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Abstract

In this paper, we provide in a general Hilbert space new characterizations of uniform prox-
regularity involving outside but sufficiently close points of considered sets. We show that
the complement of a prox-regular set is nothing but the union of closed balls with common
radius. We derive from this that the prox-regularity of a given closed set is equivalent to
the semiconvexity property of its distance function. Various estimates involving the metric
projection mapping to a prox-regular set are also established.
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1 Introduction

Distance functions to prox-regular sets have been involved in the theory of sweeping pro-
cesses (see, e.g., [13, 18, 20, 27-29, 32]), optimization and control problems [1, 2, 12, 21,
23] and many other domains.

Diverse properties of distance functions under prox-regularity have been established in
[3-5, 9, 10, 15, 16, 18, 19, 26]. The aim of the present paper is to provide for distance
functions to prox-regular sets several new properties and estimates in the general setting of
Hilbert space. Estimates for the metric projection to prox-regular sets are also established.

Notation and necessary preliminaries related proximal normals and subgradients and to
generalities on prox-regular sets are given in Section 2. New results on enlarged sets as well
as on sets of exterior points of prox-regular sets are the subject of Section 3, while Section 4
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is devoted to some properties of the metric projection to prox-regular sets and to various new
metric characterizations of such sets. Finally, Section 5 offers a general characterization of
prox-regularity by means of semiconvexity of the distance function.

2 Notation and Preliminaries

Throughout the paper, H is a real Hilbert space endowed with its inner product (-, -) and
its associated norm ||-||. The interior (resp. closure) of a subset A C H with respect to the
norm || - || is denoted by inty; A (resp. clyy A). The letter B (resp. S) stands for the closed unit
ball (resp. the unit sphere) of H with respect to || - ||. The open (resp. closed) ball centered
at x € H with radius » > 0 is denoted by B(x, r) (resp. B[x, r]).

The metric projection multimapping Projg : H = H associated to a set S is defined as
Projg(x) :={y € § : ds(x) = |lx — yl||} for all x € H, where ds(-) is the distance function
from §, that is dg(x) :=: d(x, §) := infycs ||x — y|. When the set Projg(x) is reduced to a
singleton for some vector X € H, we say that the metric projection of x on S is well defined.
In such a case, the unique element of Proj¢(x) is denoted by Pg(x) or projg(x).

2.1 Proximal Normal Cone and its Associated Subdifferential

Let us start by giving some preliminaries about normal cones and subdifferentials which
will be deeply involved in the development below. For more details, we refer the reader to
[14, 24, 30, 31, 33]. Throughout this subsection, we consider a nonempty closed subset S
of H and a function f : U — R U {+00} defined on a nonempty open subset U of .

A vector ¢ € H is said to be a proximal normal to S at x € S whenever there exists a real
r > O such that x € Projg(x+r¢). The set N(S; x) (which is a convex cone containing O but
not necessarily closed) of all proximal normal vectors to S at x € S is called the proximal
normal cone of S at x. By convention, if x € H\ S, we put N(S; x) := @. It directly follows
from the definition of proximal normals that for each u € H with Projg(u) # 9,

u—m € N(S;nm) forallm € Projg(u). (D)

A vector ¢ € H is said to be a proximal subgradient of f at X € U with f(X) finite,
provided that there are areal ¢ > 0 and a real > 0 such that

(Cy—F) < fO) = f@ +oly—xI> forally e BEX,n),

which is known to be equivalent to (£, —1) € N(epi fi(x, f(f))), with H x R endowed
with its natural product structure and where epi f := {(x,7r) e H xR :x e U, f(x) <r}
is the epigraph of f. The set df (x) of all such proximal subgradients is called the proximal
subdifferential of f atx.If f is not finite atx € U, it is clear that 3f (x) := 0.

The proximal subgradients of dg(-) is of great interest and will be at the heart of the
paper. Let us first give the following description of dds(x) (see [8, Theorem 4.1]) through
proximal normals to S at x € S:

dds(x) =N(S;x)NB forallx € S. )

On the other hand, for any x € H with ddg(x) # @, it is known (see, e.g., [16, Lemma 5, p.
114]) that Projg(x) is a singleton (i.e., Ps(x) is well defined) along with

ds(x)dds(x) = {x — Ps(x)}. 3)
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Distance Function Associated to a Prox-regular set

Putting together (3), (1) and (2), we then see that for every x € H \ S with dds(x) # @,
dds(x) = [ds(x)_l(x - Pg(x))] C N(S: Ps(x)) NS C dds(Ps(x)). )

Besides the equality (2), we have (see, [8, 15]) a full description of ddg(x) for any outside
point, say x € H \ S. Indeed, for r := ds(x) > 0 and for the closed r-enlargement
Enl,(S) :={u € H : ds(u) < r}of S, it is known that

dds(x) = N(Enl.(5); x) NS,

in particular (see (2))
dds(x) C ddgnl, (s)(x). ©)

2.2 Semi-convexity

Let f : U — RU{+o0} be a function defined on a (not necessarily open) nonempty convex
subset U of H. One says that the function f is o-linearly semiconvex on U for some real
o > 0 whenever for all t €]0, 1[, all x, y € U, one has

Flx+A=0y) <tf)+A=0f()+ %t(l — 1) = yII*.

If — f is o-linearly semiconvex on U for some real o > 0, the function f is said to be o-
linearly semiconcave on U. From the very definition, we easily derive that the pointwise
supremum of o-linearly semiconvex functions is o -linearly semiconvex.
The function f is said to be locally linearly semiconvex (resp., locally semiconcave) if f
is linearly semiconvex (resp., linearly semiconcave) on a neighborhood of each point of U.
It can be checked that f is o-linearly semiconvex on U for some o > 0 if and only if the
function f + % ||~||2 is convex on U.

2.3 Prox-regular sets

This paragraph is devoted to the class of prox-regular sets. For more details, we refer the
reader to [26] and to the survey [16] (see also the forthcoming monograph [33] and the refer-
ences therein), where in addition to the results below and their proofs, historical comments
and applications can be found.

Definition 1 Let S be a nonempty closed subset of H and r €]0, +00]. One says that S is
r-prox-regular whenever, for every x € S, for every v € N(S; x) N B and for every real
t €]0, r], one has

x € Projg(x + tv).

The following proposition collects some fundamental characterizations and properties of
prox-regular sets (see, e.g., [16]). Before stating it, recall that for any extended real » > 0,
the r-open enlargement and r-open tube around a subset S C ‘H are respectively defined as

Ur(S) :={x e H:ds(x) <r} and Tube,(S)=U,(S)\S.

Proposition 1 Let S be a nonempty closed subset of H. The following assertions are
equivalent.

(a) The set S is r-prox-regular;
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(b) forallxi,xy € S, forall€ € N(S;x1) NB, one has

1
(€, x2—x1) < — [lx1 — x2]%;
2r

(c) the multimapping Projg(-) is single-valued on U, (S) and for all x,x" € U,(S), one
has

El

| ds@) ds(x/)>_1|| ,
- — X —X

| Ps(x) — Ps(x"| < < > n

(d) foranys €]0,r[, forall x,x" € Us(S), one has

’

[ Ps(x) — Ps(x)| <

! ”x—x’
1—s/r

(e) forall x € Tube,(S) such that u := Ps(x) is well defined, one has

X —U

ds(x)

(f) the function d% is CY\ on U, (S) and its gradient is given by

u=PS(u—|—t ) forallt € [0, r[;

Vd3(x) = 2(x — Ps(x)) forallx € U,(S);

(g) the function dsg is C! on Tube, (S);
(h) forall x € U.(S), one has dds(x) # 0.

Remark 1 We point out that assertions (c) and (e) guarantee that for any x € Tube,(S) \ S
where S is an r-prox-regular set of H for some real r > 0, the vector u := Pg(x) is well

defined along with u € Projg(u + r peS ).

Let us end this section with a result in [2] concerning the prox-regularity of sublevel
sets. For the proof and other developements on preservation of prox-regularity, we refer the
reader to [2, 33-35] and the references therein.

Proposition 2 Let g1, ..., gn : H — R such that the set
C={xeH:g1(x) <0,...,8n(x) <0}

is nonempty. Assume that there is an extended real p €10, +00] such that:

() forallke K :={1,...,m}, grisC' on Uy,(C);
(ii) thereis areal y > 0 such that for any k € K, for all x1,x2 € U,(C),

(Ver(x1) — Ver(x), x1 — x2) > —y |lx1 — x2|?.

Assume also that there is a real 5 > 0 such that for each x € bdry C, there exists
v € B for which for every k € K(x) :={j € K : gj(x) = maxjeg g (x)},

(Ver(x),v) = —4.

Then, the set C is r-prox-regular with r = min [p, %]
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3 Levels and Sublevel sets Associated to Distance Functions

In this present section, we establish the uniform prox-regularity of the following level and
sublevel sets

Enl,(S) := {ds < r}, D,(S) := {ds =} and Exte,(S) := {ds > r}.

Besides its own interest, such a development will be greatly involved in Section 5 which is
devoted to semiconvexity property of the distance function. The first result provides various
important links between the aforementioned sets. Before stating it, let us mention here that
the assertion (a) below has already been established in [8] in the context of general normed
spaces.

Proposition 3 Let S be a nonempty closed subset of H. The following hold.
(a) Foreveryreals > 0, one has
d(x,Enls(S)) =d(x,S) —s =d(x, Ds(S)) forallx € H \ Enl(S).
(b) Forallreals O < s < r, one has
U (S) = Uy (Enl(S)).
(c¢) Foreveryrealr > 0, one has
cly (U (S)) = Enl, (), (6)
or equivalently
inty; (Exte,(S)) = H \ Enl,(S) = {u € H : ds(u) > r};

from (6), one also has
D;(S) = bdryy, (U, ().

If in addition the set S is r-prox-regular for some r €0, +00], then the following
assertions hold true:
(d) Foreverys €]0, r], one has

d(x,Extey($)) =s —d(x,S) =d(x, Dy(S)) forall x € Tube(S).
(e) Foreveryreals €10, r], one has
Tube, (Exte, (S)) = Tubey (S).
(f) Foreverys €]0, r[, one has
cly (K \ Enls(S)) = {u € H : ds(u) > s} = Exteg(S), (7)
or equivalently
inty; (Enly(8)) = {u € H : ds(u) < s} = Us(5);

further, one also has
Dy (S) = bdryy, (Enls(S)).

Proof Lets €]0, +oo[ and let r €]0, 4-00].

(a) Letx € H \ Enl(S). Fix any y € Enl;(S). Pick any real ¢ > 0. There is y. € S such
that

ly —yell <ds(y) +e<s+e¢
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and then ||x — y|| > [|x — yell = llye — yll = ds(x) — s — €. Thus, we obtain
d(x, Dy(S)) = d(x, Enlg(S)) > d(x, S) — 5. ®)

To confirm the equalities in (a) we must show the inequality d(x,S) — s >
d(x, Dy(S)). Fix any z € S. We consider the continuous function A : [0, +00[— R
defined by

h(t) :=ds(tx + (1 —1)z) forallz > 0.
We have h(0) = 0 and k(1) > s, so we can find #y €]0, 1[ such that h(zg) = s.

Set w := tox + (1 — o)z and observe that dg(w) = h(fg) = s along with
lx —zll = llx — @|| + |lo — z||. According to the inclusion z € S, we have ||x — z|| >
lx — | + ds(w) = |lx — | + s. Thanks to the inclusion w € Dy(S), we get

lx —z|| = d (x, Dy (S)) + s. Since z € S has been arbitrarily choosen, the latter
inequality entails the following one

d(x, S) > d(x, Dy(S)) +s. ©)

The equalities in (a) then follow from (8) and (9).

(b) ltis a straightforward consequence of (a).

(c) Assume that r < +o00, otherwise there is nothing to establish. The inclusion
cly (U, (S)) C Enl,(§) comes from the continuity of dgs(-). Let us establish the con-
verse inclusion. Let # € Enl, (S). We may suppose that ds(u) = r. Let¢ > 0 be areal.
Pick any sequence (z),en of S such that r, := ||u — z,|| — r. Choose any N € N
such that ry # Oand ry —r < &. Fix any ¢ € [0, 1] such that 1 — ﬁ <t < £ and

N
observe that
A —tu+tzy —ull=try <e
and
d(l—tu+tzy,S) <1 —=Du+tzy —zyll < (L =Dry <.
Consequently, we have B(u, ) N U,(S) # ¥ and this translates the inclusion u €
cly (U, (S )). The desired equality is then established.

Now, we assume for the rest of the proof that § is r-prox-regular.

(d) We may suppose that r < +o00. Assume that s €]0, ] and u € Tube,(S). Set p :=

projg(u) and v := p + s”';%f;”. According to Proposition 1(e) (see also Remark 1) we

have the inclusion p € Projg(v). Therefore, ds(v) = s and this allows us to write
d(u, S) + d(u, Exteg(S)) < d(u, S) +d(u, Dy(S))
< llu—pl+llu—vl =s. (10)
On the other hand, we observe that for every x € Exte(.S)
lx —ull = llx = pll = llu = pll = d(x, S) —d(u, S) = s —du, ),
which gives d(u, Exte(S)) > s — d(u, S), hence
d(u, Extes(S)) +d(u, S) > s. (11)

It remains to put together (10) and (11) to finish the proof of (d).

(e) Assume that s €]0,r]. Set E := Exte(S). The inclusion Tube;(S) C Tube,;(E)
directly follows from (d). Let u € Tubes(E). Obviously, we observe that u ¢ E, i.e.,
ds(u) < s. On the other hand, the inequality dr(#) < s furnishes v € E such that
[[u —v|| <s.Ifu € §, we would have s < dg(v) < |lu — v| < s, which cannot hold
true. Then, we have 0 < dg(u) < s, i.e., u € Tube(S).
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(f) Assume that s €]0, r[. First, note that we always have the inclusion U;(S) C
inty (Enl s(S )), or equivalently

cly (H \ EnlyS) € M\ Ug(S) = Exty(S).

Let us establish the converse inclusion. Fix any u € H \ U(S). We may assume
that ds(u) = s. Let (s,)nen be a sequence of ]s, r[ with s, — s. Since S is r-prox-
regular, the set Projg(u) is reduced to a singleton i.e., p := projg(u) is well defined.
Set foreachn € N, u, 1= p 4+ s, —== Hu ” By virtue of Proposition 1(e), we have the
inclusion p € Projg(u,) for every 1nteger n > 1. We also see that ds(u,,) = sn > s,

so u, € H \ EnlS for each n € N. Further, (u,,),eN converges to p + s ——t= ”u p” Since
s =ds(u) = |lu — pll, we have
ps— =
llu — pll
Consequently, we get u € cly (’H \ Enl S ) The proof is then complete.
O

Remark 2 If s € {0, r}, then (7) does not hold in general. Indeed, in the case s = 0
(7) means inty(S) = . Now, let us focus on the case s = r. Consider the set S
{t € R: |t] = 1} which is r-prox-regular with » := 1. It is readily seen that Enl,(S) =
and U, (S) = R\ {0}, hence

¢ = clr(R \ Enl,(S)) # Ext,(S) = {0}.

Now, we can prove the prox-regularity of enlarged and exterior sets.

Theorem 1 Let S be an r-prox-regular subset of H for some real r > 0. Let also s €]0, r|.
The following hold.

(a) The closed s-enlargement Enlg(S) of S is (r — s)-prox-regular.

(b)Y If S # H, then Dg(S) is a Cl—submanifold which is min{r — s, s}-prox-regular.

(¢) If S # H, then the r-exterior Exte, (S) is r-prox-regular.

Proof Let us consider the function ¢ : H — R defined by
1 s 2
o(x) = E(dS(x) —s%) forallx € H.

(a) Fix any s €]s, r[. It is readily seen that E := Enl;(S) = {¢ < 0}. According to the
r-prox-regularity of S, we know from Proposition 1(f) that ¢(-) is continuously differen-
tiable on U, (S), or equivalently continuously differentiable on U, _;(E) D Uy _(E) (since
U,_s(E) = U,(S) by Proposition 3(b)) along with

Vo(x) =x —Pg(x) forallx € U,_;(E).

On the other hand, using the Lipschitz property of Ps on U (S) with Lipschitz constant
1 5 /r therein (see Proposition 1(d)) and putting y := 5 13 7r —1>0,wegetforallx,ye
Uy —s(E) C Ug(S),

(Vo(x) — Vo), x —y) = (x — Ps(x) — (y — Ps(y)), x — y)
Ilx = ylI* + (Ps(y) — Ps(x), x — )
—y llx = ylI*.

%
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Now, let u be a boundary point of E, i.e., ds(u) = s by Proposition 3(f). Set v, :=

—d%(u)(u — Py (u)) € B and observe that (u — Ps(u), v,) = —s. By virtue of Proposition
S

2, the set E is min {s/ -, %}-prox-regular. It remains to observe that

K 1 -1
— =5 —1 =r—s
y 1—s/r

and to let s’ 1 r to get the desired (r — s)-prox-regularity.

(b) Note that D := D, (S) # # is a C'-submanifold in  since ds is C' on the (open) tube
Tube, (S) with its gradient nonzero therein. Set p := min{s,r — s}, Uy := {0 < ds < s}
and U, := {s < ds < r}. According to (a) and (d) in Proposition 3, we have

dp(x) =s —ds(x) forallx e Uj (12)

and
dp(x) =ds(x) —s forallx € Us. (13)

We claim that T := Tube, (D) C Uy U U,. Fix any x € T. By the very definition of 7" we
have x ¢ D, i.e., ds(x) # s. Therefore, it suffices to show that 0 < dg(x) < r. Assume
for a moment that dg(x) = 0. Since dp(x) < p < s, we can find some y € D such that
lx — y|| < s and this cannot hold true since

s =ds(y) —ds(x) < |lx —yll <s.

Now, assume that ds(x) > r. Since dp(x) < p < r — s there is some z € D such that
lx —z|| < r —s. Fix any real ¢ > 0 small enough such that ||x — z|| < r —s — ¢. Using the
equality ds(z) = s, we get { € S such that ||z — ¢|| < s + €. We are then able to write

r<dsx)<lx—=¢llsllx—zl+llz=¢ll<r—s—e+s+e=r,

which is the desired contradiction. So, it is established that T C U; U U,. Coming back
to (12) and (13) and noting that dp(-) is C' on U; U U, (see Proposition 1(g)) we see that
dp(-) is C! on T. It remains to invoke Proposition 1(g) again to obtain the desired p-prox-
regularity of the set D. The proof of (b) is then complete.

(c) Assume that S # H. Set C := Exte,(S). According to Proposition 3(d), we have

dc(u) =r —ds(u) forallu € Tube,(S).

Then, by virtue of Proposition 1(g), we see that dc(-) is continuously differentiable on the
open set Tube, (S). On the other hand, we know (see again Proposition 3(e)) that the r-
open tube around S coincides with the r-open tube around C = Exte,(S). Therefore, the
distance function d¢(-) is continuously differentiable on Tube,(C) and this translates the
r-prox-regularity of the set C. O

Remark 3 (i) Note that the assertions (a) and (b) of the latter theorem fail for s = r. This
can be seen with the 1-prox-regular set S := {(—1, 0), (1, 0)} C R2.
(i) The constant (+ — s) in the assertion (a) above is sharp. Indeed, if S = H \ B(0, r)
(which is r-prox-regular), then the set Enl (S) = H\B(0, r—s) is (r —s)-prox-regular.
The following proposition complements property (a) in Theorem 1.
Proposition 4 Let three reals 0 < s < r < r' and let S be an r-prox-regular subset of H.

IfEnly(S) is r'-prox-regular, then S is r'-prox-regular.
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Proof Assume that C := Enl(S) is r’-prox-regular. Fix any x € U, (S). We claim that
dds(x) # . In view of Proposition 1(h), we may suppose that ds(x) > r. First, observe
that Proposition 3(a) says that

d(-,C)=d(,8) —s onH\C, (14)

in particular d¢(x) = ds(x) —s < r’ — 5,50 x € U,(C). Combining the inclusion x €
U,/(C) with the r’-prox-regularity of C then yields dd¢ (x) # ¥. Using (14) again, we can
write ddc (x) = 9(ds — 5)(x) = dds(x) # @. Consequently, the set S is r’-prox-regular by
(h) in Proposition 1. The proof is finished. O

As a direct consequence, we derive the fact that a nonconvex prox-regular set does not
possess a convex enlargement. More precisely:

Corollary 1 Let S be an r-prox-regular subset of H with r €]0, +oo[. The following
assertions are equivalent.

(a) The set S is convex;
(b) there exists s €]0, r[ such that Enlg(S) is convex;
(c) there exists s €]0, r[ such that Uy (S) is convex.

Proof Obviously, the assertion (a) implies (b). The converse implication (b) = (a) follows
from Proposition 4. It remains to observe that the equivalence () < (c) is a direct conse-
quence of the equalities inty (Enls (S)) = Uy (S) and cly (US(S)) = Enl,(S) in Proposition
3. The proof is complete. O

4 Characterizations of r-prox-regular sets via Distance from Outside
Points

From Proposition 1, we know that the r-prox-regularity of a (nonempty closed) subset S of
‘H is equivalent to the inequality

(. x"—x) < % | — x| forallx,x' €S,&eN(S;x)NB, (15)

which translates some hypomonotonicity property of the truncated normal cone multimap-
ping x — N(S; x)NB. Such a characterization involves only inside points of the considered
set, namely x,x’ € S. The crucial role of the open r-enlargement U, (S) = {ds < r}
in various characterizations of r-prox-regular sets (see, e.g., [16, 33]) naturally leads to
develop several extensions relaxing the inclusion x, x” € S. This can be done by replacing
N(S; x) N B (which is empty if x ¢ S) in (15) by dds(x) (see the equality (2)). There are
very few results availaible in that direction: we refer to [9, Theorem 3.4] for the inequality
satisfied for any r-prox-regular set S C H

8
(65 = x) = s I = P ds () — dis () (16)
and
/ 2 / 2 /
(6, " = x) = <l = xII” + ds(x") (17)

@ Springer



F. Nacry, L. Thibault

for any x, x’ € U,(S) and any & € ddg(x). In the same vein, we also mention [18, Lemma
2.1] where the following estimate is provided for x € S,

fgox' = 3) = o= I 32+ -d3) + (lnx’ —xll+ 1) dsx).  (18)
2r 2r r

While (18) characterizes the prox-regularity of S with r as constant of prox-regularity, (16)
and (17) entail the prox-regularity of S with constant /16 and r/4 respectively. Estimates
of constant of prox-regularity are often involved in the context of existence of solutions for
prox-regular sweeping processes through Moreau’s catching-up algorithm (see, e.g., [28]
and the references therein).

Our first aim here is to provide in Theorem 2 a full characterization of r-prox-regularity
encompassing (15) for possibly outside points, say x, x" € U,(S). Before stating it, let us
establish the following lemma via the elementary equality

lull> = w2 =2(u,u—v) — lu—v||*> <2, u—v) forallu,veH. (19)

Lemma 1 Let S be an r-prox-regular subset of H for some extended real r €]0, +00]. The

following hold.
(a) Forall x € U,(S) and x" € S, one has
d
(1 = Sr(x)> | Pso) —x'|* < [ — x| — d2x), (20)
in particular
d
1= B ey o) = -]
(b) Forall x,x" € U,(S), one has
d
(1= 252 Jsco) = ot P = [ = Py | = dio.
in particular
ds(x) , ,
1= =2 | Ps) = Ps()]| =[x = Psa]

(¢) For all x, x' € U,(S), one has with p := Ps(x) and p’ := Ps(x’)

(1 Cds()  ds(x))
2r 2r

1
Jlp == 5= 9P = i + | = p” = i)

Proof First, note that (b) and (c) can be directly derived from the inequality (20) in (a). So,
let us prove the assertion (a). Fix any x € U,(S) and x’ € S. By virtue of Proposition 1(c),
y 1= projg(x) is well defined. A direct application of (19) then gives

| =" = | =" = 2" = y.x =) = e =¥ @1

Putting the inclusion x — y € N(S; y) and the r-prox-regularity of S together, we observe
(see Proposition 1(b))

”x_y” || ||2_ dS(-x)
7r =

2{x —y,x' —y) < X' =y llx" — ylI%. (22)

r

It remains to combine (21) with (22) to complete the proof. O
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Theorem 2 Let S be a nonempty closed subset of H and r €10, +00]. The following
assertions are equivalent.

(@)
()

()

(d)

The set S is r-prox-regular;
forany x' € U,(S), any x € U,(S) with Ps(x) well-defined and any & € dds(x), one
has

1

- r_ 2_ 207 no_ .
= 2(r _ ds(x/)) ( ||.X PS()C)” dS('x )) + dS(.X ) dS(X),

fe.x' —

forany x € S, for any x’ € U,(S) and any & € dds(x), one has
1

E —

2(r —ds(x")

forany x' € S, any x € U,(S) with Ps(x) well-defined and any & € dds(x), one has

£.x" —x) (|2 = x]? = d3ah) +ds):

1
(e —x) = o ¥ = Ps@)]” - dsto).

Proof Through Proposition 1(b), we see that anyone of the assertions (), (¢), (d) implies
(a), i.e., the r-prox-regularity of S. On the other hand, it is clear that () entails the assertions
(c) and (d). It remains to establish (a) = (b). Fix any x’ € U,(S), any x € U,(S) with
Ps(x) well-defined and &€ € ddg(x). Let us distinguish two cases.

Casel. x € S.Puty:= Pg(x). According to (2), we know that § € N(S; x) N B. Then,

the r-prox-regularity of S gives

/ / 1 2 1
(6.x'—x)=Ey -0+ —y) = lly —xIP +ds(). 23
On the other hand, thanks to Lemma 1(a), we get
ds(x") 2
(1 == )y =l = | = x” = 45,
or equivalently,
1 2 1 / 2 2,1
— |y — < — - —d . 24
2r Iy =" = 2(r—ds(X’))(”x x|| s )) @4
Putting together (23), (24) and the equality ds(x) = 0 yields

O p—

- r_ 2_ 2.1 N
< 2(r_ds(x,))(llx Ps(0)|” = d§(x") + ds(x') — ds(x).

Case2. x € U,(S) )\ S. First, observe that (see (4)) dds(x) = {£} where

—P
£i= XT(XS)(X) € N(S; Ps(x)) N B = dds(Ps(x)).

From the above expression of £, we see that
(€. 5" —x) = (&, x' = Ps(x)) + (£, Ps(x) —x) = (£, ' — Ps(x))—ds(x).  (25)
Using the r-prox-regularity of S we also have

(&, %" = Ps()) = (&, %" — Ps(x)) + (£, Ps(x) — Ps(x))

1
< ds(x') + 51 Ps(x') = Ps(x)|I>. (26)
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Further, Lemma 1 gives that
ds(x') 2 2

(1 === ) 1Pse) = Ps@)[” < 2 = Ps@)[” — dfe). @)

Putting together (25), (26) and (27) we arrive to

1

X =)<
€ E 2(r — ds(x"))
The proof is complete. 0

(% = Pso)|* = d3(x")) + ds(x') — ds(x).

Theorem 2 brough to light the interest to estimate the quantity ” Pg(x) — x' H with x, x’ €
U, (S). This is the aim of the next result which can be seen as an extension to the prox-
regular framework of a result due to J.J. Moreau [25, Lemma 1(2a)] (see also [22] for
similar results under convexity). It should be noted that both quantities || Pg(x) — x’ H and
(‘g‘, x' - x) with x ¢ S, & € dds(x) and x” € U,(S) are strongly connected according to the
elementary computation

| Psr) = '|* = (" = %) + (x = Ps))|?
= " — x| + d3(x) + 2ds(x) £, X' — x), (28)

where the latter equality is due to & = % d}}i(()X) (see (3)).

Proposition 5 Let S be an r-prox-regular subset of H for some r €10, +o0). The following
hold.
(a) Forall x, x' € U,(S), one has

ds(x) 2 / _ ds(ixl)
(1 - m) [ PsGo) =" = 2ds(x)ds(x") (1 2(r — ds()f’)))

2
+ Hx - x/“ - dg(x).
(b) For any s €]0, r[ and any x, x" € U(S), one has

d
| Ps(r) — &[> < <1 g j(:/)r)2> % = x||* + 2ds (x)ds (x") — d3(x).
(c) Forall x, x" € U,(S), one has
4rdg(x)

| Ps(r) —x'||* < (1 + ( ) | = x'|? + 2ds(0)ds (x") — d3(x).

2 — ds(x) — ds(x)))’

Proof The assertion (a) follows from Theorem 2(b) and the equality (28).
Let us establish (b) (resp. (¢)). Lets €]0, r[ and letalso x, x’ € U(S) (resp. x, x" € U,(S)).
Set y := Pg(x) and y' := Pg(x’). Noting that dg(x) = ||y — x|| and applying the equality
in (19) withu := y — x" and v := x — x’ give
2 2
ly =) = =27 = 2{x — 3. 2" = y) = d3 ).
From the r-prox-regularity of S and the inclusion x — y € N(S; y) we have
2 —y.x' —y)=2(x—y.x' =y )+2(x =y, ¥ =)
S(x) 2
[

IA

2dg(x)ds(x") +
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By virtue of Proposition 1(d) (resp. Proposition 1(c))

/ 2 l / 2
— < —
||y y” — (1 _ s/r)2 ||X 'x”
(resp.
ds(x) ds(x)\7?
Iy = ylI> < (1- - Ix" = x1%).
2r 2r
It remains to put all together to get (b) (resp. (¢)). The proof is complete. O

We can also estimate the quantity || Ps, (x) — Ps, (x)|| through Hausdorff distance. Recall
that the Hausdorff-Pompeiu distance is defined for two nonempty subsets S1, S C H by

haus(S;, S») := max {exc(S;, S»), exc(S2, S1)},

with exc(S1, $2) 1= sup,¢g, ds, (x). The next result is essentially due to M. V. Balashov and
G.E. Ivanov [6, Theorem 2]. The proof below follows for a large part their idea.

Proposition 6 Let Sy, Sy be r-prox-regular subsets of H with r €]0, +00]. Let also x € H
such that max {a’s1 (x), ds, (x)} < s < r forsomereal s. Foreachi, j € {1, 2}, assume that
Ps; (x) € Enl,(S;) and set d; j := d(Ps;(x), S;). Then, one has

”PSI(X)_PSQ(X)HZ < 28 maxd; ; (1—&>
L—s/r i#j 2r

In particular, if haus(S1, S2) < r, one has

2s

1/2
; haus(Sl,Sz)> .

—S/r

HPsl(x) - PSz(x)H = <1

Proof For eachi € {1, 2}, Projg, (x) is reduced to a singleton {p;} (thanks to x € U, (S;)
and the fact that S; is r-prox-regular). We are going to show that

s dip
2(x =p1,p2—p1) < - (”Pl — p2l* +2rdi 2 (1 - ;))

We may suppose that x # p1, hence x ¢ Sj. In particular, we have x € U, (S1) \ S1, so we
can apply Proposition 1(e) to get

p1 € Projg (m . M)
lx — pll
Note that for all z € Sy,
r(x —p1) -
’ o | o1+ 52y — 2| — =2l 2 r = 2 — 2l

Passing to the supremum yields

r(x — p1)

m —p2| Zsup(r —llp2—zl) =r —ds (p2) =r —d12.

- ZES[
We deduce from this (thanks to the inequality r > d 2)
2 2r 2 2 2
Ilp1 — pall” + =il (x—=pL,p1—p2)+r°=r"=2rdip+di,,
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or equivalently

di2
2r {x — p1, p2 — p1) < llx — p1ll (”Pl — pal? +2rdy 2 (1 - 7)) .

Keeping in mind that ds, (x) = [lx — p1]| < s, we obtain

s di
2x —p1.p2—p1) < (”Pl — pal? +2rdy 2 ( - 7)) ,

r
which is the inequality claimed above. In the same way, we show

s ) dr1
2{x = p2, p1 — p2) < - lp1 — p2ll” +2rdaq | 1 — > )

. . ” . di,;
Adding the two latter inequalities, we have with m := max;.; d; ; (1 — z—r’)

S
Ip1 — pall?® < ~(Ilp1 = pall? +2rm).

The proof is complete. O

Remark 4 The exponent 1/2 in the above Holder property is known to be sharp even for
convex sets (see, [17, p.235]).

5 Semi-convexity of Distance Function

As observed in [16, Proposition 18], a nonempty closed subset S of H is r-prox-regular for
some extended real » > O if and only if its associated square distance function dg is %—
linearly semiconvex (or equivalently d_% + i -1 is convex) on any open convex subset
V of Ug(S) for every 0 < s < r. This can be seen through the following computation valid

forany x, y € Us(S) witho := — and g := d2 + o ||-|?

(Vg(x) = Vg(), x —y) = 2(1 +0) [lx — yI* = 2(Ps(x) — Ps(y), x — y)
>2(1+o0—(1—s/r ") llx—yl*=0.

Our aim in the present section is to characterize the prox-regularity through the semicon-
vexity of its distance instead of the square distance. We start with the following result taken
from [11, Proposition 2.2.2] showing that distance functions from subsets of Hilbert spaces
have particular semiconcavity properties. For the convenience of the reader we provide a
proof.

Proposition 7 Let S be a nonempty subset of H. The following hold:

(a) The square distance function d§ is 2-linearly semiconcave on H.

(b) For any nonempty convex subset U of H and for any real § > 0 such that U N (S +
B(0, 8)) =@, dg is 8~ -semiconcave on U. So, ds is locally linearly semiconcave on
HN\S.

(¢) If S is the union of a collection of closed balls with a common radius r > 0,
then on each convex set U included in cly (7—[ \ S), the distance function ds is

r~L_semiconcave.
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Proof (a) Forall x € H, we have d2(x) = ||x||* +infyes ([IylI* —2 (x, y) ). On the other
hand, for each y € §, the function ¢, : H — R defined by

oy(x) = lIyl> =2 (x,y) = (=2x + y,y) forallx e H

is concave. Thus, there is a concave function g : H — R such that d_%(-) =-I? +g()
and this translates the desired semiconcavity property.

(b) Let U be a nonempty convex subset of H, § > 0 be a real such that U N (S +
B(0,8)) = . Set f = dz and observe that f(U) C [, +o00[. The function g = /*
is increasing, concave and %—Lipschitz on [82, +o0l. It is then an exercise to check
the § _1—semiconcavity of the chainds = g o f.

(¢) Let (ai)ier be a family of H such that S = | Blai, ] and let a nonempty convex set
iel

U included in cly (H \ S). Fix any i € 1. Put S; := Bla;, r]. Note also that for each
i €1,d},,(x) > r*forallx € U, hence, by (b) above, the function di,(-) = I|- — a||
is r_l—linearly semiconcave on U. Through the equality dg, () = || — a;|| —r, we see

that dg;, () is also r1 -linearly semiconcave on U. From
dg(x) = inf de (x) forallx e U
jel

we see that —ds () is the pointwise supremum of r~!-linearly semiconvex functions
on U. Therefore, dg(-) is r~!-linearly semiconcave on U. The proof is complete.
O

The next result shows that the complement of a prox-regular set is the union of a family
of closed balls with a common radius.

Theorem 3 Let S be an r-prox-regular subset of H with r €]0, +o00[. Then, for any s €
10, r[, the set H \ S is the union of a family of closed balls of H of radius s.

Proof Fix any s €]0,r[. If S = H, then H \ S = @ and there is nothing to prove. Assume
that S # H. Fix any y € H \ S. If ds(y) > r, then we have B(y,r) NS = @ hence
Bly,s] € H \ S. Suppose now 0 < ds(y) < r. According to the r-prox-regularity of S,

Projg(y) is reduced to a singleton, say Projg(y) = {p}. With v := ﬁ, we have (see
Remark 1)
p € Projg(p +rv),
hence B(p + rv,r) NS = @. Observe also that
r
ly—p—rvl=(1-——=)O=p)|=Illy—pl—ri=r—ds®).
ly = pll

Ifs > r —ds(y),theny € B[p+rv,s]and B[p +rv,s] C H\ S since B[p + rv,s] C
B(p + rv,r). So, assume that s < r — ds(y), so in particular y # p +rv (if y = p + rv,
thens < r —ds(p +rv) = 0). Set

z=y—lly—p—rvll"'s(y — p—rov).
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We have y € Blz, s]. Fix any u € B[z, s] and observe that

lu—p—rvl <llu—zl+Ilz—p—rvl
S
|Iu—z||+H(1—)(y—p—rv)
ly —p—rol
lu =zl +ly—p—rvll—s]

lu—zll +|r —ds(y) — s,

which combined with the inequality s < r — dg(y) yields
lu—p—rvl <lu—zl+r—ds@y)—s <r—ds(y).

Hence, the inclusion B[z, s] C B(p + rv, r) holds true. Therefore, y € B[z,s] C H\ S.In
conclusion, any point of H \ S belongs to some closed ball of radius s included in H\ S. [

Remark 5 1t is clear that the above proof of Theorem 3 utilizes only the property (e) in
Proposition 1. Then Theorem 3 still holds true in any uniformly convex Banach space whose
norm is uniformly smooth since it is known that the mentioned property (e) is satisfied in
such spaces (see [3, 7]).

We derive from the latter result a full characterization of the prox-regularity through the
semiconvexity of distance functions. Such a fact has been established in a very different
way by M.V. Balashov [5, Theorem 2.7].

Theorem 4 Let S be a nonempty closed subset of H and let r €]0, +00]. The following
assertions are equivalent.

(a) The set S is r-prox-regular;

(b) foranyreal) < s < r, the distance function dys is (r —s) " L-semiconvex on any convex
set included in the open s-enlargement Us(S) (resp. on the open s-tube Ug(S) \ S);

(c) the distance function dg is locally linearly semiconvex on U, (S).

Proof (a) = (b) Fix any s €]0, r[. Let ¢t €]s, r[. Thanks to Theorem 1(a), we know that
Enls(S) is (r — s)-prox-regular, hence Theorem 3 guarantees that £2 := H \ Enls(S) is
the union of a family of closed balls with common radius » — ¢. Then, using Proposition
7(c) we obtain that the function d(-, cly(£2)) = d(-, 22) is (r — 1)~ !-linearly semicon-
cave on any convex set included in cly (H \ £2) = Enls(S). By Proposition 3(f), we
have cly (£2) = Extes(S). Consequently, the distance function d (~, Extes (S)) is (r —1)~1-
linearly semiconcave on any convex set included in Ug(S) C Enlg(S). Since ¢ has been
arbitrarily choosen in s, r[, we see through the definition of linearly semiconcave func-
tions that d(-, Extes(S)) is (r — s)_l-linearly semiconcave on any convex set included in
Ui (S) C Enlg(S).
Now, observe that a direct application of Proposition 3(d) yields

d(x,S) =5 —d(x,Extes(S)) ifx € Tubeg(S) (29)

from which we derive the (r —s) ™ !-linearly semiconvexity of ds on any convex set included
in Tubeg (S). On the other hand, for any xo € S, from the inequality ||xo — y|| > d(y, S) > s
valid for all y € Extes(S), we see that

s < d(xo, Extes (S)). (30)
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Putting together (29) and (30), we arrive to
d(x,S) = max {0, s — d(x, Extes(S))} forallx € Ug(S).

This equality ensures that function d is (+ —s)~!-linearly semiconcave on any convex set V
included in Uy (S) as the pointwise maximum of two functions which are (r — s)~!-linearly
semiconvex on V. This justifies the implication (a) = (b).

The implication (b) = (c) being obvious, let us establish (¢) = (a). So, assume that dg(-)
is locally linearly semiconvex on U,(S). Fix any x € U,(S). There are two reals p, 5 > 0
such that f :=dgs(-)+p||- |2 is convex on B(x, 8) C U,(S). According to the cl! property
of || - ||2, we have

3f (x) = dds(x) + VI - | (x).

Combining the latter equality with the nonemptiness df (x) # @ (since f is convex and
continuous), we get dds(x) # (. The r-prox-regularity of S follows from Proposition 1(h).
The proof is complete. O

Given an r-prox-regular subset S of H for some r €]0, +00], we see through the property
(b) in Theorem 4 above that for any real 0 < s < r and any open convex set V C U, (S),

(.2 —x) < dsx') — ds () + |+ =,

1
2(r —s)

for all x, x’ € V and all £ € ddg(x). The next result is devoted to remove the restriction to
the convex set V.

Theorem 5 Let S be a nonempty closed subset of H and let r > 0 be a real. The following
assertions are equivalent.

(a) The set S is r-prox-regular;
(b) foralls €0, r[, forall x, x" € Uy(S), for all § € ddg(x), one has

R
S X S T d Z s/
(¢) forall x,x" € U-(S) withdg(x') < ds(x), forall § € 9ds(x), one has
/ 1

<§’ X = X) = 2(’,. _ dg(x/)) ||
(d) forall x,x" € U (S) withdg(x") > ds(x), for all ¢ € ddg(x), one has
- 1
T 2(r —ds(x")

||x’ — x||2 +ds(x') — ds(x);

2 .

/
X —)C|

6. x" = x) (I = x]” = (@ds) = ds(0)?) +ds ) = ds ().

Proof (a) = (b),Lets €]0, r[. Fix any x, x’ € Ug(S) and & € dds(x). In view of Theorem
2(c), we may suppose that x ¢ S. Then, we know that £ = ds(x)~!(x — Ps(x)) (see (3))
and this entails
(. x" = x) = (&, %" = Ps(x")) + (£, Ps(x') — Ps(x)) + (£, Ps(x) — x)
< ds(x') + (&, Ps(x') — Ps(x)) — dg(x). (31
On the other hand, the inclusion & € 0dds(Ps(x)) allows us to apply (b) and (d) in
Proposition 1 to get

1
(g Ps) = Ps()) = o | Pse) = Ps(o|” = (32)

S S YL
2r(1 —s/r)?
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Putting together (31) and (32) gives the inequality claimed in (b), that is,
S S
—2(r—s)(1 —s/r)
() = (a),Letx,x’ € S,& € N(S; x) NB. Fix any sequence (s,),>1 of 10, r[ with s, — 0.
We have & € dds(x) (see (2)) and obviously x, x" € Us, () for every n > 1, hence

- 1

T 20r — s — s /7)
Letting n — oo in the latter inequality guarantees the r-prox-regularity of S according to
(b) in Proposition 1.

(a) < (c) The implications (c¢) = (a) and (d) = (a) are direct consequences of (a) < (b)
in Proposition 1 and of the equality (2).

Now, let us focus on (a) = (c) and (a) = (d). Fix for a moment x, x’ € U,(S). Let also
& € dds(x). Set C := Enl,(S) where p := ds(x) € [0, r[. In particular, note that x € C.
According to Theorem 1(a), the set C is (r — p)-prox-regular. On the other hand, using
Proposition 3(a) and the inclusion (5)

de(xy <r—p and £ € ddc(x).

(£, x" —x) ||x’ —x”z—l—ds(x') —dg(x).

2
llx" = 1=,

(6.« = x)

We are then in a position to invoke (c¢) Theorem 2 to get

, |« —x|* , de(x')
6 =) = e ey T e, i)

(a) = (c¢), Take any x, x’ € U,(S) withds(x") < dg(x),i.e.,x’ € C.If x ¢ S, it follows
from the inequality (33) that

1
x) = 20 —dsx) |

5(x"))

Further, if x € S, we must have x” € S and the latter inequality still holds (see Theorem 2
or Proposition 1).
(a) = (d), Take now x, x’ € U,(S) with ds(x') > ds(x). If ds(x’) = ds(x), the desired
inequality follows from (a) = (c). Assume that dg(x") > ds(x), so x’ ¢ C. Keeping in
mind Proposition 3(a), we have d¢ (x") = ds(x) — dg(x) = ds(x") — p with p = ds(x) €
[0, r[. Coming back to (33), we arrive to

x'—x”z.

(6.2 =

/ 1 ’r_ 2 no_ _ dS(x/)_dS(x)
(63" =) = 2oy ¥ 1+ (s = dst) (1 20— ds()) )
The proof is then complete. O
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