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DISCONTINUOUS SWEEPING PROCESS WITH PROX-REGULAR SETS

SAMIR ADLY!, FLORENT NACRY! AND LIONEL THIBAULT??3

Abstract. In this paper, we study the well—posedness (in the sense of existence and uniqueness
of a solution) of a discontinuous sweeping process involving prox-regular sets in Hilbert spaces. The
variation of the moving set is controlled by a positive Radon measure and the perturbation is assumed
to satisfy a Lipschitz property. The existence of a solution with bounded variation is achieved thanks to
the Moreau’s catching-up algorithm adapted to this kind of problem. Various properties and estimates
of jumps of the solution are also provided. We give sufficient conditions to ensure the uniform prox-
regularity when the moving set is described by inequality constraints. As an application, we consider
a nonlinear differential complementarity system which is a combination of an ordinary differential
equation with a nonlinear complementarily condition. Such problems appear in many areas such as
nonsmooth mechanics, nonregular electrical circuits and control systems.
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1. INTRODUCTION

The paper is devoted to the study of discontinuous sweeping processes through Mordukhovich limiting normal
cone to nonconvex prox-regular sets. The notion of sweeping process founds its roots back to the seminal
works of Jean Jacques Moreau in the seventies. Jean Jacques Moreau wrote more than 25 papers devoted to
the treatment of both theoretical and numerical aspects of the sweeping process as well as its applications in
unilateral mechanics. It was first considered for modeling the quasi-static evolution of elastoplastic systems. The
sweeping process consists in finding a trajectory ¢t € [0,T] — u(t) € C(t) satistying the following generalized
Cauchy problem

u(t) € =N(C(t);u(t)) a.e. t €[0,T] 11
w(0) = ug € C(0), (1.1)

where N(C(t); u(t)) is the (outward) normal cone to the moving convex and closed set C(t) at the point u(t) in
the sense of Convex Analysis. This is a wonderful class of evolution problems subject to unilateral constraints. In
order to give an idea to the reader, let us consider a mechanical system with a finite number of degrees of freedom
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2 S. ADLY ET AL.

n > 1. Let u = (ug,us,...,u,) € R™ be the local coordinate in the manifold of the possible positions. The
motion of the system is described with the dependency of the position u(t) with respect to time ¢ € [0,7T]. The
velocity of the system is given by the derivative u(t) = (d1(t),...,u,(t)) if it exists. Let us assume that the
system is submitted to some unilateral constraints expressed geometrically by the following set of inequalities

Colt) = {z €R" : gi(t,5) <0,..., gm(t,z) <0}, (1.2)
where each function g : [0,T] x R™ — R is supposed to be of class C1. The gradient

Vou(t.a) = Vot )o) = (250 ). 25 )

is supposed to be different from zero (or at least in a neighborhood of the corresponding hypersurface gi(t, ) = 0).
The subset Cy(t) is called the moving feasible region. For simplicity of the expository, let us start with a single
inequality, i.e., m = 1. The general case of m inequality constraints will be considered at the end of the paper.
In this case, the moving point u(t) is required to be in the feasible region

Co(t) ={z €R"” : g(t,z) <0}, t €[0,T].

Let t € [0,7] be an instant such that the right-side velocity vt (¢) := a™(t) exists. The right-derivative of the
following scalar function 7 +— ¢(7) = g(7,u(7)) at 7 =t is given by

_9

¢ () = 3, (Eu(®) + (07 (1), Vg (t, u(t)).
If g(t,u(t)) = 0, then it is easy to see that
% (t,ut)) + (vF (1), Vg(t,u(t)) = ¢'" (t) < 0. (1.3)

ot
This leads Moreau to introduce the following set-valued mapping I" : [0, 7] x R™ = R" defined by

_[R" if g(t,z) <0
It z) = { {veR" : (t,z)+ (v,Vg(t,z)) <0} it g(t,x) 0.

Using the definition of I', the observation (1.3) means
ut (t) € T(t,u(t)). (1.4)

Moreau proved a viability lemma showing that if the function ¢ — w(t) is absolutely continuous on [0,7] and if
u(t) € I'(t,u(t)) holds for a.e. t € [0, T, then if the inequality g(¢,u(t)) < 0 is satisfied at the initial instant to,
it is satisfied for every subsequent ¢.

With the lazy selector m(t,x) of I'(t,z) defined as its element of minimal norm, that is, m(t,z) =
Proj r(t,2)(0), let us consider the ordinary differential equation

a(t) = m(t, u(t)). (1.5)

Moreau showed that the solution of (1.5), called the lazy solution of the differential inclusion associated with
I'(-,-), is exactly the solution of the following sweeping process

a(t) € —N(Co(t); u(t)) ae. t € [0,T]. (1.6)

This means that if g(¢,u(t)) < 0, then u(t) is in the interior of Cy(¢) and the normal cone is reduced to zero. If
g(t,u(t)) =0, then there exists a Lagrange multiplier £(¢) > 0 such that

at) = —€(t)Vg(t, u(t)), (1.7)
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with the following complementarity conditions
0<2(t) Lg(t,u(t)) <O0. (1.8)

The lazy solution (sometimes called the slow solution) possesses some crucial properties and plays an important
role in economics for the study of resource allocation mechanisms (see, e.g., [10,13,15]) as well as in mechanics
(see, e.g., [26]). Let us notice that in the case when the moving set is described by an inequality constraint,
the sweeping process (1.6) is connected with the steepest descent method (1.7) as well as complementarity
conditions (1.8).

Translating inclusion (1.6) to a mechanical language, we obtain the following interpretation:

— if the position u(t) of a particule lies in the interior of the moving set Cy(t), then 4(t) = 0, which means
that the particule remains at rest;

— when the boundary of Cy(¢) catches up the particle, then this latter is pushed in an inward normal direction
by the boundary of Cy(t) to stay inside Cy(t) and satisfies the constraint. This mechanical visualization
leads Moreau to call this problem the sweeping process: the particule is swept by the moving set.

For the general case where the feasible set Cy(t) is defined by m inequality constraints (1.2), if some qualification
condition is satisfied on the constraints gi(t,-), then the sweeping process (1.6) is equivalent to the following
Differential Complementarity System:

W(t) = = > G(t)Vgk(t,u(t) ae. te[0,T]
0< ék(t)kflgk(t,u(t)) <0,k=1,2,....,m, t€[0,T).

Moreau studied, in a Hilbert space, the sweeping process under the convexity of the moving closed set C(t)
in the absolutely continuous situation as well as when merely bounded variation property is satisfied. The
convexity of the moving set C(t) is equivalent to the monotonicity of the normal cone N(C(t);-), which ensures
that if u1(-) and us(-) are two solutions of the sweeping process (1.1), then the function ¢ — |Juq(t) — ua(t)| is
nonincreasing. Hence, the sweeping process (1.1) with initial condition wg possesses at most one solution wu(-)
satisfying u(0) = uo.

The existence of at least one solution of problem (1.1) can be performed by the so-called “catching-up
algorithm”. Let us fix k € N and choose a time discretization

O=th<th<...<th_ ,<th =T, withtf, —tF < -, 0<i<N -1

1
k’
Using an émplicit Euler discretization for problem (1.1) and the fact that [I 4+ N(C(t);-)]™' = proj o (:) for
all t € [0,T], we get

uf = ug, uf, = proj C(t§+1)(uf), i=0,1,...,N—1. (1.9)

Using a linear interpolation, it is possible to construct a sequence of mappings ¢ — wug(t), which contains a
subsequence converging to some u(-) satisfying (1.1) for a.e. t € [0,T]. The key assumption for the proof is the
control of the moving set C(t) which is allowed to change shape with respect to time. If the set C(¢) moves
in a Lipschitz continuous way with respect to the Hausdorff distance, then there exists a unique absolutely
continuous solution to problem (1.1).

There are some situations in mechanical systems where discontinuous motions of the moving set C(t) occurs.
More precisely, the set-valued mapping t — C(t) is only assumed to have a bounded variation with respect to the
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Hausdorff distance. Taking into account the possible jumps, Moreau transformed the model (1.1) to a measure
differential inclusion and proves the following existence and uniqueness result:

Assume that the sets C(t) of a Hilbert space H are nonempty closed convex sets for which there is a positive
Radon measure p on [0, T] such that, for each y € H,

d(y,C(t)) < d(y,C(s)) + u(]s,t]), foral 0 <s<t<T.

Then, the measure differential evolution inclusion

{du € — N(C(t);u(t)) (1.10)

w(0) = ug € C(0)

admits one and only one right continuous solution with bounded variation.

The convexity assumption of the moving set C'(¢) can be too restrictive in some applications. This is the case
for example when the set C'(¢) is given by (1.2) and at least one of the sublevel sets {gx(t,-) < 0} is nonconvex.
In [32], Valadier studied (1.1), in the absolutely continuous framework, with nonconvex set fulfilling a regularity
property for the normal cone; the main case is the complement C(¢) of the interior of a closed convex set K (t) of
the space R", i.e., C(t) = R™\ Int (K (¢)). This can model a material point moving outside a moving convex set
K (t) being pushed outwards normal direction when it is caught up by the boundary of K (t). Valadier obtained
an existence result for problem (1.1), which can be considered as one of the first results in the nonconvex
setting. The normal cone in this case is in the sense of Clarke. We can also cite the works of Benabdellah [2]
and Colombo and Goncharov [9] where an existence result of (1.1) with general nonconvex subsets C(t) C R®
was given.

Usually in mechanical systems, external forces are applied, which leads to consider the perturbed version of
problem (1.10)

du € —=N(u(t); C(t)) — F(t,u(t)), (1.11)

where F' is a set-valued mapping from [0, 7] x R™ into weakly compact convex sets. Castaing and Monteiro
Marques extended the result of Valadier to the perturbed problem (1.11). It seems that the setting of prox-
regular subset is well appropriate for handling nonconvex sweeping process in general Hilbert spaces. The
prox-regularity assumption of the sets C(t) allows the use of Moreau’s catching-up algorithm in choosing uf
in (1.9) sufficiently close to the boundary of C(t¥, ;). This was considered, in the absolutely continuous case, by
Colombo and Goncharov [9] with F' = 0 and by Bounkhel and Thibault [4] with general set-valued mappings F'.
Edmond and Thibault in [12] considered the case when the sets C(t) are prox-regular and move with a bounded
variation in infinite dimensional Hilbert space H, but under the compact growth condition

F(t,z) C B(t)(1+ ||z|) K, (1.12)

where K is a compact subset of H.

Recently, Maury and Venel [18] used the perturbed sweeping process involving prox-regular sets for the
modeling of crowd motion in the case of emergency evacuation.

The existence of the compact set K in the growth condition (1.12) can be too restrictive in some situations in
an infinite dimensional Hilbert space. So, our aim in this paper is to prove, for a Hilbert space H, the existence
and uniqueness of solution for the measure differential inclusion

du € =N (u(t); C(t)) — f(t,u(t)), (1.13)

where f(t,) : H — H is a mapping which is Lipschitz on bounded sets and C(t) is a prox-regular set of the
Hibert space ‘H which has a bounded variation with respect to ¢.

In nonsmooth mechanics, the feasible region is usually expressed in the form of finite intersection of m
inequalities (1.2). Traditionally each inequality corresponds to the so-called unilateral constraint. As we just
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mentioned above, the prox-regularity of the set C(¢) plays an important role in the existence and uniqueness
proofs. One remaining question subsists: under which conditions on the functions g : [0,7] x R" — R",
k=1,2,...,m, the set Cy(t) in (1.2) is prox-regular? The answer to this question is discussed in Section 9 with
gk [0, T] x H — R, where H is a Hilbert space.

The paper is organized as follows:

In Sections 2 and 3, we introduce notations and recall some important notions which will be used through
the paper. The next section is devoted to the concept of solution for the measure differential inclusion (1.13).
In Sections 5—7 we study the existence and the uniqueness of solution for (1.13). Then, we recover the classical
case, i.e., the absolutely continuous case. In Section 9, we give sufficient conditions to ensure the uniform prox-
regularity of a moving set described by inequality constraints. Then, we provide an application of our results to
the theory of nonlinear differential complementarity systems.

2. NOTATION AND PRELIMINARIES

In this section, we recall the backgrounds and preliminaries that will be useful for the rest of the paper.
Throughout, N is the set of positive integers n = 1,... For I a nonempty interval of R, A\ stands for the
Lebesgue measure. In all the paper, H is a real Hilbert space endowed with the inner product (-,-) and the
associated norm ||-||; its closed unit ball centered at zero will be denoted by B. For any subset S of H, @S
stands for the closed convex hull of S and dg is the distance function from S, i.e.,

ds(z) := 311612 |l —s| forallax e ™.

For a set A C R, the notation 14 stands for the characteristic function in the sense of measure theory, i.e., for
allz e R, 14(x) =1if 2 € A and 14(z) = 0 otherwise.
2.1. Support function

For any subset S of the real Hilbert space H, its support function o(-,.S) is defined by

o(¢,S) :=sup(C,z) forall(eH.

zeS

It is well-known that, for any two closed convex subsets S, Sy of H, one has
S1 C Sy <:>0(‘,S1) SU(‘,SQ). (2.1)

2.2. Normal cone, subdifferential

In this subsection, S is a nonempty susbset of the real Hilbert space H.
The Clarke tangent cone of S at x € S, denoted by T (S; z), is the set of h € H such that, for every sequence
(n)nen of S with z,, — x and for every sequence (t,)nen of positive reals with ¢,, — 0, there exists a

n—-+4oo n—-+oo

sequence (hy)nen of H with h, - h satisfying

Ty +toh, €S foralln e N.

This set is obviously a cone containing zero and it is known to be closed and convex. The polar cone of T (S; z)
is the Clarke normal cone N°(S;x) of S at x, that is,

NC(S;z) := {¢eH:(¢,h)<0,Vhe TC(S;.Z‘)}.

If x ¢ S, by convention T°(S;z) and N(S;z) are empty.
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Let U be a neighborhood of a point € H and f : U — RU{—o00, +00} be an extended real-valued function
which is finite at x. The Clarke subdifferential Oc f(x) of f at x is defined by

dcf(x) = {¢eH: (¢,—1) € N(epif; (x, f(x)))},
where H x R is endowed with the usual product structure and epi f is the epigraph of f, that is,
epif:={(z/,r) eHxR: 2" €U, f(z') <r}.

If f is not finite at =, we see that dc f(z) = 0. In addition to the latter definition, there is another link between
the Clarke normal cone and the Clarke subdifferential, given by

dobs(z) = N(S;z),

where g denotes the indicator function of the subset S of H, i.e., ¥g(z’) = 0 if 2/ € S and ¢¥g(z’') = 400
otherwise.

When f is y—Lipschitz near x for some real v > 0, one defines its Clarke directional derivative at x in the
direction h € H by

fo(z;h) = limsup t~'(f(2' + th) — f(")),

t|0,2'—x

where in the whole paper ¢ | 0 means t — 0 with ¢ > 0. Recall that under such a Lipschitz hypothesis, one has
dcf(x) ={CeH:VheH, ((h) < f(z;h)},

so, as readily seen, d¢ f(x) C vB. In particular, for any y € H, one has dcds(y) C B.
For any = € H, one defines the (possibly empty) set of all nearest points of  in S by

Projs(z) i= {y € § : ds(a) = ||z — ||}

When Projg(x) contains one and only one point g, we will denote by Pg(z) or projg(z) the unique element,
that is, Ps(z) := 9. Since 2’ € Projg(z) amounts to writing 2’ € S and ||z — 2'||?> < ||z — y||? for all y € S, it is
readily seen that, for all z € H

1
7' € Projg(z) <=2’ € Sand (x — 2,y —2') < 3 ly —2||> forally € S. (2.2)

A vector ¢ € H is said to be a prozimal normal to S at x € S whenever there exists a real r > 0 such
that = € Projg(z + r¢). The set N¥'(S;z) (which is obviously a cone of H containing 0) of all proximal normal
vectors to S at x is called the prozimal normal cone of S at x. For v € H such that Projg(v) is a singleton, it
is straightforward that

v — Ps(v) € N¥(S; Ps(v)). (2.3)

Weak limits of proximal normal vectors define the Mordukhovich limiting normal cone N*(S;x), that is, for
¢ € H, ¢ € NE(S;z) if and only if (see [19]) there are sequences (z,,), in S convering to x and ({,), weakly
converging to ¢ with ¢, € NP (S;z,) for all n € N. As for the Clarke normal cone, one puts N7 (S;z) =
NL(S;z)=0ifx ¢S, so

NFP(S;z) € NE(S;2) € NO(S;2) for allz € H. (2.4)

For a neighborhood U of € H and an extended real-valued function f : U — R U {—00, 400} which is
finite at , putting Ey := epif and y, := (z, f(x)) one defines the prozimal subdifferential Op f(x) and the
Mordukhovich limiting subdifferential Op, f (x) of f at x by

opf(x)={CeH:(¢,~1) e N*(Ep;ys)}, Onf(x) ={C€H: (¢, 1) € N'(Epsua)},
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so Opf(x) = 0,f(x) = ) whenever f is not finite at x. It is clear from (2.4) that

Opf(x) C Orf(x) C dcf(x).

It is well-known that, for ¢ € H, ¢ € dp f(z) if and only if there is some real o > 0 and a neighborhood V' C U
of = such that
(Cu—1z) < f(u) — f(x) +ollu—=||* foralluc V. (2.5)

As for the Clarke subdifferential, one has,
Opbs(x) = NP (S;z) and Opis(z) = NY(S;x) for allz € H.
Moreover, if S is closed, the following relations hold true for all z € S (see, e.g., [4,19]):
Opds(z) = NF(S;2) N B (2.6)

and
drds(x) € NE(S;2) NB, dcds(x) € NY(S;x) NB. (2.7)

For more details, we refer to [8,19].

2.3. Prox-regular sets

In this subsection, we will recall the definition and some properties of prox-regular sets. Let S be a nonempty
closed subset of the real Hilbert space H and r € ]0, +oc]. We will use the convention 1 = 0 whenever r = +oc.

Definition 2.1. The nonempty closed set S is said to be r-prox-regular (or uniformly prox-regular with constant
r) whenever, for all x € S, for all ( € NL(S;2) N B and for all ¢ €]0, 7], one has = € Projg(x + ().

It seems that Federer [14] was the first to consider this class of sets in the finite-dimensional framework.
Concerning Theorem 2.2 and Proposition 2.3 below in the context of Hilbert spaces, we refer, for example, to
the paper [28] by Poliquin, Rockafellar and Thibault.

Theorem 2.2. The following assertions are equivalent.
(a) The set S is r-proz-regular.
(b) For all 1,72 € S, for all ¢ € NL(S;z1), one has

1
(Goa = 1) < o €l o — ol

(¢) For all z1,m2 € S, for all (; € N¥(S;x1), for all (; € NL(S;x2), one has

(6 = Guor =z} 2 — (Kl Lol o e,

The following facts given by the next result are fundamental.

Proposition 2.3. Assume that the set S is r-proz-regular and define U,(S) = {u € H :ds(z) <r}. The fol-
lowing assertions hold true.

(a) For any x € S, one has
NP(S;x) = NE(S;2) = N(S;2) and 0Opds(x) = Ords(z) = dods(x).

(b) For any x € Up(S), the set Projs(x) is a singleton, i.e., Ps(x) is well-defined.
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(¢) The well-defined mapping Ps : Up(S) — S is locally Lipschitz on U,(S).
According to (a), whenever S is uniformly prox-regular, we set
N(S;z) := NP(S;2) = NL(S;2) = N9(S;z) forallz € S.
We also need to recall another useful characterization of the uniform prox-regularity.

Proposition 2.4. Let s €]0,+00] be an extended real. The set S is r-proz-reqular if and only for all x,a’ € S
with ||z — 2’| < 2r and for all ¢ € N€(S; ), (¢,2' —x) < 5= [|¢]| [|2" — z||?.

2.4. Radon measure

Since we deal with measure differential inclusions, some preliminary results about vector measure theory are
necessary. Most of the results can be found in [1,11]. For the convenience of the reader, we recall them in this
part of the paper. Throughout this subsection, I denotes a real interval with nonempty interior. For ¢ > 0 and
t eI, wewill put I(t,e) :=IN[t—e,t+el

Given two positive Radon measures 11 and v2 on I, we know (see [16]) that the limit (in which we use the
convention 3 = 0)

dv vi(I(t, e
—L(t) :=lim n((te)) (2.8)
dvs cl0 Vo (I(t, 6))
exists and is finite for rp-almost every ¢t € I. This nonnegative function is the derivative of the measure vy
with respect to vo. When the measure 14 is absolutely continuous with respect to v, the function ‘d%(-) is a

density of v relative to vo, otherwise stated the equality 11 = 3”1 (-)v2 holds. Under such an absolute continuity

assumption, a mapping u(-) : I — H is vi-integrable on a subsinterval J ¢ I if and only if the mapping
t— u(t) ‘di,’jl (t) is ve-integrable on J; furthermore, in that case,

/J u(t)dwy (t) = / ()32( )dva(t). (2.9)

If the two Radon measures 17 and v5 are each one absolutely continuous with respect to the other one, it will
be convenient for us to declare that they are absolutely continuously equivalent.
If for some t € I, vy({t}) > 0, (keeping in mind that A denotes the Lebesgue measure) the relation (2.8) says

that %(t) {{ft}}) 0. So, for vs-almost every ¢ € I,
dA
2 Omait)) =0, (210)

2.5. Mapping of locally bounded variation and differential measure

From now on, unless otherwise stated, I denotes a real interval of R with nonempty interior.

The concept of solution of a measure differential inclusion involves in general mappings of locally bounded
variation. The following definition is in this sense.

Let w : I — H be a mapping from I into H. Let a,b € R with a < b and [a,b] C I. A subdivision
o of [a, b] being a finite sequence (to,.. tr) € RF! with k € N such that, a = g < ... < t; = b, one

associates with o, the real S, Z [lu(t:) — u(ti—1)|| . The variation of u on [a,b] is defined as the extended

real var(u; a,b) := sup Sy, where S is the set of all subdivisions of [a, b]. The mapping u is said to be of (or, with)
g€S
bounded variation on [a,b] (BV on [a, b], for short) if var(u; a,b) < +00. Whenever v is of bounded variation on

any compact interval included in I, one says that w is of (or, with) locally bounded variation on I (LBV on I,
for short). If I is a compact interval of R, it is obvious that, u is BV on I if and only if it is LBV on I.
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It is well-known that a mapping u : I — H of locally bounded variation on I has one sided limits at each
point of I. In such a case, one defines u(77) := ltle u(t), for each 7 € I which is not the left endpoint of I. For

more details about mappings of locally bounded variation, we refer to [11,22].

Consider a right-continuous mapping u(-) : I — H with locally bounded variation on /. With this mapping
is associated a vector measure du on I with values in H (see Dinculeanu [11] and Moreau [22]) such that, for
all s,t € I with s <t,

u(t) = u(s) —|—/] ) du.

This measure du is called the differential measure (or the Stieltjes measure) of u(-).

Reciprocally, let v be a positive Radon measure on I, u(-) : I — ‘H a mapping and z(-) € L{ (I,H,v).
Given Ty € I, if for any t € 1,

u(t) = u(To) + [ a(s)duls)
]T07t]

then u(+) is of locally bounded variation, right continuous on I, and clearly du = z(-) dv. Thus, the mapping
z(+) is a density of the measure du relative to v.

Setting I~ (t,e) = [t —e,t]N T and It (t,e) = [t,t +¢] N[ with € > 0, for v-almost every ¢ € I, according to
Moreau and Valadier [27] the limits below exist in H and

(t) i i SALEE) gy AU (10) o, dulT(82)), (2.11)

du
t)= S0 DI(te) el vt (he)  eb v(I-(5,9))

Z()_E

From this, it is not difficult to verify that, one also has

du . du(]s, t] N 1)

a(t) - 151%1 v(s,t]NI) (212)

Above L], (I,’H,v) denotes the set of (equivalence classes of) mappings Bochner v-integrable on every compact

interval included in I. Similarly, LP(I,H,v) will stand for the space of (equivalence classes of) measurable
mappings u(-) from I into H with ||u(-)||P in the usual space LP(I,R,v).
3. PREPARATORY RESULTS

This section is devoted to recall some specific results which are fundamental in the rest of the paper. We
begin with a Gronwall type lemma, which is due to Monteiro Marques [17].

Lemma 3.1. Let I be a proper interval of R with a real Ty € I as its left endpoint. Let v be a positive Radon
measure on I, and g,p : I — [0, +o0[ two functions such that:

(i) For some fized 6 € [0,+00[, one has, for allt € I\ {To}, 0 < g(t)v({t}) <0 <1 and g € Li .(I,R,v) with
9(-) = 0;

(ii) for some fized o € [0,400[, one has, for allt € I, p(t) < a + f]TD’t]g(s)go(s) dv(s) and ¢ € LS (I,R,v)
with ¢(-) > 0.

Then, for allt € I,

To,t]

o(t) < aexp (ﬁ | g(s)du<s>>.

The next useful proposition is a consequence of a more general inequality due to Moreau [20,22].
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Proposition 3.2. Let v be a positive Radon measure on a proper real interval I and u(-) : I — H be a
mapping from I into the real Hilbert space H which is right continuous with locally bounded variation and such
that the differential measure du has a density % relative to v. Then, the function ®(-) = ||u(-)||* : T — R is
a right continuous function of locally bounded variation whose differential measure d® satisfies, in the sense of
the order of real measures,

du
d® <2 (wu(-),=—() ) dv.
<2(ul). o)) o
The following lemma will be useful. We refer to [4] for the proof.

Lemma 3.3. Let S a subset of the real Hilbert space H which is r-proz-regular, with r €]0, +o00|. Let x € S and
¢ € Opdgs(x). Then, for all z € H such that dg(z) < r, one has

1 s 1, 1
(Cxma) < g lle= ol 4 goadble) + (3= ol +1) ds),

and )
(2 =) < = |12 —all* + ds(2).

The proof of existence of a solution of our measure differential sweeping process requires the following result.
Because of its own interest, the proof with a positive measure p will be given in a general form.

Proposition 3.4. Let C' : I = 'H be a set-valued mapping from a proper real interval I into the real Hilbert
space 'H satisfying:

(i) For some extended real v €]0,+00], all the sets C(t) are r-proz-regular;

(ii) There exists a positive measure p on I such that, for all s1,s2 € I with s1 < sa, for ally € H,

do(sy)(Y) — dosy) (y) < p(ls1, s2])-

Let (tn)nen be a sequence of I converging to some t € I with t,, >t for alln € N, (z,)nen a sequence of H
converging to some x € C(t) with x, € C(t,) for all n € N. If there exists N € N with p(]t,tn]) < 400, then,
for any z € H, one has
limiup o(z,0pdc(t,)(xn)) < 0(z,0pde ().

Proof. Assume there exists N € N with u(Jt,tn]) < +00. Let us fix any z € H. Extracting a subsequence, we
may suppose (thanks to (2.6)), without loss of generality, that (o(z,dpdc (s, )(2n))nen converges and then

limiup o(z,0pdc(,)(Tn)) = nErfooa(z,apdc(tn)(wn)).
For every n € N, as C(t,) is r-prox-regular, one has Opdc(s,)(zn) = dcde(t,)(rn) and then dpde,,)(2n) is
weakly compact. So, for all n € N, there exists &, € Opdc(,)(vn) such that o(z,0pdc(t,)(Tn)) = (&n, 2). Since
I€n]] < 1 for all n € N, we may suppose, without loss of generality, that (&,)nen converges weakly to some
¢ € H. We are going to prove that { € dcdey(x). Fix any u € H. As x,, € C(t,,) for all n € N, there exists a
real ap > 0 such that for all a € ]0, ap[, one has for all n € N,

dot,) (@n + au) < laul| <.

Then, for all « € |0, ap], one has for all n € N, via Lemma 3.3,

2
(&n, au) < ;a2 lJul|? + dot,) (Tn + au). (3.1)
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Using (ii), one also has for all @ €]0, ag], for all n € N,
de,)(@n + au) <dc (x +au) + p(t ta]) + |2, — 2|
Let us show that lir+n wu(]t,t,]) = 0. Extracting a subsequence if necessary, we may suppose that (¢,)nen is

nonincreasing (keep in mind that ¢, > ¢ for all n € N). One observes that

nl_ig_looﬂ(]tvtn]) =H (m ]tvtk]> =0.

keN

We deduce for all a € |0, ag[, limsup de g,y (2n + au) < do@)(z + au). Using (3.1), we obtain for all a €]0, a]

n—-+oo
2, 2
(&.0u) < 2 [ull® + dogo(a + ).

As a result, since dg ) (7) = 0,
1
< liminf — - < 2y (w3 u).
(& u)y < hlglllonf - (dc(t) (4 au) — de) (.Z‘)) < dé (z;u)

This being true for any u € H, it results that £ € dcde ) () = Opde () (z). Consequently, one has
lim O-(Za 8Pdc(tn)(‘rn)) = nEI}_loo <§7l7 Z> = <§7 Z> < U(ZvapdC(t)(‘T))'

n—-+oo
The proof is then complete. O
With the normal cone, we have the following property on the nearest points of a uniformly prox-regular set.

Proposition 3.5. Let S be an r-proz-regular set of the real Hilbert space H with r €]0, +00], and let x,z’ € H.
If x — 2’ € N(S;2') and ||z — 2'|| <7 (resp. ||z — 2'|| <) then 2’ € Projg(x) (resp. ' = Pg(x)).

Proof. Assume that, v —2' € N(S;2’) and ||z — 2'|| < r. The nonvacuity of N(S;z’) gives us 2’ € S. Combining
the r-prox-regularity of S and (b) of Theorem 2.2, we get
(w—ay—a) < % |z -2/ |y — 2> forally e S.
So, the inequality ||’ — x| < r yields
(x—2',y—2') < % ly — 2| forally e S.
Since 2/ € S, the latter inequality and (2.2) entails that 2’ € Projg(z). If in addition, ||z — 2’| < r, then

ds(z) < ||z — 2'|| < r. According to Proposition 2.3, 2’ = Ps(z). O

4. CONCEPT OF SOLUTION

Following [1,12], we define the concept of solution for our measure differential inclusion as follows:

Definition 4.1. Let I be any (not necessarily bounded) proper interval of R with a real Ty € I as its left
endpoint. Let C': I =% H be a set-valued mapping from I into the nonempty closed sets of the real Hilbert space
H, and let f : I x H — H be a mapping. Assume that, there exists a positive Radon measure p on I (thus
finite on every compact subinterval of I) such that

|d(y,C(s)) —d(y,C(t))] < p(]s,t]) foralls,t el withs <t.
Given ug € C(Tp), a mapping u : I — H is a solution of the measure differential inclusion

—du € N(C(t);u(t)) + f(t, u(t))
) {U(To) = Ug
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whenever:

(a) the mapping u(-) is of locally bounded variation on I, right continuous on I and satisfies u(7p) = uo and
u(t) € C(¢t) for all t € I;

(b) there exists a positive Radon measure v absolutely continuously equivalent to u+ A with respect to which
du admits a density, so %(-) is defined v-a.e. and belongs to L{. (I, H,v) with du = $%(-)v in the sense

that ' 4
du(]s,t]) = d—u(T) dv(r), foralls,t el withs <t
Is,t] 4V

(c) S%(t) + f(t,u(t) () € —N(C(t);u(t)) v-ae.tel.

As in [1], the concept of solution does not depend on the measure v in the sense that a mapping u(-) : I — H
satisfying (a) above is a solution of P if and only if (b) and (¢) hold for any positive Radon measure v which is
absolutely continuously equivalent to p + A. Indeed, let u(-) : I — H be a solution of P and let vy, given by
the definition of a solution to P, be an associated Radon measure absolutely continuously equivalent to u + A

for which
d—u(t) + f(t,u(t))ﬂ(t) € —=N(C(t);u(t)) wp-ae.tel. (4.1)
dZ/O dl/o
Fix any other Radon measure v absolutely continuously equivalent to p + A. Then, the measures vy and v are
absolutely continuously equivalent. Consequently, 42 () and c?17”0(-) exist as densities, and for 9%(-) and the
dA

derivative §>(-) the following equalities hold

du du dyg dX dx |, diy
t) = t t) = t

iy = Lo Ly = Lo —ae.tel
dz/( dz/o( dl/()7 du( dvy dz/(t) va.e.t e

This yields according to (4.1)

%(t) + f(t,u(t))%(t) € —N(C(t);u(t)) v-ae tel.

5. EXISTENCE RESULT
Now, we can state and prove one of the main results of the paper.

Theorem 5.1. Let r €]0, +o0], Tp,T € R with To < T, I := [Ty, T], and C(-) : I = H be a set-valued mapping
from I into the r-proz-regular subsets of the real Hilbert space H for which there exists a positive Radon measure
w on I such that,

|d(y, C(t)) — d(y,C(s))| < pu(]s,t]) forally € H, forall s,t € I withs <t. (5.1)

Assume that, one has sup p({s}) < 5. Let f: I xH — H be a mapping such that:
SE]T(),T]

(i) the mapping f(-

,x) is Lebesgue measurable for each x € H and there exists a nonnegative function 8 : I — R
with 8 € LY(I,R, \

) such that, for allt € I, x € |J C(7),
Tel

1 2) [l < BE)A + [l);

(ii) for each real o > 0, there exists some nonnegative function Lo : I — R with L, € L*(I,R,\) such that,
forallt €I, for all z,y € aB,

1t @) = f(& )l < Lalt) [l = yll-
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Then, for each ug € C(Tp), the following measure differential inclusion sweeping process on [Ty, T

—du € N(C(@t);u(t)) + f(t, u(t))
U(To) = U

has at least one solution which satisfies both inequalities

lu(t) = u(t™)|| < u{t}) for allt €]Ty, T), (5.2)
wnd d dA d dA
S0+ s 20| < Lo+ 1 a0 voever (.3

for any measure v absolutely continuously equivalent to p + .

Proof. Let us give the plan of the proof. First, we consider a time discretization Ty = ¢ < ... < tg(n) =T
taking into account the variation of C(-) in such a way which allows us to apply (thanks to the fact that C(-) is
r-prox-regular valued) the Moreau catching-up algorithm, in order to obtain some sequences of H, depending on
our discretization. Then, we interpolate these points to get some suitable approximate solutions u,, : I — H.
An important part of the proof is devoted to show, for each t € I, that (u,(t)), is a Cauchy sequence, obtaining
in this way some mapping u : [ — H. Finally, through the analysis of additional properties of convergence of
the sequence (uy,)n, we prove that u is a solution of the measure differential inclusion.

The proof will be divided into two cases depending whether f[To,T] (B(s) + 1)dA(s) is < § or > 1. Fix any
ug € C(To).

Case 1. Assume that
(5.4)

e

/ (B(s) + dA(s) <
[To,T1]

In order to construct a sequence (u,(+)), of suitable right continuous with bounded variation mappings, we will
need a preparatory step which will allow us to define the points of which w,(-) will be the interpolation. Set

1 =2(u(To, T]) + Iluol] + 1) (5.5)
and consider on I the positive Radon measure
v=p+ l+1)(B)+ 1A (5.6)

Put M :=v(]Ty, T]) and note that the function ¢t — v(]Tp,t]) is clearly increasing and right continuous on I.
Let (¢,,)nen be a sequence of positive real numbers with ,, | 0 and such that for all n € N,

en+ sup p({s}) <r (5.7)
SE]T(),T]

As in Moreau [23], for each n € N, choose 0 = My < M{* < ... < M7 = M (with g, € N) such that:
(a) forall j € {0,...,q, — 1}, M}, ; — M} <ep;

(b) forall k € N, {ME,...,MEY} {M§+1,.. Mk+1}.

Mgt
For every n € N, set M7, := M +&,. For each n € N, consider the partition of I associated with the
subsets (7 € {0,...,qn})
JP = {t € [To,T]: M} <v(|To,t]) < M}y,}
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and note that (J7")o<j<g, i a refinement of (J}')o<j<g, for all m,n € N with m > n. Since t — v(]|Tp, 1) is
increasing and right continuous on I, it is easy to see that, for each n € N, j € {0,...,¢, — 1}, the set Jitis
either empty or an interval of the form [a, b[ with @ < b. Furthermore, we have J;! = {T'} for all n € N. This

produces for each n € N, an integer p(n) € N and a finite sequence

such that, for each i € {0,...,p(n) — 1}, there is some j € {0,...,g, — 1} satisfying J}' = [t?,t?H [ Observe

that (p(n))nen is an increasing sequence. Fix for a moment any n € N. For each i € {0,...,p(n) — 1}, put
N =t —t; and of = (I+ 1)/ (B(s) + 1)dA(s), (5.8)
[t78744]
and put also n" := - r<nz%x) (tr, —t1"). For every i € {0,...,p(n) — 1} and every t € [t?, 1", [, one has
0<i<p(n)—1
vt tia]) < v(t ) = v(To, t7]) — v(To, 7]) < My — M < e, (5.9)
thus in particular
V(]t?at?-&-l]) <eén. (5.10)
Hence (since A < v), one has
ny = t?+1 —t <ep, (5.11)
for all ¢ € {0,...,p(n) — 1}, so we observe that klir}_l n®* = 0. Now, put u} = wup and y} =
— T 00

% f[t" . f(s,ug)dA(s). Let us show that dg(n)(ug — ngyy) < r. According to the assumption (5.1) on the
0 0°"1
variation of C(-) and the fact uf € C(t}), we can write

dogp)(ug —n0yo) < p(ITo, 011 + dey) (ug — noyg) < p([To, 71) + g’ llyg [l - (5.12)

By the choice of y{}, the assumption (i) on the mapping f and (5.5), we obtain

i el = H / F(s,u) dA(s)
[t5.t7]

<@+l [

[t5 7]

B(s)dA(s) < (1 —I—l)/ B(s) dA(s). (5.13)

[To.t7]

Taking the definition of v in (5.6) into account and combining (5.12), (5.13), (5.10) and (5.7), we get

o (ug —ngye) < pl1To, 1)) + (1 +1) /[T tn](ﬁ(S) + 1)dA(s)

=v(]To,t7]) <e, <. (5.14)

Then, the r-prox-regularity of C(t}) allows us to define uy := Pg(n)(ug — ngyy). By finite induction, let us
construct (up)o<k<p(n) and (Y3 )o<k<p(n)—1 such that, for all & € {0,...,p(n) — 1}

n 1 n n n, n
Y = f(s,ug) dA(s) and up,, = Pc(tg+1)(uk - nkyk)~ (5.15)

~n
Me Sl e,

The case p(n) = 1 is obvious. Assume that p(n) > 1. Suppose that uf, ..., u] and yi, ..., y7; with 0 < i < p(n)
have been defined satisfying the above equalities. We can then set y!' : = nL” f[t” i ]f(s, ul") dA(s). We claim
i i big1
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that Pc(t?H) (uf - n?y?) is well-defined. The case ¢ = 0 has already been studied, so we can suppose that i > 0.
As in (5.12) and (5.13), we have

den, y(uf = ntyl) < p (JTos 2 [) + 07 lof

and
Pyl < (1+1) B(s) dA(s).
iy A;WH

In the same way as (5.14), we get do t?+1)(u? —ny?) < r and this completes the induction, thanks to the
r-prox-regularity of C'(t}, ).

For any i € {0,...,p(n) — 1}, from (5.15) and (5.1), we have
Hu?—i-l ’lL +771 Yi H 1)( = yz)
< dC(ty)( Py (6 ])
< gl 4+ e (87 t74]) (5.16)

and hence |[u?, || — [lul — nry?|| < w2, t20]) + 0 [ly?||. It follows that, for all i € {0,...,p(n) — 1},
el < el + g (T2 840]) + 207l Thus, we get

il < Nl + Z (o (Ot b0 ) + 20 i) (5.17)
Using the definition of ¥ and the assumption (i), we also have, for all i € {0,...,p(n) — 1},

7 < G ) [ BN < e e D [ s@ s 618)

? [t?at?-f—l] ?’t?+1]

Fix any i € {0,...,p(n) — 1}. The inequalities (5.17) and (5.18) yield
el < o+ 30 Qettia) +2 (1 ame g} [ s axe)
k=0 [tgvt?+1]
Therefore,
Jatall < )+ (7T +2 (1 e ) [ 6(s)axG)
0

)t L+1

so the inequality f[Tmtﬁl] (B(s) + 1)dA(s) < I gives us

1
< ugy To, T —(1 el -
ol < ol + 0 Q7o) + 5 (1 max gl

Using the definition of [, we can then write

1
ni < n — < .
jmx gl <2 (Il + 0 (707D + 3 ) <1, (5.19)
which combines with (5.18) and (5.8) implies
ni il < (1 + HH?H)/ Bls)dA(s) < (I + 1)/ (B(s) + 1)dA(s) = a7 (5.20)
(G [t 2]
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The latter inequality and (5.16) assure us that
dean, ) (uf = nfyl) = [Jufy —uf + 0yl || <o lyPll+w (e t8ha]) < o+ p (6 68]) - (5.21)
This along with (5.8) and the definition of v in (5.6) entails, for all n € N and for all i € {0,...,p(n) — 1},
[ufyy —u + iyl || < v (6 6]) - (5.22)

Step 1. Construction of the sequence (un(-))nen.
In this first step, fix any n € N and define the mapping wu,(-) : I — H by putting, for ¢t € [t} ¢} ;] with
1€ Ey,:={0,...,p(n) — 1},

l/(}t?’t]) n n n, n n
m(uiﬂ —ui +niy) — v f(s,ui) dA(s). (5.23)

We observe that w, is well defined on I and it is right continuous on I with bounded variation on the whole
interval I. Furthermore, we have by the definition of w.,(+)

un(t) = ul +

Un () = un(Tp) —I—/

]To,t]

F,(s)dv(s) — / f(s,un(0,(s)))dA(s) for allt € I,

]TOat]

where we set for every t € I,
p(i):—l uPy — Ul + oty
Fo(t) = - - 1 n gn (t),
i=0 v (]t 1)) Jei e

and

(5.24)

n ift € [tn, 2 [ withi € E,,
5”(t):{ ift:[T. al

tpn)—1

Since by (5.6), the measure )\ is absolutely continuous with respect to v, it has 92(.) as a density in

dv
L>(1,]0, +o0[, v) relative to v and then by (2.9), for all ¢ € I,

dA

Un(t) = un(To) + / (Fn(s) - f(s,un(én(s)))d—y(s)> dv(s).

]TD 7t]

This tells us that the vector measure du,, has the latter integrand as a density in L'(I,H,v) relative to v.

Consequently the derivative ddLV"() is a density of du, relative to v and

ddLVn(t) + Ft,un(0a(2))) j_i\(t) =F,(t) forv-ae.tel. (5.25)

Taking (5.22) into account, it results

On the other hand, by (5.6) again, the measure (I + 1)3(-)A is absolutely continuous with respect to v, thus it
has d((l+(11)yﬁ(-)/\)

duy, dA
E(t) + f(t, un((sn(t))) dv

(t)H <1 forv-ae.tel. (5.26)

as a density relative to v, and

0< 1+ s = AN

W (t) <1 forv-ae. tel. (5.27)
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Observing also by (5.19) and by the assumption (i) that
£t un(dn(@)] < (1 +1)B(E) forallt € I,

it ensues that

Hf(t,un(én(t)))%(t)H <(l+ 1)ﬁ(t)%(t) <1 forv-ae. tel. (5.28)
This and (5.26) say that
’ %(t)H <2 forv-ae. tel. (5.29)

From (5.26) again and the equality 92() = 0 for all ¢t € I with v({t}) > 0, we note that

Let us define the function 6,, : I — I by

dus, .
%(t)H <1 forallte I with v({t}) > 0. (5.30)

_Jtry ifte [t e [ withi € By,
0, (t) = {T T (5.31)

Using (5.25) and (2.3), we can write

duy, dA p

E(t) + f(t un(0a(1))) E(t) € =N (C(0,(t); un(0,(t))) forrv-ae.tel.
By (5.26) and (2.6), we get

duy, dA

d—y(t) + f(t,un(6a(1))) a(t) € —dpdc(o, 1)) (un(0n(t)) for v-ae. tel. (5.32)

Step 2. We claim that (u,(+))nen is a Cauchy sequence in B(I,H) (the real space of bounded mappings from
I to H) endowed with the norm of the uniform convergence, which is a real Banach space.
Fix any n,m € N. Since ug = uo € C(tf) and wiy = Pogy, ) (ui —ni'y;') for all i € {0,...,p(n) — 1}, we
note by (5.23) and (5.31) that
Un (0, (1)) € C(0,(t)) foralltel. (5.33)

This allows us to write, for every ¢t € I,

dc(0,(1) (um(t)) = deoo, (1) (um(t) — de(o,, (1)) (um (Om(t)))
< doo, ) Um(t)) = doo,, ) (um(t)) + [[um(0m () — umt)]l-

According to the variation assumption on C(-) in (5.1), we have for every ¢ € I,

de (o, ) (um(t)) < max{u(]t, 0n(t)]), u(]t, Om (0)])} + [[tim (O (1)) — um ()], (5.34)

hence by (5.29) and the equality w,, (0, (t)) — um(t) = f]t 0 ()] dun (1) dw(t),

de o, (1)) (wm(t)) < max{u(]t, 0 (0)]), p(lt, Om ()]} + 20 (1L, O (1)])- (5.35)
Fix any s € [Ty, T and choose some i, € {0,...,p(m) — 1} such that s € [¢*, ¢, [. From (5.23), we have
um(em(s)) - UM(S) = uzn: = ] ] (uszrl - uz& + "72& yzs) + ( tm)yzS (536)

— U
i b (]tz 7tz +1]
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Taking this, (5.9) and (5.22) into account, we get

[t (O (5)) = wm ()] < Jlui?y — v + (s = 67y || + m,

and thus

[t (O (8)) = wm ()| < [Juis1 — wf + 0y || + 07 0] + em- (5.37)
From the latter inequality, (5.22), (5.20) and (5.10), we have

[t (0 (8)) — um ()] < V(]t;:’,t;»:’H] ) + 0" tem <0 + 260, (5.38)

This is also true for s = T because 0,,(s) = T. Coming back to (5.34) and using (5.38), we obtain

dc(6,(s)) (um(s)) < max{u(]s, 0n(s)]), (18, Om (8)])} + [[tm (Om(s)) — um(s)]|
<entemtoll + 2, =cy+3Emt+o;

Using the equalities lim & =0 and lim sup  oFf =0 (see (5.8)), there exists some N € N such that,
k—+oo k—+00 0<i<p(k)—1

for all ¢ € I and for all integers n,m > N,

de(o,,() (um(t)) <. (5.39)
For each n € N, for all t € I, set
Yn(t) = p(]t, On(D)]) + v(Jt, On ()]).- (5.40)
Note by (5.35) and (5.40) that, for all n,m € N, and all ¢ € I, we have
Ao, ) (um(t)) < yn(t) + 29m(1). (5.41)
Fix any n € N. By (5.29) and the fact that ddLV” is a density of du, relative to v, we get
[lten (T2) — un(m)]| < 21/(]7’1,7'2]) for all 71,7 € I with 71 < To. (5.42)

Fix any 7 €Ty, T]. By (5.30), we have [|un(7) —un(77)| < v({r}) = p({7}), whenever v({7}) > 0. We get
by (5.42), ||un(7) — un(77)|| < 2v({7}) = 0 = u({7}), under the hypothesis v({t}) = 0. As a consequence,

|un () = un(t7)|| < p({t}) forallt €]Tp, T (5.43)

Now, for v-almost every t € I, put for all n,m € N

An(t) = O%”(t) + f(t,un(én(t)))j—i(t) and By (t) := f(t, un(6a(t))), (5.44)

and for v-almost every t € I,

‘Pn,m(t) = %(t) Hf(ta un((sn(t))) - f(t, un(t)) H ”un(t) - um(t)H . (5'45)
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Fix any integers n > N and m > N. Using (5.32), (5.39), Lemma 3.3, (5.40), (5.42) and (5.41), it follows that,
for v-almost every t € I,

= () = B (D) + 520, ) (o ()

< ol (t) = Ol + [t (60 (6) = n ()] ) + 5B, ) (e (1)
+

@) + 1} de(o, oy (tm (1)

—
| —
—~
g
S
—
<>
3
—
~
~—
~—
|
S
3
_|_
s
3
o
=

= (1 () + 27m()°

] (1 (t) + 27m(1))- (5.46)

Then, for v-almost every t € I, since || A, ()| <1 by (5.26), from (5.42) and (5.46) we have

(An(t), un(t) — um(t))
= (Ap(t),un(t) — un (0,(1))) + (An(t), un (0n(t)) — um(t)

)
1) = )]+ ot (8) = 0]+ 290 0)* + o (1 0) + 230 (6)°
+ [H@00+ lualt) = unO1) +1] (n0) + 20m(0)
<2 (11 0u(8)]) + o) — 0 ()] 20(8)” + - ((8) + 20(8)”
+ [HE900 + 1an®) = @) +1] (06) + 2000 (5.17)
The definition of By (-) in (5.44) allows us to write, for v-almost every ¢ € 1,

(80 ) )

< <Bn(t)j—i(t),um(t) - un(t)> +2v(]t,0n(t)] ) + 2—1r( |t (£) — ()| + 2%(15))2

+ |:% (Q’Yn(t) + ||un(t) - um(t)H) + 1:| (7n(t) + 27m(t)) + 217(7n(t) + 27m(t))2'

Interchanging m and n, we obtain

2

< (BT 0 1a(0) - um<t>> #2016, 0m(0)]) + 5 (lin (6) = wn ()] + 27 (1))
_|_
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Hence, by adding both latter inequalities, it follows that, for v-almost every ¢ € I,

< 0 1Balt) — Bun(t) (1) — )] + 20(11,60(1)])

221, 0 (D)) + = ([l (t) — un(O)]] + 29 (1))

2r
* 217( [ (t) = wm (B)]] + 27m (1)
b o [0n0)+ 2m(0)" + () + 22000

+ [0+ 1m0~ wnO1]) +1] (a(0) + 220(0)
+ [H@m0) + ) = 1 01]) + 1] () + 2000 (5.49)

Now from (5.42) and the fact that u,(Tp) = uo for all £ € N, we note that
lug(@®)|| < o forallt € I all k € N, (5.49)

where o := |lug|| + 2v(]T0,T] ). Consequently, for v-almost every ¢ € I, we have

[1Bn(t) = B ()|l < [|Bn(t) = f(& un(®)| + 1F(E un(t)) — (& um @) + [ (E um(t)) = Bm ()l
<[1Bn(t) = [t un(®))]| + La(t) [lun(t) = um @) + £t um () = Bm ()], (5.50)

where the last inequality is a consequence of the Lipschitz hypothesis (ii) on f.

Thus, taking into account the definition of ¢, , in (5.45), (5.50) and (5.48), we obtain for v-almost every
t € I, and for all integers n,m > N

du,, du,
<E(t) — (), un () — um(t)>
< La(t)%(t) et (8) = (D + P (t) + P (t) + 20 (18, 0u(8)] ) + 20 (18, 0 (1)])

- Qi( (€)= ()] + 230 (6)” + 5 (lin(6) = wn ()] + 27 (1))
+ o [0 + 29m(®) + (i (0) + 220(6))°]
[ 0+ 10(0) = wn O] 1] () + 20 )

(2
2% )+ Jum (t) —un(t)|)+1] (Ym () + 270 (1))
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Consequently, according to (5.49), for v-almost every t € I, for all n,m > N,

<(;L:(t) - d:;—;"(t),un(t) - um(t)>

< (La(t)j_i\(t) + %) [|un(t) — um(t)H2 + @n,m(t) + m,n(t)

+ 2v(]t,0n(8)] ) + 2v(]t, 0, (1)) ) + 2—1r (472(t) + 8ayn (t) + 472, () + 8avm (1))
+ o [ + 20(0)” + (m(8) + 20(6))°]
+ [% (27 () + 2a) + 1] (Y () + 2ym (t)) + {%(2%@) + 2a) + 1] (Ym () + 270 (1)) (5.51)

Write that, for v-almost every t € I, and for all n € N

dA dA
t

(Bu®) = £ (tun®) ) 50 = (£t (0a(1) = (1 (0) ) T

(). (5.52)

Using the inequality due to (5.42),

[t (00, (£)) — wn(t)]| j—i\(t) < 2u(]5n(t),t])§—i(t) v-a.e.t €1,

and using (2.10), we also see that [[u, (0, (t)) — un(t)]| 2(t) — 0 as n — oo for v-ae. t € I. By (5.52) and
according to the Lipschitz property, for each ¢t € I, of f(¢,-) on B and to the inequality |u,(t)] < «, for
v-almost every t € I, we have

lim (Bn(t) — F(t un(t ))) jj (t) = 0. (5.53)

n—-+00

By the Lebesgue dominated convergence theorem, it ensues by (5.44) and (5.49) that
/ ©n,m(t)dv(t) — 0 asn,m — +o0.
1T0,T]
For all n,m € N, setting
1
Apm = 5/] ] { n,m () + P () + 20 (1t 0,(8)] ) + 20(]t, 0m(1)])
Ty, T

+ o (@) + 20(®)” + (@) + 2(6))°]

2i (472(t) + 8ayn (t) + 4ym (t) + 8y (1))

we see that A, ,, — 0 as n,m — +o00. On the other hand, Proposition 3.2 says that

L (29(0) +20) + 1] (1n(t) + 2 (1)
Q’ym )+ 2a) + 1] (vm () + 2%(t))} du(t)

du, du,,

d(Jun(-) = um()II) < 2< o> 0"

(), un(-) — um()> dv  for allm,m € N. (5.54)
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Fix for a moment n,m € N with n,m > N. Putting for all ¢t € I, ¥, m(t) = ||un(t) — m(t)])* and noting that
Un(To) = um (To), we deduce from (5.51) that, for all ¢t € T

u%mxw<</g,ﬂz(Law>§§w>+-%)¢mm4@du@>+-Amm.

According to (2.10), we have Lo(s)92(s)v({s}) = 0 for v-almost every s € I. It follows, for v-almost every
t e ]To, T]

2 (Lo + 1) v({1)) = 2u(te)) = Zul(e) <

= I N

sup p({s}) <1,
SE]TQ,T]

where the last inequality is due to the assumption sup u({s}) < 5. We can apply Lemma 3.1, and this yields,
s€]To,T]
for all ¢t €]Ty, T

dA
wn,m(t) < An,m exp (ﬁ o] 2 (La(s)a(s) + %) dy(5)>

< Ap,m exp (ﬁ </]T0,T] 2L (s)dv(s) + %V(]TO,TO)

where § = 2 ?EPT} p({s}). This ensures that the sequence (u,()), satisfies the Cauchy property with respect
s€|To,
to the norm of uniform convergence on the space of all bounded mappings from I into H. Consequently,

this sequence (uy(+)), converges uniformly on I to some mapping u(-). Furthermore, by (5.29), extracting a

subsequence if necessary, we may suppose that (dg‘; (:))n converges weakly in L?(I,H,v) to some mapping

h(-) € L*(I, H,v), so, for every t € I,

/ dﬂ(s)dl/(s) — h(s)dv(s) weakly in H.
]Tg,t] dl/

n—-+oo ]To,t]
Since ddLV"() is a density of du, relative to v for all n € N, we also have for all n € N, for all ¢t € I, u,(t) =
ug + f]TO 1 %(s)dz/(s). Thus it ensues that, for all ¢t € I, u(t) = uo + f]TO 1l h(s)dv(s) and this tells us that u(-)
is right continuous with bounded variation on I and the vector measure du has h(-) € L?(I,H,v) as a density
relative to v and §%(-) = h(-) v-almost everywhere. We also deduce that

dun ) j—u() weakly in L*(I, H, v).

) —
dv n—+oo dv

Step 3. Let us prove that u(-) is a solution and that (5.2) holds.
First, from (5.43) and the uniform convergence of (un(-))n to u(-) we get

|lu(t) —u(™)|| < p({t}) forallt €Ty, T, (5.55)

which is the property (5.2).
Let us notice that by (5.11), we have for all n € Nand all t € I, 0 < 0,,(t) — t < e,. Using (5.42), we can
write [[un (65 (2)) — u(®)]] < [Jun(t) — w(t)|| + 2v(]t, 0, (t)] ). By letting n — +o00, we obtain

0,(t) | t and u,(0,(t)) — wu(t) forallte I. (5.56)
Further, from (5.1), (5.33) and (5.10), we have for all t € I, alln € N

do) (un (O (1)) = |dog (un(On (1)) = e, @) (a(On ()] < pu(Jt, 00 (1)) < en.
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We then see according to (5.56) and the closedness of C(t) that,
u(t) € C(t) foralltel. (5.57)

Now, let us show that

jjj( t) + f(t,ult ))32 (t) e =N(C(t);u(t)) v-ae.tel.

From (5.53) we first notice that, for v-almost every t € I

dA

en(t) == F(tun(3(6) 2 1) -

f(tu(t)) d_zx(t) =:e(t).

n—-+4oo

By this and (5.28) the Lebesgue dominated convergence theorem yields that (e, (-)), converges strongly to

() in L?(I,H,v). Following a technique due to Castaing [5] and putting for v-a.e. t € I, for all n € N,

( ) = L (t) + e,(t) and for v-ae. t € I, ((t) = 9%(t) + e(t), the sequence (Cu(-))n converges weakly in

(I H, ) to ¢(-) and by Mazur’s lemma there is a sequence (&,(+)),, converging strongly in L2(I,H,v) to ((*)
&n(v) € co{Ck(") : k> n}.

This sequence (&, (+))n has a subsequence (that we do not relabel) converging v-almost everywhere to ¢(+), hence,
there is some Borel set Iy C I with v(I \ Ip) = 0 such that, for all ¢t € T\ Iy,

((t) e [ @{G(t) : k>n}.

neN

We may also suppose that the inclusion (5.32) is satisfied for all ¢t € I\ I and all n € N. Then, fixing any
t € I\ Iy, we obtain for any fixed w € H, (w,{(t)) < iré}; sup (w, € (t)), which entails by (5.32), (w,((t)) <
nelN g>n

lim sup o(w, —0pdc (s, (+)) (un(0n(t))), so Proposition 3.4 tells us that

n—-+oo
(w, (1)) < o(w, —dpdc ) (u(t))).
As the Clarke subdifferential is always closed and convex, this last inequality yields (using (2.1)), for all ¢ € I'\ Iy,
¢(t) € =dcdo (ult)) € —NC(C(t); u(t)).
As a consequence, u(-) is a solution satisfying (5.2).
It remains to show that (5.3) holds true. Clearly, the inequality is invariant with respect to absolutely

continuously equivalent measures, hence it suffices to show it with the measure v involved in the development
above. Consider first any t € [Ty, T] with v({t}) > 0. For such an element ¢, we know that 92(¢) = 0 and

by (5.55)
’ u(t) —u(t™) H
du

/(11
T+ ) D0 < L0+ 1) DO,

p({t}) _ du
v({t})  dv

IA

10 L),

du H

which guarantees the inequality

On the other hand, take A C I with v(A) = 0 such that for all ¢ € I'\ A the inclusion

S0+ 5t uB) (1) € ~N(Cl1);u(h)
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is fulfilled (so, in particular both 9%(¢) and 92(¢) exist). Fix any such ¢ satisfying v({t}) = 0. By definition of
proximal normal, there is some real a > 0 such that

ult) € Proj e (ult) — a0 — af ) )

Since v(]s,t]) — v({t}) = 0 as s T t, we can choose some sy € I with sy < ¢ such that 0 < v(]s,t]) < a for all
s € [so,t[. Thus, for every s € [so, t[, with a5 := v(]s, ]) we derive from the latter inclusion that

du
dv

< dC’(s)(u(S)) + MGS’ t]) +

L0+ 1) T 0)] = e () = 0 o0 - a st ) 1))

a(t) = u(s) = a, o (0) = asf 1, u() S0

)

where the inequality follows from the variation assumption of C(-). Fix any s € [so,[. Since d¢ (s (u(s)) = 0,
dividing by as > 0 we obtain

[0+ 10 e 22| < o [0 —le) iy B
Making s T t yields
‘ ) +f(t,u(t))%(t)” <P+ ’ Uit~ ) - f(t,u(t))%t)H
_dp

dA
= Lo+ 1) T

Consequently, as desired, (5.3) holds true for all ¢ € I\ A. This finishes the proof of existence of a solution
satisfying (5.2) and (5.3), in the case when the inequality

] =

/ (B(s) + dA(s) <
[To,T)

is fulfilled.
Case 2. Assume that

p-bl’—‘

/ (B(s) + )dA(s) >
[To,T1]

Let us follow [1,12]. First, we note that the mapping u(-) in the above case is also a solution with measure p+ A
in place of v therein, since the measure p + A is absolutely continuous with respect to v and vice versa. Let
To, ..., T, (with p € N) be such that, for each i € {1,...,p},

] =

/ (B(s) + dA(s) <
[T;—1,T3%]

For each i € {1,...,p}, denote by p; (resp. A;) the Radon measure induced on [T;_1,T;] by p (resp. A) and
set v; := p; + A;. Then, the Case 1 provides a mapping u; : [Tp,T1] — H right continuous on [Ty, T3] with
bounded variation, such that u;(t) € C(¢) for all ¢t € [Ty, Th], ui(Tp) = uo,

Jur(t) — wr ()] < (§83) = ({2))  for all t €Ty, 7]

gy @) D) veae. t € [T,

duq dA; dMl
dl/1

O+ ) )| < L
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du1

du; has b in LY([Ty, T1] , H,v1) as density relative to vy and

d’LL1

dl/l( )+ flt u(t ))%(t) € —=N(C(t);ur(t)) vi-a.e. t € [Tp, T1].

Similarly, there is a right continuous with bounded variation mapping wus : [T1, T2] — H such that uq(t) € C(t)
for allt € [Tl,Tg], UQ(Tl) = ul(Tl),

dus has g%j as a density in L1([T1, Tz], H, v2) relative to v2 and

Jlus(t) —us(t)|| < (1)) = p({t}) for all ¢ €]T3, T3],

dus dAg H . dpio dA2

T2 () + St ua () TEO|| < 20+ 1S wa )] 20 verne.t € 71,72,

20+ f(t ) T2

d’LLQ

dvs (t) S —N(C(t);’LLg(t)) vo-a.e. t € [T],TQ} .

So, by induction, we obtain for each i € {1,...,p} a mapping u; : [T;—1,T;] — H with bounded variation and
right continuous such that, u;(t) € C(t) for all t € [T;—1, T3], ui(Ti—1) = ui—1(Ti-1),

||uz( _uz || < Wi {t}) _M({t}) for all ¢ E} i 1’T}’
S0+ s 0] < Lo+ 1wl L) vt € 10, T,

du1

the vector measure du; has as a density in L' ([T;_1,T;] , H, v;) relative to v;, and there exists a Borel set of
[T;-1,T;] with v;(B;) =0 such that

jﬁf (t)"‘f(taui(t))%(t) € —N(C(t);u;(t)) forallt € [T;_1, T3]\ B;. (5.58)

Then, the mapping u : [Ty, T] — H with u(t) := w;(t) if t € [T;—1, T3] (i € {1,...,p}) is well defined and right
continuous with bounded variation, and the inclusions u(t) € C(t), for all ¢t € [Ty, T], along with the equality
u(Tp) = up hold true. Further, with the measure vy := p+ X on [Ty, T], the inequalities

lu(t) —u)|| < p({t}) forallt €]Ty,T]

and
Hd_u( dX H du dX

Pt u®) o) < o) +IFE ) 3-(0) v-ae.t € [T, T],

are obviously fulfilled. On the other hand, considering the function g defined for vy-almost every t € [Ty, T] by

duZ
g(t) = 1pry, 1y (¢ )+ Z Ly, m(t ( ), (5.59)

we easily see that u(t) = u(Tp) + fTo (s)dvy(s ) for all t € [To, T}, so the vector measure du has g(-) €

LY([To,T), H, 1) as a density relative to vy and dVo L () = g(-) vp-a.e., that is, there is some Borel set B' C I
with v9(B’) = 0 such that
du

7 (t) =g(t) forallte [Ty, T]\ B'. (5.60)
v
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P

Let B:= B'U |J B;. Fix any 7 € [T, T] \ B. Either 7 € [Ty, T1] or 7 €]T;,, Ti,+1] for some ig > 1. On the one
i=1

hand, considering the case where 7 is an interior or endpoint of the corresponding interval and using (2.11) we

see that jig (1) = $2(7). On the other hand, from (5.59) and (5.60), we have

dug, B _du
T(7) = 9(r) = ().

For all t € I'\ B, it results that

du dA
() + £t u(B) 3 (1) € ~N(C(: (),
so u(+) is a solution on the whole interval [Ty, T'] satisfying both conditions (5.2) and (5.3). O

The next result can be viewed as an extension of the equality (2.13) of Moreau [23] to Lipschitz perturbed
BV sweeping process with nonconvex prox-regular sets.

Corollary 5.2. Under the assumptions of Theorem 5.1, for each ug € C(Ty), the solution obtained in this
theorem for the measure differential perturbed sweeping process

—du € N(C(t); u(t)) + f(t, u(t))
(P) {U(To) = UQ

also satisfies the equality
u(t) = Powy(u(t™)) forallt €]To, T].

Proof. Fix any ug € C(Tp). We know by (5.2) that (P) has a solution satisfying,
lu(t) —u(t™)|| < p({t}) for allt €Ty, T].
Fix any ¢ €]Ty, T).
Case 1. p({t}) = 0. Under this assumption the above inequality ensures that
u(t™) = u(t) € C(t),
hence u(t) = Pegy(u(t™)).
Case 2. p({t}) > 0. In this second case, we have

lut)) — )| < (@) < sup_p(fsh) <. (5.61)
s€|To,T)

With v := p + A, the inequality u({t}) > 0 also entails v({t}) > 0, thus by definition of a solution

du

0)+ 7t u(t) Do (1) € ~N(C)u(t).

By (2.10), we have ?i—i‘(t) = 0, so the last inclusion gives us

%(t) € —N(C(t);u(t)).
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Using this and (2.12), we obtain

B . du — lim du(]s, t]) — lim u(t) — u(s) _ u(t) —u(t™)
N(CW:u®) 3 g =lim Tr =lm = o)
which is equivalent to
u(t™) —u(t) € N(C(t);u(t)), (5.62)
since N(C(t);u(t)) is a cone. Using (5.61) and (5.62), we can apply Proposition 3.5 to get
u(t) = Pog (u(t™)). u

6. UNIQUENESS

Requiring a control on the jumps, we have the following result of uniqueness of solution for our measure
differential inclusion.

Theorem 6.1. Under the assumptions of Theorem 5.1, for each ug € C(Ty), the perturbed sweeping process

—du € N(C(t);u(t)) + f(t, u(t))
(P) {U(To) = U

has one and only one solution satisfying

sup ||u(s) - u(s*)H < g
SE]T(),T]

Further, this solution has the properties:

Proof. Fix any ug € C(Tp).

u(t) = Pow (u(t™))  for allt €]Ty, T1,

du du

L0+ st Do) < LO A DO et € 1]

Existence. Using Theorem 5.1 and Corollary 5.2, (P) has a solution u(-) satisfying
lu(t) —ut)|| < p({t}) forallt €Ty, T,

as well as the property u(t) = Py (u(t_)) for all ¢ €]Ty, T] and the inequality

where v = p + A. Combining the inequality above and sup pu({s}) < 5, we get
s€]To,T)

L0+ 1) P 0] < LO+ U] DO for e e T

sup [Ju(s) —u(s7)|| < g
SE]T(),T]

Uniqueness. To prove the uniqueness, consider two solutions u1 (+), ua(+) : I — H of (P) (with the same initial
condition ug) such that for each i € {1, 2},

sup Huz(s) - uz(s*)H < g
s€|To,T)
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Let v := p+ A. Since the concept of solution does not depend on the Radon measure absolutely continuously
equivalent to p + A, one has for each 7 € {1,2},

U 0) + (a1 o

Ai (t) = dv

(t) € =N(C(t);ui(t)) v-ae.tel.

By the r-prox-regularity of the sets C(t), the latter inclusion and Theorem 2.2, it ensues that for v-almost every
tel,

T+ won o) ) |

2
(A1) — Aol wn(8) — ua(8)) < o s (1) — ua(®) (Z {

i=1

Since the BV mappings u;(-) and ug(-) are in particular bounded on I = [T, T, we can choose some real oo > 0
such that, for each ¢ € {1,2}, |Ju;(t)|| < « for all t € I. We then obtain, for v-almost every ¢ € I,

du1 dUQ
(20 - L20m0 - )
< j*( ) (tua(®) — £l (0). 11 (1) - us(t)
F o )~ wa (o) (Z (|50 + nreewscomn j—j(t)))
2
< DO Lat) 01 (1) — o 1) + 5 a (1) — (;(H— )|+ 1 >>|%<t>)>-

Using Proposition 3.2, we deduce that, for all £ € I,

s (t) —ua ()] S/ 9(s) l[ur(s) —ua(s)|* dv(s),

]TOat]

2
where ¢(t) := 2[g—l’>(t)La(t) + %(;(’ fi (t)H + [ f(t, ui(2))]] @(t)))] for v-almost every ¢t € I. Observe also that

(see (2.10)), for v-almost every ¢ € I, 92 (t)v({t}) = 0. Furthermore, for each i € {1,2}, since 3% is a density of
du relative to v, with v :=2 Jnax, sup llui(s) —ui(s™)|| < r one also has, for v-almost every t € I,

GE]T() T
Qi o (1)) = fustt) — walt)]| < w uss) — us(s )] < 2-
dv ! ‘ To.T) ! ! -2
It ensues that
13 duZ ol
0<g(t) {t}Z;Z v({th) < - <

=1

and this allows us to use Lemma 3.1 to obtain for all £ € I, [Ju; (t) — ug(t)]|*> < 0. This proves the uniqueness. I

7. EXISTENCE AND UNIQUENESS ON A NON-COMPACT INTERVAL

Now, we investigate the case where I is a non-compact interval [Tp, 7[ of R with 7 €T}, +00].
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Theorem 7.1. Let 7 € RU {+o0} and let Ty € R with Ty < 7. Let r €]0,4+00] and let C(-) : I := [Ty, 7|3 H
be a set-valued mapping from I into the r-proz-reqular subsets of the real Hilbert space H for which there exists
a positive Radon measure p on I such that,

|d(y, C(t)) — d(y,C(s))| < (s, t]) forally € H, forall s,t € I withs <t.

Assume that, one has sup pu({s}) < %. Let f: 1 xH — H be a mapping such that:
s€]To,7|

(i) the mapping f(-, ) is Lebesgue measurable for each x € H and there exists a nonnegative function 8 : 1 —

R with 3 € L .(I,R,\) such that, for allt € I, z € |J C(7),
Tel

1 ()| < B(E)A + [|l);

(ii) for each real o > 0, there exists some nonnegative function Lo : I — R with L, € Li (I,R,\) such that,
forallt € I, for all x,y € aBy,

1t @) = f(& )l < La(t) [l =yl

Then, for each ug € C(Ty), the following measure differential inclusion sweeping process on [To, 7|

—du € N(C(t);u(t)) + f(t, u(t))
(P) {H(T()) = U

has a unique solution satisfying

sup Hu(s) = u(s‘)” <
s€]To,7|

Further, one has u(t) = Po ) (u(t‘)) for all t €]Ty, 7] and with v := p+ A

Proof. Fix any ug € C(Tp).

N3

dA
Z )+ FEu) SO | < L@+ 15 )] T vaetel

du dA H du

Existence. Let us adjoin to Tp an increasing sequence (7});>1 in |To, 7[ tending to 7. For each integer i > 0
denote by p; (resp. A;) the measure induced by p (resp. ) on [T}, Ti4+1]. Put also v; = u; + A; and notice that,
for all y € H,

|d(y, C(t)) — d(y,C(s))| < pi(]s,t]) foralls,t € [T;, Ti41] with s < .

Using Theorem 5.1, there exists a solution Uy : [Ty, T1] — H of the sweeping process

(Py) —dUy € N(C(t); Uo(t)) + f(t, Uo(t))
Y\ Uo(To) = uo

which satisfies
HU()(t) — Uo(ti)H < ,uo({t}) = ,u({t}) and Uo(t) = Pc(t)(Uo(ti)) for all ¢ G]To,Tl],

and also
dp dA

HdUo dA " () + || (£, Uo(t)] _O(t) for vp-a.e. t € [Ty, Th].

)+ 50U o) < S
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Besides Uy we construct by induction (thanks to Thm. 5.1) a sequence (Uj);>1 of mappings such that, for all
integer j > 1, U : [T}, T)+1] — H is a solution of

AU, € N(CW3U; (1) + 10,75 (1)
(P’){Ux T,) = Uy (Ty)

and satisfies

U (1) = U;(¢7)]| < pi({t}) = p({t}) and U;(t) = Pog) (U;(t7)) for all t €Ty, Tj1]
as well as

|20+ 1T 0| < L0 + TN 0 forvae. € 1,75

Let us define w : [Ty, 7[— H with u(t) := U;(t) it t € [T}, T;41] for some j > 0. Proceeding as in the proof of
Theorem 5.1 Case 2 with the function g defined for v-almost every t € I (where v := pu+ \) by

dU, dU'
g() = 1[T07T1 O +Z 1T5,Tj41] j(t)7

we see that u is a solution of (P). Moreover, we have
Hu(t) - u(t*)H < p({t}) and w(t) = Poy(u(t™)) forallt €Ty, 7],

hence in particular sup |lu(s) —u(s7)| < §. Further, we also have
s€]To,7|

This finishes the proof of the existence of a solution with the desired properties.

dA
L)+t uO) 0| £ L@ + 15 u@)| S0 forvae. e [T,7)

du dx H dp

Uniqueness. Let uy, us be two solutions of (P) such that, for each i € {1,2}

N3

sup ||uz(s) — uz(s_)H <
s€]To,7]

For each ¢ € {1,2}, for all integer j > 0, we have

N3

sup [|wiyr; 1401 (8) = Wm0 (57| <
s€]T;,Tj41]

Applying Theorem 6.1, we get by induction on j that, for every integer j > 0,
ulHTj’THl] (t) = UQHTJ.’TJ.JA] (t), for all ¢ E]Tj, Tj+1].
It results that u; = wug, which finishes the proof. O

In the case when the sets C(t) are convex for all ¢ € I, the condition sup u({s}) < 5 holds automatically
because in such a case, for all t € I, C(t) is r-prox-regular with r = +o00. So, we retreive the existence part of
([1], Thm. 4.1).

Even for f =0, the problem (P) may have more than one solution. For this fact, we refer to Remark 3.1(2)
of [12].
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8. ABSOLUTELY CONTINUOUS SWEEPING PROCESS
In this section, we deal with the case where the measure p is absolutely continuous relative to A.

Proposition 8.1. Let T € R (resp. 7 € RU{+00}) and I = [Ty, T| with To € R and To < T (resp. I = [Tp, 7|
with Ty € R and Ty < 7). Let C : I = H be a set-valued mapping from I into the real Hilbert space H such that,
for some r €]0,400], C(t) is r-proz-reqular for every t € I. Assume that there exists a nondecreasing locally
absolutely continuous function v(-) on I such that

|d(y, C(s)) — d(y,C(t)| <v(t) —wv(s) forally € H, foralls,t €I withs <t.

Assume also that the mapping [ satisfies conditions (i) and (ii) in Theorem 5.1.
Then, considering the Radon measure p with p(]s,t]) = v(t) — v(s) for s < t, a solution of the measure
differential sweeping process
) {—du € N(C(t);u(t)) + f(tu(t))
u(Ty) = uo € C(Tp)

s a solution in the classical sense, that is:

(a) w is absolutely continuous on I (resp. locally absolutely continuous on I);
(b) d“( ) e N(C@);ut)) + f(t u(t)) \-a.e. t €1;
(c) (TO)—uo and u(t) € C(t) for allt € I.

So, (P) admits one and only one absolutely (resp. locally absolutely) continuous solution u(-) on I, and further

Proof. Let u(-) : I — H be a solution of (P) in the measure differential sense. Set v = p + A and observe
that the restriction of the measure v to any compact interval of I is absolutely continuously equivalent to the
restriction of the Lebesgue measure A to that compact interval. Then, there exists a mapping h : I — [0, +00]
M-integrable (resp. locally A-integrable) on I such that v = h(-)A. Thanks to the equalities (A-a.e.) h(-) = gz( 3

and g—g\( )gﬁ( )= %(-), we have

FO+ )| < FO U] roerer

u(t) :u0+/]T ) h(s )j:j( )dA(s) forallt e I.

As a consequence, the mapping u(-) is absolutely (resp. locally absolutely) continuous on I and there exists a
Borel set By of I with A(By) = 0 such that

du du

— () =h(t)— () foralltel\ Bj.

(1) = h(H) () Torallt e T\ By
Since u(-) is a solution of (P) in the measure differential sense, there exists a Borel set By in I with v(B3) =0

such that d D
T+ (L u®) (1) € ~N(CH)u(t) forallt e 1\ By.

Setting B = By U By, we see that A(B) =0 and, for all t € I\ B,

(0 Gott) + £ u(e)(1) (1) € ~N(C);u).

On the other hand, for all s,t € I with s < t,

i i
h(0)S2 (0)dN() = 2 O)h / 2 0)dv (6 / AN(8).
/]s,t] dv 5,1 ¥ 5.4 d 15,t]
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It follows that

i—?(t) + f(t,u(t)) € =N(C(t);u(t)) Mae tel,

and this finishes the proof. O

9. APPLICATION TO NONLINEAR DIFFERENTIAL COMPLEMENTARITY SYSTEMS

In view of application to nonlinear differential complementarity systems, we will start with a subsection
devoted to the prox-regularity of sublevel sets.

9.1. Prox-regularity of the moving set described by inequality constraints

The theorem of this subsection providing sufficient conditions for the uniform prox-regularity of a set of
sublevel constraints is the following:

Theorem 9.1. Let I be a nonempty set, H be a real Hilbert space, and gi : I x H — R with k =1,...,m be
functions such that, for each t € I, the set

Ct)y={xeH:qgi1(t,x) <0,...,9m(t,x) <0}
is nonempty. Assume that there exists some p €]0, +00] such that:
(i) foralltel, forallk € {1,...,m}, gx(t,-) is of class C* on U,(C(t));

(ii) there exists a real v > 0 such that, for all t € I, for all x € bdry C(t), for all y € U,(C(t)), for all
ke{l,...,m} with gi(t,x) =0,

(Var(t,)(y) — Var(t, )(@),y — ) > —yly — |

Assume also that there is a real § > 0 such that, for any (t,x) € I x H with x € bdry C(t) and any ¢ €
co{Vygr(t, )(z) : k € K(t,x)} where K(t,z) :={k € {1,...,m} : gi(t,x) = 0}, there ezists v(t,z,() € By
satisfying (C,v(t,x,()) < —0.

Then, for all t € I, the set C(t) is r-proz-regular with r = min {p, %}

Proof. All the sets C(t) are clearly closed according to the continuity of the functions g (¢, -) over U,(C(t)). Set
K :={1,...,m} and
g(t,x) == %é%gk(t,m) for all (¢t,2) € I x H.

Put also, for all z € H, for all t € I, K(t,z) = {k € K : gi(t,x) = 0}. Fix now any ¢t € I. One observes
that C(t) = {z € H : g(t,x) < 0}. By assumption (i), for all k& € K, the function gi(t,-) is locally Lipschitz
continuous on U,(C(t)). Using (ii) and ([8], Cor. 10.23), one has

Ocyg(t, ) (z) C co{Vygx(t,")(z) : ke K(t,x)} (9.1)

for all € bdry C(t). It is straighforward by the assumption involving v(t, z, () and (9.1) that 0 ¢ dcg(¢, ) (x)
for all € bdry C(t). So, by ([8], Thm. 10.42) we obtain that, for all € bdry C(t)

N (C(t);z) = | adeg(t, ) (x). (9.2)

a>0
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Fix any x,y € C(t) with ||y — 2| < 2p and x € bdry C(¢) (hence g(t,z) = 0). For all s € [0, 1], one has

dow (@ +s(y —2)) <min{||z +s(y —z) — 2|, ||z + sy — ) -y}
=min{s,1— s} |y — x|

IN

1
3 lly =zl <p,
ie., x+s(y—a) € U,(C(t)). For all s €0,1], for all k € K(t,z), one has
(Var(t, ) (@ +s(y — ) = Vgi(t,)(x),y —x) = é (Var(t, ) (@ + s(y — 2)) = Vgi(t,-) (@), s(y — ))
1 2 2
2 =7 lsly —2)" = —ys e —yll".

Then, for every k € K(t,x)
1
02 gult.) ~n(ta) = [ (Tan(t. ) + sy = ) = o) ds
= (Vgk(t, )(z),y —z) + /O (Vgr(t, )@ +s(y —x)) — V(gr(t,)(z),y —x)ds
> (Vgelt. ) a)y —a) = ly—al?* [ sds
hence (Vg (t,-)(z),y — z) < Z[ly — z|*>. This and the equality (9.1) imply

(Cy—a) < lly—al® for all ¢ € deglt.-)(a).

Further, for any ¢ € dg(z), the relation (9.1) again ensure that ((, —v(t,z,¢)) > 4. Since || —v(t, z, ()| <1, for
every ¢ € dcg(t,-)(x) it follows that ||| > J, thus

Gy =) < S=llcllly — =%

It ensues that, for any x,y € C(¢) with « € bdry C(¢) and ||y — z|| < 2r,
(Gy—2) < 5l ly =2l for all ¢ € Beglt, )(z),
or equivalently according to (9.2)
Gy =) < 5 lClly—al> - for all ¢ € NO(C(0); ).

This and Proposition 2.4 justify the r-prox-regularity of the set C(t). O

Given a nonempty open convex subset U of a real Hilbert space H, a C'-function g : U — R is known to
be y-prox-regular on U for some real v > 0 if and only if

(Vo(a),y =) <7lly—al]” forallz,y €U,
that is, the function g + 3 ||-||* is convex on U.

As a consequence, we get the following result.
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Corollary 9.2. Let I be a nonempty set, H be a real Hilbert space, and g : I x H — R with k =1,...,m be
functions such that, for each t € I, the set

Ct)y={xeH:qgi1(t,x) <0,...,9m(t,x) <0}
is nonempty. Assume that there exists some p €]0, +0o0] such that:

(i) foralltel, forallk € {1,...,m}, gr(t,-) is C* on U,(C(t));
(i) for some real y > 0, the functions gi(t,-) are y-proz-regular on an open convex set containing U,(C(t)) for
allt el and all k € {1,...,m}.

Assume also that there is a real 6 > 0 such that, for any (t,z) € I x H with x € bdry C(t) and any ¢ €
co{Vygr(t, )(z) : k € K(t,x)} where K(t,z) := {k € {1,...,m} : gp(t,z) = 0}, there exists v(t,z,() € By
satisfying (¢, v(t,7,0)) < —3.

Then, for all t € I, the set C(t) is r-proz-regular with r = min {p, %}

A previous result has been established by Vial ([35], Prop. 4.10) for the prox-regularity (called therein weak
convexity) of a set in the form {x € R™ : p(x) < 0}, with a single function ¢ : R™ — R which is weakly convex
on R™; that result is encompassed by Corollary 9.2 in the context of differentiable functions. More general
results on operations with (uniform) prox-regular sets will appear in a forthcoming paper. We also cite Venel
([34], Prop. 2.9) for a result with H = R™ under some boundedness assumptions related to the first and second
derivatives of the constraints functions gi(t,-). Our statement, approach and proof of Theorem 9.1 are general
and different from those of the aforementioned results in [34, 35].

9.2. Nonlinear differential complementarity systems

For a matrix M € R™ x R", M7 stands for the transpose matrix of M.

Nonlinear Complementarity Systems (NCS) is an important class of nonsmooth dynamical systems with
a wide range of applications in mechanical and electrical engineering. It consists of an ordinary differential
equation coupled with a nonlinear complementarity problem in the constraint. The novelty is that time-varying
inequality constraints are allowed to take into account the constraints evolution with respect to time. NDCS
belongs to the large class of hybrid dynamical system defined generally by a finite number of smooth modes
described by an ordinary differential inclusion with transition between the modes through a switching surface.
NCS plays a fundamental role in nonsmooth mechanics (multibody dynamics with contact, friction and impact),
in nonregular electrical circuits (switched electrical networks, relay systems, circuit breakers), in control systems
as well as in dynamical games. In this paragraph, we will show how to transform a NDCS involving inequality
constraints to a sweeping process of the form (1.1).

Let T > 0beareal, I =[0,T], n,m €N, f: I xR" - R" and g : I x R" — R™ two given mappings.
Assuming that g(¢,-) is differentiable for each ¢ € I, the NDCS (associated with f and g) can be described as

—du = f(t,u(t)) + Vg(t, ) (u(t)" ()
<NDG${0<4wLﬂum<u
where z : I — R™ is unknown mapping. The term Vg(t,-)(u(t))T z(t) can be seen as the generalized reactions
due to the constraints in mechanics.
Of course, the behaviour of a solution with respect to ¢ is connected to the variation with respect to t of the
set constraint

Ct):={zeR": q1(t,x) <0,...,gm(t,x) <0}
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where we set g(t,-) = (g1(t,*),...,gm(t,-)) for each t € I. Generally, absolute continuity is required for the
solution. Here jumps will be allowed. So, we assume that:

(H1) There exists a positive Radon measure p on I such that
|[d(y, C(t)) —d(y,C(s))| < p(]s,t]) forallyeR", foralls,tel withs <t
In this context, a mapping u : I — R™ is a solution of (NDCS) whenever:

(a) u(-) is of bounded variation and right-continuous on I, and there is a Borel-measurable mapping
z: 1 — R™ with 2(I) C R} (where R := [0, +-00[) and

(2(t),g(t,u(t))y =0 forallt e I;

(b) with v := p + A, the differential measure du is absolutely continuous with respect to v, and for
v-almost every t € I, 1 N

)+ (1 u(0) o () = ~Vglt, ) (u(0) (1),
If the variation of the set constraint is absolutely continuous, then the measure v = p + A is absolutely
continuously equivalent to the Lebesgue measure A, so the above definition is reduced to the classical
concept of absolutely continuous solution for (NDCS).
For each t € I, assume that g(¢,-) is differentiable on the open enlargement U,(C(t)) := {z € R" :
d(z,C(t)) < p} and that Vg(¢,-) is y—Lipschitz continuous on U,(C(t)), for some reals p,y > 0. For any
x € R™, assume that g(-,x) : I — R™ is a Borel function. Assume also that:

(H2) There is a real § > 0 such that, for any (¢,z) € [0,7] x R” with € bdry C(t), there exists 7 € B
satisfying for all k € {1,...,m}
Vi(t, )(x) 77 < —6;

(H3) For each t € I, x € C(t), Vy(t,-)(x) is of rank m.

It is straightforward that Theorem 9.1 ensures the r-prox-regularity of the set C(t) with r := min{p, %}
Clearly, recalling that ®g denotes the indicator function of a set S (see Sect. 2.2), the following equality
Yoy = Yrm o g(t,-) holds true, where R_ :=] — 00, 0]. Let u: I — R" be a mapping.

Note that for any mapping z : I — R, we have for each t € I,

z(t) €RT and  2(t) g(t,u(t)” =0 < z(t) € N(R™; g(t, u(t))). (9.3)
Therefore, (NDCS) reduces to
—du € f(t,u(t)) + Vge(u(t)” (N(RZ; g(t, u(1)))). (9-4)
Further, invoking a chain rule of Clarke subdifferential (see [29], p. 428), we have
dcbom (x) = Vg(t, ) ()T (N(R™; g(t,u(t)))) forallt eI, z € C(2). (9.5)
Hence, u is a solution to the following sweeping process
—du € f(t,u(t)) + N(C(t);u(t)). (9.6)

whenever it is a solution of (NDCS).

Now, we show the converse implication. Assume that u(-) is a solution of (9.6). Let us note that g(-,u(-)) is
Borel measurable. Hence, from ([29], Thm. 14.26) we deduce that N(R"; g(-,u(+))) is a Borel-measurable closed-
valued set-valued mapping. As a consequence (see, e.g., [29], Cor. 14.6), there is a Borel-measurable mapping
z 1 [0,T) — R™ such that z(t) € N(R™;g(t,u(t))) for all t € I. Using (9.5) and (9.3), u(-) is a solution of
(NDCS).
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All together say, according to Theorems 5.1 and 6.1, that we have proved the following theorem:

Theorem 9.3. Assume that H1-H3 and conditions (i) and (ii), for the mapping f, in Theorem 5.1 are

T

satisfied, and assume also that sup p({t}) < 5. Then, for every initial data uy with g(0,up) < 0, problem
t€]0,T]
(NDCS) has one and only one solution u(-) such that
_ r
sup Ju(t) —u(t7)| < 3
s€]0,T]

10. CONCLUDING REMARKS

In this paper, we studied the existence and the uniqueness of solution to a discontinuous sweeping process
where the state trajectories are constrained to evolve in a prox-regular moving set having a variation given by
a positive Radon measure. Various properties and estimates of jumps of the solution are also provided. This
kind of problem arises in unilateral mechanics, in elastoplasticity, in mathematical economics as well as in the
simulation of crowd motion. A sufficient condition ensuring the prox-regularity of the moving set, when it is
described by inequality constraints, is given. An application to nonlinear differential complementarity system is
also discussed in detail. The cornerstone of the existence proof is Moreau’s catching-up algorithm adapted to
prox-regular moving sets. This leads naturally to the numerical treatment of discontinuous nonconvex sweeping
processes. It will be interesting to perform some numerical experiments on concrete examples. In nonsmooth
mechanics, some constraints could be nondifferentiable. A natural question would be to generalize the conditions
in Theorem 9.1. We contented ourselves with studying the single-valued perturbation f. Adding a set-valued
one F is of a great interest in economical problems (see, e.g., [10,13,15]). This and the study of preservation
of prox-regularity under various operations are out of the scope of this manuscript. Both studies will be the
subject of forthcoming research projects.
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