),

forallt €I, x € H with x € C(t,x) N KB, where

K= (HUOH + #(To. T + 2fT 8) dA(s )> .

1-L

(iv) for every bounded subset B of H, the set C'(I, B) N B is relatively com-
pact.
Then, there exists a mapping u(-) : I — H such that

{ —du € Negu) (u(t) + Gt u(t)),
u(Ty) = up.

Proof. Tt suffices to apply the latter theorem with @ := {0} and f =0 (as

said above) along with the multimappings C:IxH2=HandG: IxH2 =
‘H defined by

C(t,z,y) :=C(t,z) and G(t,z,y) :=G(t,x) for all (t,z,y) € I x H>.
]
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6. REDUCTION OF SECOND ORDER SWEEPING PROCESS (SSP) TO THE
FIRST ORDER ONE (FSP)

Our aim here is to derive existence of solution for the problem (SSP) with
bounded variation via a reduction to a first order state-dependent sweeping
process. As mentionned in the very introduction of the present paper, such
a reduction have been only observed ([43, 53]) in the absolutely continuous
and finite dimensional setting.

Let us start this section with the following result which can be seen as a
counterpart of Proposition 3.3.

Proposition 6.1. Let C : I x H = H and F : I x H?> = H be two

multimappings. Let also (ug,vg) € H? with vg € C(To,ug). Assume that

there exist a real L' > 0 and a positive Radon measure p on I such that
haus(C(s, ), C(t, ) < p(Js,8]) + L'l — gl

for all s,t € I with s <t and x,y € H. If () is a solution of the first
order mized state-dependent Moreau sweeping process (associated to p) with
outward normal at the velocity inside the set

P) —d® € N, xn(P(1)) + F(t, ®(t)) x {=21(t)}
®(Ty) = (vo,uo),

then the mapping ®o(-) is a solution of the second order sweeping process
(associated to 1)

Q) —dds(t) € Nq(t,¢2(t))(¢)2(t)) + F(t, Do(t), Do(t))
®o(Tp) = ug, P2(To) = vo,

and <i>2 = ®; A-almost everywhere on I.

Proof. Assume that ®(-) : I — H? is a solution of (P). Let us define the
multimappings S¢, G : I x H2 = H? by setting for every (t,x,y) € I x H?,
Sc(t,z,y) :=C(t,y) x H and Gp(t,z,y) = F(t,z,y) x {—x}.
Observe that (vo,ug) € Sc(To, ®(To)) = C(To, P2(Tp)) x H. Coming back
to Definition 3.4 and according to the definition of S¢ and G g, there is a

A-Bochner integrable mapping z(-) : I — H? with

(6.1)  z(t) € Gp(t,®(t)) = F(t,P1(t), Pa(t)) x {—=P1(t))} Nae. tel
and such that ®5 is absolutely continuous on I with

(6.2) Do(t) —D1(t) =0 ae.tel,

and there exists also a positive Radon measure v on I, absolutely contin-
uously equivalent to i + og, A and with respect to which the differential
measure d®; of ®; is absolutely continuous with %(-) as an L(I,H,v)-
density along with for v-almost every t € [

dd dA
() + 21(8) (1) € ~Noaa(n)(Ba(1)):
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All together means that ®o(-) satisfies the second order sweeping process
(Q) associated to p and with outward normal at the velocity inside the set.
The proof is then complete. U

Now, we are able to reduce the second order sweeping process with out-
ward normal at the velocity to the Moreau’s one.

Theorem 6.2. Let C: I x H = H and F : I x H?> = H be two multimap-
pings, (ug,vo) € H? with vg € C(Tp, ug).

Assume that:
(1) there exists r €]0,+00] such that for every t € I and every y € H, the
set C(t,y) is r-proz-reqular;
(1) there exist a real L' > 0 and a positive Radon measure p on I such that

haus(C(t1,y1), C(t2, y2)) < p(t1, t2]) + L' ly1 — w2l

for all ti1,to € I with t1 < ts and y1,ys € H;

(7it) the multimapping F is nonempty closed convex valued, F(t,-,-) is scalarly
upper semicontinuous for each t € I, and for each (x,y) € H?, the map-
ping mp(-,x,y) : I — H is A-Bochner measurable on I and there exists a
nonnegative function a(-) € L*(I,\,R.) such that

Imp(t 2, y)|| = d(0, F(t,z,y)) < a(t)(1+ ||lz]]),
forallt €I, x,y € H with (x,y) € C(t,y) N kB x Q N 'B, where
k"= lqoll + 2(1 + &)(T" — To)

and
T

k= (Jluo| + p(To, T]) + s)e®  with s:= 2/T (au(s) + L'B)dA(s);

(iv) for every bounded subset B of H, the set C'(I, B x k'B) N B is relatively
compact.

Then, there exists a solution u(-) : I — H of the second order sweeping
process (with outward normal at the velocity inside the set)

—di € Ny (0(t)) + F(&,a(t), u(t))
’LL(T[)) = ’LL(),’d(To) = 9.

Proof. As above, we define the multimappings Sc,Gr : I x H? = H? by
setting
Sc(t,x,y) :=C(t,y) xH and Gp(t,z,y):= F(t,z,y) x {—x},

for every (t,x,y) € I x H2. Obviously, Gg(-,-, ) is nonempty closed convex
valued and S (t, -, -) is scalarly upper semicontinuous for every ¢ € I. Then,
all conditions of Theorem 5.1 are satisfied and this guarantees the existence
of a mapping @(-) satisfying

—d® € NSC(t,é(t))((I)(t)) + Grp(t, ®(t))
(7o) = (vo, uo)-
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It remains to apply Proposition 6.1 to complete the proof. [l
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