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ABSTRACT ARTICLE HISTORY
This paper is devoted to the existence and uniqueness of Received 18 February 2018
solutions for perturbed sweeping process measure differen- Accepted 8 August 2018

tial inclusions in infinite dimensional setting. The possibly
unbounded moving set is prox-regular and controlled only
through the truncated Hausdorff-Pompeiu distance. The nor-
mal cone involved is perturbed by a kind of Carathéodory
mapping satisfying a time-dependent hypomonotonicity
assumption on bounded sets. Various properties of the solu-
tion mapping are also provided.

1. Introduction

Consider a Hilbert space H and any real T > 0. Given C : [0, T] = H a nonempty
closed convex valued multimapping and 1y € C(0), Moreau [1] established in
1971 that there is one and only one absolutely continuous mapping u : [0, T] —
'H such that

—u(t) € N(C(t); u(t)) ae.tel0,T],
(Pac) § u(t) € C(t) forallt € [0, T},
u(o) = Up,
provided that C(-) is absolutely continuous with respect to the Hausdorft-

Pompeiu distance, or equivalently for some absolutely continuous function v :
[O, T] —> R+ = [0, +OO[,

haus(C(s), C(t)) := max { sup dew (%), sup de) (%) ¢ < [v(s) —v(®)], (1)
xeC(s) xeC(1)

for every s,t € [0, T]. Here and below, N(:; -) stands for the normal cone in the
sense of convex analysis. Due to its kinematic interpretation (see for instance the
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introduction of [2]) J.J. Moreau called the differential inclusion (Pac) ‘sweeping
process’ (‘processus de rafle’ in French). Later, (Psc) has been transformed by J.J.
Moreau into the following measure differential inclusion (see, Section 4)

—du € N(C(t); u(t)) a.e.te[0,T],
(Pay) { u(t) € C(t) forall t € [0, T,
u(0) = uyp.

As above, under an appropriate control on the moving set, namely the finite varia-
tion of C(-), or equivalently the existence of a positive Radon measure y on [0, T']
such that

haus(C(s), C(H)) < u(ls,¢]) foralls, ¢ e [0, T]with s < t, )

the problem (Ppy) is well-posed (in the sense of existence and uniqueness of a
solution).

The crucial role of generalized Cauchy problems (P4c) and (Ppy) in numer-
ous applications of mathematics (see, e.g. [3-7]) has led to the development of
many variants of the so-called ‘Moreau sweeping process which have their own
interest: stochastic [8], perturbed [9], nonconvex [10], state-dependent [11], in
Banach spaces [12].

The general study of perturbed sweeping processes probably starts with M.D.P.
Monteiro Marques in [9]. It consists in adding a multi-valued term F(t, u(t))
(which can be seen in a mechanical point of view as external forces to the system
modelized by the considered sweeping process) on the normal cone involved,
that is, (in the bounded variation case)

—du € N(C(t); u(t)) + F(t,u(t)) ae.te[0,T],
(Pppv) { u(t) € C(t) forall t € [0, T],
u(0) = uyp.

Over the years, such differential inclusions have been at the heart of a large num-
ber of works. For existence results (depending on the nature of the perturbation
F(-,-) involved) we refer to [13-15] and the references therein. Besides consid-
ering a perturbation F(-, -), it is also of interest, for both theoretical and concrete
aspects (see, e.g. [16,17]) to relax the convexity assumption on the moving set
C(-). The first nonconvex study is due to Valadier [10] with a moving subset
C(t) C R" such that the multimapping (¢, x) — N C(C(t); x) has a closed graph,
where NC(-; ) denotes the Clarke normal cone. The latter property holds in par-
ticular when C(t) := R" \ intK(¢) for a convex K(t) and such a case has been
widely developed in the early nineties (see, e.g. [18,19]). Actually, the existence
of solutions for nonconvex sweeping processes still remains a very well-active
area of research. It involves large classes of sets coming from variational analysis
as prox-regular, subsmooth and «-far (see, e.g. [13,15,20,38] and the references
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therein). It is worth pointing out that the class of prox-regular sets [21] is known
to be the more general ensuring the well-posedness of problem (Pppy) consid-
ered with a mapping F = f. It is also the suitable class for control problems with
sweeping processes (see, e.g. [22-24]).

As mentioned in [25] and in [26], there are many practical situations where
an unbounded moving set is not absolutely continuous or of bounded vari-
ation with respect to the Hausdorff-Pompeiu distance. An efficient way to
weaken the aforementioned control (1) and (2) seems to consist in replacing
the Haudorff-Pompeiu h/aEs(-, -) by the truncated one [26-29], that is, (in the
bounded variation framework)

@sp(C(S),C(t)) = maX{ sup  dcp(x), sup dC(s)(x)} < u(ls, t]).
xeC(s)NpB xeC(tH)NpB
(3)

In [28], it has been proved that (Ppy) with C(t) convex has one and only one
solution provided that there are a real py > |lug| and an extended real p > 0
such that

Hprojc(tk) O---0 Projc(tl)(uo) H = pPo (4)

foreach t; < --- < t; and provided that C(-) has a bounded retraction along p-
truncation (see, e.g. [28]), or equivalently if for some positive Radon measure p
on [0, T]

exc,(C(s), C(1) == sup  dog(x) < (s t]).
xeC(s)NpB

We also refer to Adly and Le [27] for another existence result in the context of
perturbed convex second order sweeping process under (3).

The present paper deals with the existence and uniqueness of a solution
for the perturbed sweeping process (Pppy) with F =f:[0,T] x H — H as a
mapping. Here, the moving set C(-) is prox-regular and satisfies (3). The per-
turbation f(-,-) is measurable in time and uniformly continuous in the state,
satisfies for each bounded subset B of H the hypomonotonicity property for some
Ig € L'([0, T], R4, A),

(f(t;xl) —f(t,xz),xl — xz) > —Ig(t) [|x1 — XZHZ forallt € I, x1,x, € B.

For the unperturbed case (that is, f = 0), we develop another existence and
uniqueness result under the assumption on successive projections (4).

The paper is organized as follows. Section 2 is devoted to recall background
in variational analysis and vector measure theory. Section 3 is concerned with
various preparatory results which are necessary in order to establish existence
and uniqueness of solution for (Pppy) in Section 4 and in Section 5.
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2. Preliminaries

Throughout, I:= [Ty, T] is an interval of R with Ty < T and A denotes
the Lebesgue measure on I. The extended real-line is denoted by R := R U
{—00, +00}, Ry := [0, 400][ is the set of nonnegative reals and N is the set of
the integers starting from 1.

In all the paper, H is a real Hilbert space whose inner product is denoted by
(,-), the associated norm by || - || := 4/{-, -) and the closed (resp., open) unit ball
centered at zero by B (resp., U). The closed (resp., open) ball of H centered at
x € H of radius r > 0 is denoted by Blx, r] (resp., B(x, r)). For any subset S of H,
ds(+) (or d(-,S)) is the distance function to S, that is,

ds(x) :==: d(x,S) := inf Hx — y” forallx e H
yes

and the convex (resp., closed convex) hull of § is denoted by co S (resp.,co S). The
multimapping Projg : H = H of nearest points on S is defined by

Projq(x) := {y esS: Hx —yH = ds(x)} forall x € H.

If Projg(x) is a singleton for some x € H, we denote by projs(x) or Ps(x) the only
element of Projg(x), i.e.

Projg(x) = {projs(x)} = {Ps(x)}.

In such a case, one says that projs(x) or Ps(x) is well-defined.

2.1. Normal cones and subdifferentials

We start by recalling the necessary background on proximal and Clarke normal
cones and subdifferentials. In this subsection, f : U — R U {+00} is a function
defined on a nonempty open subset U of H, finite at X € U and Sisa closed subset
of H.

A vector { € 'H is said to be a proximal normal to S at x € S whenever there
exists a real r > 0 such that x € Projg(x + r¢). The set N P(S; x) (which is a convex
cone containing 0 but not necessarily closed) of all proximal normal vectors to S at
x € Sis called the proximal normal cone of S at x. By convention, if x € H \ S, we
put N¥(S; x) = . It is worth pointing out that for each u € H with Proj(u) # @,

u—m e NP(S; projs(mw)) forall w € Projg(u). (5)

A vector ¢ € H is said to be a proximal subgradient of f at x with f(x) finite,
provided there are a real o > 0 and a real n > 0 such that

Cy—-%)<f)—f@+0o Hy—?c”z forall y € B(x, 1),

which is known to be equivalent to (¢, —1) € N (epif; (x,f(¥))), where epif :=
{(x,r) e HxR:x e U,f(x) <r}is the epigraph of f. The set dpf (X) of all such



OPTIMIZATION (&) 5

proximal subgradients is called the proximal subdifferential of f at x. If f is not
finite at X € U, one sets dpf (X) := 0.
The Clarke normal cone of S at x € S is defined by

N¢(S;x) :=co (Seq Lim sup N¥(S; u)) ,

Ssu—x
where *94Lim sups.,_, . N¥(S;u) is the sequential limit superior of N¥(S;-) :
‘H = 'H relative to the set S at x. Recall that the sequential limit superior (or
sequential outer limit) of a multimapping M : X =% Y between two topological

spaces X and Y relative to a subset Xy C X at x € cl X (the closure of Xj in X) is
defined as the set

*“ILimsup M(x) == {y € Y : 3X( 3 x = X, 5 — y»yn € M(x,) Vn € N} .

Xo3x'—x

It is clear that the Clarke normal cone is a closed convex cone containing 0. With
NC(S;x) := 0 for every x € H \ S, we see that

NP(S;x) ¢ N¢(S;x)  forall x € H.

For f Lipschitz continuous near x, one defines the Clarke subdifferential of f at x
as the set

dcf (X) :=co (Seq Lim sup apf(x’)> D dpf (X).

x'—x

If f is not finite at X € U, one sets d¢f (x) := @. The support function of dcf (x)
(with f Lipschitz continuous near x) is given by the so-called Clarke directional
derivative of f at X, that is, the function f°(x;-) : H — R defined by

O h) == limsup t ' (f(x' + th) — f(x/)) forallh € H.

£tL0x >

Recall that the support function o (-, S) of S is defined by

0(¢,S) :=sup(¢,x) forall e H

xeS

and such a function satisfies (thanks to the Hahn-Banach separation theorem)
the following equivalence

Sl C SZ < 6(')81) = U("SZ)’ (6)

for any two closed convex subsets S;, S, of H. If U is convex and f is Lipschitz
continuous near X and convex on U, then the (standard) directional derivative
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f'Geh) == limg o t~1(f(x + th) — f(X)) exists for any direction h € H and
fo@xh) =f'(x;h) forallh € H. (7)
If f is convex on some open ball B(x,8) C U for areal § > 0, one observes that

flsh) = i]r(l)fa[t_l(f(x +th) — f(x)) forallh e B.
t€]o,

For any real y > 0 such that f is y-Lipschitz near X, it is known (and not dif-
ficult to prove) that f(x;-) is finite, sublinear (that is, convex and positively
homogeneous) and y-Lipschitz continuous on H, so in particular

dcf (x) C yB.
It is worth pointing out that the following relations hold true for all x € S:
dpds(x) = NP (S;x) "B and  dcds(x) € N¢(S;x) N B. (8)

For more details on those concepts, we refer to the books [30-32].

2.2. Vector measures

In order to define the concept of solutions for sweeping processes with bounded
variation, some preliminaries about positive and vector measures are needed.
Throughout this subsection, v and ¥ are positive Radon measures on I = [T, T].
For each t € I, r €]0, 4+00[, one sets

Ity :=IN[t—rt+r,IT(tr):=IN[t,t+7r] and
I (t,r):=1N[t—rt].

For a subset A of I, we denote by 14 the characteristic function (in the sense of
measure theory) of A relative to I, i.e. for all ¢t € I,

1 ifteA,

14(¢8) :=
0 otherwise.

For any real p > 1, LP(I,H,v) stands for the real space of (classes of) v-
measurable mappings from I to H for which the pth power of their norm value
is v-integrable on I.

The derivative of the measure U with respect to v is defined as the following limit
(with the convention g =0)

d—ﬁ(t) — fim 24 &)
dv

r}0 v(I(t, 1)) ©)

which exists for v-almost every ¢ € I. It is worth pointing out that (dv/dv)(-) isa
nonnegative Borel function. If ¥ is the Lebesgue measure on I, that is U = A, the
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equality (9) gives
dv - Aafth) .
a(t) = @ =0 forallt e Iwithv({t}) >0, (10)
hence
d—)\(t)v({t}) =0 v—aetel (11)
dv

Coming back to a general Radon measure » on I, it is known that the measure
D is absolutely continuous with respect to v if and only if b = (dv/dv)(-)v (i.e.
(dd/dv)(-) is a density relative to v). If the latter equality holds, a mapping u(-) :
I — H is D-integrable on I if and only if u(-)(dv/dv)(-) is v-integrable on I. In
such a case, one has

/u(t) dv(t) = fu(t)d—ﬁ(t) dv (). (12)
I 1 dv

If the two Radon measures v and D are each one absolutely continuous with
respect to the other one, one says that v and D are absolutely continuously
equivalent.

Now, let us consider a Radon vector measure m on I with values in the real
Hilbert space H. The variation measure |m| of m is defined for any Borel set A C I
by

+00
Iml(A) = sup Y llm(Byl,

(Bn)neNEB ;1
where B is the set of all sequences (B;),en of Borel mutually disjoint subsets of I
such that A = |, oy
with respect to v whenever the positive measure |m| is absolutely continuous with
respect to v. Since H has the Radon-Nikodym property, under such an absolute
continuity assumption, the vector measure m has a density ¢ : I — H relative to
v, ie. m = ¢(-)v (or equivalently, £(-) € LY(I,H, v) and for all Borel sets A C I,

B,,. The vector measure m is said to be absolutely continuous

m(A) = /A £(1) dv D).

In the rest of this section, we focus on mappings with bounded variation. Let
u:1— H be a mapping. Any o = (fp,...,f) € Rk with k € N such that
To =ty < --- <ty = Tiscalled asubdivision o of [Ty, T] = I and to such a sub-
division o, one associates the real S, := ZLI lu(t;) — u(t;i—1)||. If S denotes the
set of all subdivisions of I, one defines the variation of u as the extended real

var(u; ) := sup Sg.
og€eS

The mapping u is said to be of bounded variation on I if var(u; I) < +o0.Itis well-
known that u(-) has one sided limits at each point of I whenever it is of bounded
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variation on I. In such a case, one sets

u(t™) = ltlanl u(t) forall T €]Ty, T,

where in the whole paper, t 1 7 means t — 7 with ¢t < 7.

Assume that u is of bounded variation on I and denote by du the differential
measure (also called Stieltjes measure) on I with values in H associated to it (see,
e.g. [33]). I in addition, u is right-continuous on I, it is known that

u(t) = u(s) + / du foralls,t € Iwiths <t.
Is,t]

Conversely, if there is a v-integrable mapping & : I — H on I satisfying

u(t) = u(Ty) —I—/ u(tr)dv(r) forallt el,
]TOat]

then u(-) is of bounded variation and right-continuous on I. In such a case, one
has

|[du| (]s, t]) = / li(z)|| dv(z) foralls,t € Iwiths <t
Is;t]

and du is absolutely continuous with respect to v and has #(-) as a density relative
to v, i.e.

du = u(-) dv.

According to Moreau and Valadier [34], for v-almost every ¢ € I, the following
limits exists in H,

. du . du(t,r)) | du((t,r) . du((47))
u(t) = —(t) ;== lim = lim =lim ————.
dv rlo v(I(t,r)  rlo v(IT(ET) o v(IT (L 1))

From this, it can be checked that

. _du L du(Jt —r,t]N1I) B
M(t)—a(t)—l:ig qt—rinn " aetel (13)

2.3. Bounded variation along p-truncation

Let p €]0,+00] be a given positive extended real and let S and S’ be nonempty
subsets of H.

One defines the p-excess exc,(S,S’) and the pseudo p-excess €xc, (S, ') of
S over §' (also called the pseudo excess of the p-truncation of S over §') as the
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extended reals

exc,(S,S) = sup (d(x,s’)—cl(x,S))+ and €xc,(S,S) == sup d(x,S),
xepB xeSNpB

50 €X¢, (S, §) < excy (S, ). It is also known that for any p’ > 2p + d(0, S) one
also has exc, (S, 8') < exc,/(S, ), so

&, (S, 8) < exc,)(S,S) < &, (S, 9). (14)

If p = +00, we set by convention pB = H, so in this case both p-excess and
pseudo p-excess of S over S coincide with the usual excess of S over §, that is,

oo (S, 8) = supd(x, ) =: exc(S,S') = sup (d(x, ) — d(x,9))"

xS xeX

= eXCoo (S, S).

It is clear that the p-excess exc(:,-) enjoys the triangle inequality property. It is
also readily seen that for every x' € H,

dx',S) < d(x',x) + exc,(S,S) forallx € SN pB,
ie.
d(x',8) < dx',SN pB) + exc,)(S,S) forallx’ € H. (15)

With the above concept at hand, one can define the Hausdorff p-distance
haus, (S, §") and the Hausdor(f pseudo p-distance haus, (S, S’) between S and &'
as

haus, (S, S") := max {exc, (S, 5), exc, (S, 9)} = sup |d(x,5) — d(x,9)|,
xepB

haus, (S, §') := max {€xc,(S, 5'), &%, (5, 9)} .
Clearly, the triangle inequality holiis\for haus, (-, -) (while it fails for haus o(5) If
p = +00, both haus, (S, S') and haus, (S, §) coincide with haus(S, '), the usual
Hausdorff-Pompeiu distance between S and S, i.e.

hauss(S, S') = hausso(S, S') = max {exc(8, ), exc(S,9)} =: haus(S, ).
From (14) one sees that for any p’ > p + 2 max{d(0, S), d(0, S)} one has

haus, (S, ') < haus, (S, ) < haus,/(S,$).

In this paper, given a moving set C: I = H, a mapping f : I x H — H and
up € C(Typ), we are interested in the study of the following (measure) differential
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inclusion

—du € N(C(t); u(t)) + f(t, u(t)),
(P){u(t) € C(t) forallt el,
u(To) = ug € C(Tp).

In order to develop sufficient conditions to ensure the existence of solutions for
such a problem, we will assume that there are an extended real p €]||u]|, +00]
and a positive Radon measure i on I such that

h/a.asp(C(s), C(t)) < u(ls,t]) foralls,t € Iwiths <t (16)

As we will see below, such an assumption is strongly connected to the con-
cept of multimappings with bounded p-variation, which is an extension of the
notion of mappings with bounded variation. Let us consider a multimapping
C:1= [Ty, T] = H.To each subdivision oy = (ty,...,t;) of I (with k € N), one
associates the extended real

k—1

hoye == Y _ haus, (C(t;), C(ti11)).
i=0

The p-variation, or the variation along p-truncation, of C(-) on I (with respect to
haus, (-, -)) is defined as the extended real

var,(G;I) := sup he p,

ceS

where S is the set of all subdivisions of I. When var, (C;I) < 400, one says that
C(-) is of bounded p-variation, or of bounded variation along p-truncation, on I
(with respect to haus, (-, -)). It is then readily seen that the existence of a pos-
itive Radon measure p on I satisfying (16) with haus,(C(s), C(¢)) in place of
haus, (C(s), C(1)) entails that

Varp(C;I) =< I‘L(]TO’ T]) < 409,

so C(-) has a bounded variation along p-truncation on I (with respect to
haus, (-, -)). Furthermore, the mapping var,, (C; [T, -]) is right-continuous, since
for any t € [Ty, T[, we have by the triangle inequality for haus, (-, -) that

0 < var,(C; [To, t]) — var,(C; [To, t]) < u(]t,¢]) forall ¢ €]t T1.

Conversely, assume that C(-) has a bounded variation on I along p-truncation
(with respect to haus,(-,-)) and that the function var,(C;[Ty,]) is right-
continuous on I. Since the latter function is nondecreasing on I, it is of bounded
variation on I, so if we denote by ., the differential Radon measure associated
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var, (G; [To, t]) — var,(C; [To, s]) = pcp(ls,t]) foralls,t € Iwiths <.

It follows that C(-) satisfies (16) with & = ¢, both for haus, (-, -) and };ﬁsp (-5 ),
since

}ﬁsp(C(s), C(t)) < haus,(C(s), C(t)) < nuc,p(s,t]) foralls,t € Iwiths <t.

2.4. Prox-regular sets in Hilbert spaces

In addition to the inequality
haus, (C(s), C(1)) < u(]s,t]) foralls,t € Iwiths <t

for a given positive Radon measure 1 on I and p €]||ugl|, +00], the multimap-
ping C(-) will be assumed to be uniformly prox-regular valued.

Definition 2.1: Let S be a nonempty closed subset of H, r €]0, +00]. One says
that S is r-prox-regular (or uniformly prox-regular with constant r) whenever, for
allx € S, forall v € NP(S;x) N B and for all ¢ €]0, r[, one has x € Projg(x + tv).

The following theorem provides some useful characterizations and properties
of uniform prox-regular sets (see, e.g. [21,35]). Before stating it, recall that for
any extended real r > 0, the open r-enlargement of a subset S of H is defined as

U,(S):={xeH:ds(x) <r}

Theorem 2.1: Let S be a nonempty closed subset of H, r €]0, +o0]. Consider the
following assertions.

(a) The set S is r-prox-regular.
(b) Forallxi,x; € S, forallv € NP(S;x1), one has

1
2
(2 —x1) = — Jvll llx — 221"

(c) The mapping projg : U(S) — Sis well-defined and locally Lipschitz on U,(S).
(d) Forallu € Ux(S)\ S, one has with x = projg(u)

u—Xx

X = projg <x+ t ) forall t € [0, r[.

lu — x|l

(e) Forallx,y € Sandallt € [0, 1] such that tx + (1 — t)y € U,(S), one has

1
ds(tx + (1 —1t)y) < Z’t(l — 1) Hx _)’”2‘
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(f) Foranyx € S, one has
NP($;x) = NC(S;x) and  dpds(x) = dcds(x).
Then, the assertions (a), (b), (c), (d) and (e) are pairwise equivalent and each

one implies (f).

An r-prox-regular set and its open r-enlargement as well as the property (d) in
Theorem 2.1 are illustrated in Figure 1. This set (represented in grey color) looks
like a ‘tree’.

Theorem 2.1 again allows us to put

N(S;x) := NP(S;x) = N¢(S;x) forallx € S,

whenever S is a uniform prox-regular set of the real Hilbert space H.

The following proposition provides useful inequalities for proximal subgradi-
ents of the distance function associated to a prox-regular set. We refer to [13] for
the proof.

Proposition 2.1: Let S be a subset of H which is r-prox-regular for some r €
10, +00]. Let x € Sand ¢ € dpds(x). Then, for all z € H such that ds(z) < r, one
has

1 1 1
((z—x) < — |z —x|* + —di(z) + (— iz — x|l + 1) ds(2),
2r 2r r

and

2
(¢z—x) <~z = x|1? + ds(2).

Before stating the last result of this section, let us recall that a function f :
C — R U {400} defined on a nonempty convex subset C of H is said to be

Figure 1. An r-prox-regular set and its open r-enlargement.
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o -semiconvex (on C) for some o € R, := [0, +oo[ if

flex+ 1 =1ty < tf(x) + (1 —Df () + %t(l — 0 |lx—y|*,

forall x,y € Cand forall t €]0, 1[, or equivalently if f + (¢/2)|| - || is convex on
C.

Theorem 2.2: Let S be an r-prox-regular subset of H for some r €]0, +00]. Then,
for any s €]0, r[, for any nonempty convex set C C U(S), the function ds is (r —
s) " L-semiconvex on C.

3. Preparatory results

This section is devoted on the one hand to recall some specific results needed in
the rest of the paper and on the other hand to establish some other ones. We start
with a variant of Gronwall Lemma which is due to M.D.P. Monteiro Marques [9].

Lemma 3.1: Let v be a positive Radon measure on [Ty, T], g, ¢ : [To, T] — Ry
two functions such that:

(i) g€ LY([To, T1, Ry, v) and for some fixed 0 € R, one has
0<gv({t) <0 <1 forallte]Ty,T];
(ii) ¢ € L*°([Ty, T), R4, v) and for some fixed o« € R, one has
) <a+ / g(s)p(s)dv(s) forallt e [Ty, T].

1To,t]

Then, one has

1
(t) < aexp <ﬁ /]T ]g(s) dv(s)) forallt € [Ty, T].
_ o

The following proposition is due to Moreau [36].

Proposition 3.1: Let v be a positive Radon measure on I = [To, T], u(-) : I - H
be a right continuous mapping of bounded variation such that the differential mea-
sure du has a density du/dv relative to v. Then, the function ®(-) = ||lu(-)||* : I —
R is a right continuous function of bounded variation whose differential measure
d® satisfies, in the sense of the ordering of real measures,

do <2 <u(-), %(-)> dv.

Our aim is now to establish the following scalar upper semicontinuity property
for prox-regular sets. It is worth pointing out that it recovers the convex case
developed in [28, Proposition 4.1].
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Proposition3.2: Let C: I = [Ty, T] = H be an r-prox-regular valued multimap-
ping for some r €]0, +-00]. Assume that there exist a positive measure (1 on I and
p €10, +00] such that for all s,t € I withs <'t,

€xc, (C(s), C(1) < u(ls, t]). (17)

Lett € I, x € C(t) N pU, (ty)nen be a sequence of [t, T] with u(1t, t,]) — 0 and
(Xn)nen be a sequence of H with x,, — X and x,, € C(t,,) for all n € N. Then, one
has

lim sup doc(tn)(xn;h) < d"c(?) (X;h) forallh € H,

n—-+00

or equivalently

lim sup o (h, dcdct,) (xn)) < 0 (h,dcdci (%)) forallh € H.

n——+00

Before giving the proof, we need the following lemmas.

Lemma 3.2: Let U be an open subset of H, x € U and g : U — R be a function.
If there exists a real 6 > 0 with B(x,8) C U and such that g is o -semiconvex on
B(x,6) for areal 0 > 0, then one has for all h € B,

O/ . . —1 _ O; 2_2 2
glsh) = inf 1 (gt th) = g+ 3 i thl = 7 el

— o (x,h) =g (x;h).

Proof: Assume that there exists a real § > 0 such that B(x,8) C U and g is o-
semiconvex on B(x,8) for areal o > 0. Fix any h € B. Set f := g+ (0/2)| - |2
which is convex on B(x,§) according to the o -semiconvexity on B(x,§) of g.
From (7), one observes that

f'(xsh) =f°(xh)
= limsup ¢! [(g(x/ +th) — g(x')) + % [Es thH2 — % Hx/”z}

10,4 —x
— o%(x: 72
=g +D (3 I112) o (.
Since f is convex on B(x, §) and x + th € B(x, ) for each t €]0, 5[, we have
fl(xh) = inf t71(f(x + th) — f(x)).
t€]0,5(
It follows that

g xh) = —0o (xh) + ti]r(l)g[t‘l(f<x+ th) — f(x)),
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so the first equality claimed is established. For the second, it remains to see that
g°Gah) = f'(sh) = D D)0 (h)

o /
= f Gl = (S 117) Cahy
o /
= (F=Z112) h
=g (xh).
The proof is complete. n

Lemma 3.3: Let S be an r-prox-regular subset of H for some r €]0,+o0]. Then,
for each s €]0, r[, one has for all (x,h) € S x B,

(ds)°(x; h) = ltlﬁ)l t~dg(x + th)

= inf ¢+ Ydg(x + th) +
t€]0,s] 2(r—s

1

r—s

)(le+ thil* — [lx]1%)]

(x, h) .

Proof: If r = 400, we know that S is convex as well as its associated distance
function ds. This justifies the equality claimed. Suppose now r < 4-00. Fix any
s €]0,r[. Let (x,h) € S x B. It is easy to check that B(x,s) C Us(S), so we can
apply Theorem 2.2 to get that dg is 1/(r — s)-semiconvex on B(x, s). It remains to
combine Lemma 3.2 with the equality dg(x) = 0. [ |

Now, we are able to prove Proposition 3.2.

Proof of Proposition 3.2.: Fix any h € B. Let s €]0,r[. Since C(t) is r-prox-
regular, the mapping Projcg) U,(C(t)) — H is well-defined and norm-to-norm
continuous. In particular, we have

il_r)n} Projc (X) = projc (X) =x € pU,
so we can find a real & €]0, s such that for all x € B(x, o),
projc (x) € pU C pB.
From the latter inclusion and the inequality
”x — Projcg () ” =dep (%) < dc(;)mpE (x) forall x € B(x,«),
it is straightforward to check that

de@(X) = de@nep(®)  forallx € B(x, ).
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Note that for each n e N, B(x,, o) C B(xp,s) C Ug(C(ty)). According to
Lemma 3.3, for each n € N, we have for all T €]0, «,

1
d"c(tn)(xn;h) = T_ldC(t,,)(xn +th) — P (x> )

1
- h 2 2 .
+ 2(r_s)t(llxn-l-f I = llxnll®)

Furthermore, for all n € N, for all T €]0, |,

e, (6 + Th) < T (Ilxn — Xl + deq,) K+ Th))
<t (1xn — Xl + deynps & + Th) + (5 1))
< v (llxn = Xl + de x + h) + w5 ta),

where the second inequality is due to (15) and (17). This entails that for all T €
10, [,

lim sup v~ e, (6 + Th) < 77 deg &+ Th).

n——+00

On the other hand for all T €]0, «[,

1 1
lm sup [—r—_s (o )+ 5 + ohP ||xn||2>]

1 _ 1 _ _
=— (% h) + ———(Ix + thl* — %%
r—s 2(r —s)t
T
=3 [7]|* .
(r—s)

It follows that for all T €]0, «|,

T

lim sup dg,, ) (xns h) < t_ldc(;) (x+th) + k|12

n—+00 2(r —s)
Since x € C(t), we have

hm sup T_ldc(f) (J_C + Th) S doc(z) (3_(:) h)'
70

As a consequence, we get

lim sup d"c(tn)(xn; h) < dg(z) (x; h).
n——+00

The latter inequality being true for any h € B, the positive homogeneity of the
Clarke directional derivative guarantees that it holds for all h € H. |
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4, Sweeping process with bounded truncated variation

As mentioned above, the aim of this paper is to provide sufficient conditions
ensuring the existence and uniqueness of solutions for the bounded variation
sweeping process

—du e N(C(t);u(t)) + f(t,u(t)) and u(Tp) = uo. (18)

The concept of solution for such measure differential inclusions is developed in
details in [28]. For the convenience of the reader, let us recall the definition. As
already said in the first sentence of Section 2, A denotes the Lebesgue measure on
I=1[TyT].

Definition 4.1: Let C: I = H be a uniformly prox-regular valued multimap-
ping, f : I x H — H be a mapping, ug € C(Ty). Let ey = 0if f =0and ¢f =1
if f # 0. Assume that there exist an extended real p > ||ug|| and a finite positive
Radon measure p on I such that

€xc, (C(s), C(t)) < u(ls,t]) foralls,t € I withs <t.

One says that a mapping u(-) : I — H is a solution of the measure differential
inclusion

—du € N(C(t); u(t)) + f (t, u(t))

P
> u(To) = uo,

whenever:

(a) the mapping u(-) is of bounded variation on I, right-continuous on I and
satisfies u(Ty) = ug and u(t) € C(t) forallt € I;

(b) there exists a positive Radon measure v on I, absolutely continuously equiv-
alent to 1 + efA and with respect to which the differential measure du of u
is absolutely continuous with (du/dv)(-) as an L! (I, H, v)-density and

du fuin Y ¢ NCw:ut tel (19)
a()%—f(,u())ae— (C(H; u(t)) v—aetel

The concept of solution does not depend on the measure v in the sense that a
mapping u(-) : I — H satisfying (a) above is a solution of (P) if and only if (19)
holds for any positive Radon measure D which is absolutely continuously equiv-
alent to u and with respect to which the differential measure du of u is absolutely
continuous with (du/dd)(-) as an L (I, H, D)-density.

Our first existence result is concerned with the unperturbed case (i.e. f = 0)
of (18).
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Theorem 4.1: Let C: 1 = H be a multimapping with r-prox-regular values for
some extended real r €]0,+00], ug € C(Ty). Assume that there exist a posi-
tive Radon measure p on I with sup, g, 7y L({T}) < 1/2, a real po > |lug|, an
extended real p > po and a real n > 0 satisfying:

(i) foreveryk € Nandforeveryty,... .ty € Iwithty:=Ty <t; <--- < tyand
w(ti, tix1[) < nforeachi e {0,...,k — 1}, one has

”prOjC(tk) SRR PrOjC(tl)(”O)“ < po (20)

whenever proje,,, o « -+ 0 proje ) (uo) is well-defined;
(ii) foralls,t € I withs < tand u(]s,t[) < n, one has

haus, (C(s), C()) < (s, t]).

Then, there exists one and only one mapping u:1 — H solution of the
measure differential inclusion

—du € N(C(t); u(t))

(21)
u(To) = uo
and such that
_ r
sup Hu(t) — u(t )H < —. (22)
te] Ty, T] 2
Furthermore, the solution u(-) : I — 'H satisfies the inequalities
lu(t) — u(s)|| < u(ls,t]) foralls,t € Iwiths <t. (23)
lu®ll < min{po, luoll + n(ITo, TN} forallt € I (24)

Proof: Uniqueness. According to [28, Proposition 3.6], there exists at most one
mapping u(-) : I — H satisfying (21) and (22).

Existence. We distinguish two cases.

Case 1: t(]To, T]) = 0. In such a case, thanks to the fact that C(-) is closed-
valued, we have

C(To) N pB C C(t) forallt e I
It is then clear (keeping in mind the inclusion uy € C(Ty)) that the mapping u :
[To, T] — H defined by
u(t):==uy foralltel

satisfies (21)—(24).
Case 2: t(]Top, T]) > 0. We develop that case through 5 steps.
Step 1. Time discretization of I = [T, T].
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Consider the function v(-) : I — R defined by
v(t) := u(]Ty,t]) forallt el
and set
V= v(T) = u(To, TD.
Let (¢5)nen be a sequence of 0, n[ with €, | 0 such that
en+ sup p({s}) < r foralln € N. (25)
s€]To,T] 2

Asin [2], choose foreachn e N, 0=V < V]! < .- < ann = V (withg, € N)
such that

(a) forallj€{0,....qn — 1}, Vi — V' < &n;

(b) forallk e N, {V§,...,VE} c (Vg*!, .., vk
For each n € N, set V', o= V + &, and consider the partition (]jn)je{O,...,qn}
of I where for eachj € {0, ..., gy}

Jri= ! ([Vj", Vj'_‘HD —{tel: V' < u(Tot]) < V7).

Observe that (J;")o<j<q,, is a refinement of (J/)o<j<g, for all m,n € N-withm >
n. Using the fact that v(-) is nondecreasing and right-continuous on I, it is not
difficult to see that, for each n € N, j € {0,..., g, — 1}, the set J{" is either empty
or an interval of the form [a, b[ with a < b. For each n € N we also note that ]gn
is also of the form [a, b[NI. This gives for each n € N an integer p(n) € N and a
finite sequence

T0=t6’<---<tl')’(n)=T

such that for each integer i with 0 <i <p(n) —2 there is some je
{0,...,gn — 1} satistying [t/ t]" | [= ]j” and such that for i = p(n) — 1 the inter-
val [tp(n)—1> tp(n [ is either ]g’n \ {T} (if];‘n # {T}) or J;! for some k € {0,...,q, —
1}. For each integer #, including new points ¢ if necessary, we may and do
suppose that

1
n o __n - : n+1 n+1 n n
ie{o’ﬂf‘(’;)_l}(tiﬂ ti) < . along with {£5"", ..., t50 1 1)) D {fgs - > Ly -
(26)

Note that (p(n))en is a nondecreasing sequence and that for each n € N, for all
i€{0,...,p(n) — 1} andall t € [t/, ] [, we have
p(ts ) = v —v(t) < ex <,
hence
M(]tf,tz'ﬂrl[) <e,<n forallie{0,...,p(n) —1}. (27)

Step 2. Construction of finite sequences (] )o<i<p(n) (n € N).
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Fix any n € N. Put u] := ug. By induction, let us construct a sequence
Y 0 Y q
(u)1<i<p(m such that

ul = projc(t?)(u?_l) foralli e {1, ... ,p(n)} ) (28)

According to the assumption (ii), to the inequality |u|| < p and to the rela-
tions (27) and (25), we have

dean(ug) < sup  degr)(x)
xeC(Ty)NpB

< haus,, (C(Ty), C(£}'))

<u(To, /1) < e+ sup u({s}) <r,
SE]T(),T]

and this allows us to set (thanks to the r-prox-regularity of C(t})) uf :=
projc(tf)(ug). Now, suppose without loss of generality that p(n) > 1. Fix any
k e {2,...,p(n)} and assume that we have constructed u7, ..., u}r(‘_1 such that

u = projogm (ui_y) forallie {1,...,k—1}.

Observe that projc(tl,z_l) o0---0 projc(t?)(u(’)‘) is well-defined, hence by virtue of
assumption (i), we get the following inclusion

Ug_y = Projcqp ) © -+ 0 Projen (ug) € polB.

As above, using the assumption (ii), the inequality [|u}_,[| < p and the rela-
tions (27) and (25), we obtain

den(ug_) = sup  dcgry(x)
xeC(t_NpB

< haus, (C(]_,), C(t1))

<u(ti_tf) <en+ sup p(s) <,
SG]TQ,T]
which allows us via the r-prox-regularity of C(t}), to put uj := PrOjC(r;g)(”Z_l)~
The induction is then complete. The definition of (1}')1<i<p(n) in (28) along with
assumption (i) give

Hu?” <po<p forallie{O,...,p(n)}. (29)
Again, the definition of (')o<i<p(n) With assumption (ii) and the latter inequality
furnish

|uty — | = degn ul) < haus,(C(ED), C(t2) < w(EL €1,]),  (30)

i+1

foreachi € {0,...,p(n) — 1}.
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Step 3. Definition of the sequence (uy(-))nen.

n

Fix any integer n > 1. If u(]¢/, ! 1) = 0 for somei € {0,...,p(n) — 1}, then
haus, (C(t"), C(t!,1)) = 0,

in particular C(t') N pB C C(t, ), so u] = u}, ;. Asin Moreau [2], let us define
the mapping u,(-) : I — H by u,(T) = ”Z(n) and foralli € {0,...,p(n) — 1},

un(t) = uj forallt e [t/ ¢} [ifu(]t], 7 1) =0,

and

(', t])

n(t) =uj + —— =
() = +M(]t,‘)ti+1])

(ui, —ui) forallt e [t], ¢/ [ifn (1t ] 1]) > 0.

According to the development above, we can write
un(t) = u;y = uy,, forallt e [¢, ¢ lifu(t], t\]) =0. (31)

Furthermore, it is not difficult to check that

n 'u(]t?’ t]) n n n n : n o (n
up(t) = uj + ————— i —u;) forallte [t ¢t} ]ifu(t],t]]) > 0.
wdt! ]

(32)

On the other hand, by (29), we have
lu, ()| < po forallt el (33)

From (32) and (31), note that
() = un(To) + f £4(5) da(s), (34)
]TO)t]

where ¢,(Typ) = 0 and for each i € {0,...,p(n) — 1},
tn(t) =0 forallt elt!, ¢ lifu(t, ¢ 1) =0

and

n __.n
Ui — U

n(t) =
GO = D

forall t €]t % lif (18}, t 1) > 0.

As a consequence, u,(-) is right-continuous and with bounded variation on I.
Moreover, the equality (34) says that ¢, (-) is a density of u,(-) relative to . So, it
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follows that (du,/du)(-) exists as a density of u,(-) relative to u and

du,
() =Cu(t) p—aetel.
du

From the definition of ¢, (-) and (30), it is readily seen that

du,
du

(1) H =1t <1 p—aetel (35)
Using (35) and the fact that ¢,(-) is a density of u, relative to x, we have for all
s,t € Iwiths <,

du,
N (®) = n(9)]] = H / ) dya ()
]s,t] “

= n(s, t]. (36)

Now, let us define 6, : I — Iby6,(Ty) = Tpand forallt € I by
0,(0) =ty ift €}, 1 I withi € {0,...,p(n) —1}.

Combining (5), the definition of ¢,(-), (28), (35) and (8), we have

duy,
- (t) € —=NP(C0,(1)); un(Bn(t))) N B = —dpdcio, (1)) (un(On(t))),

é‘n(t) = de
(37)

for p-almost every t € I.
Step 4. Cauchy property of the sequence (u,)nen in B(I, H) (the real Banach
space of bounded mappings endowed with the norm of uniform convergence).
From the definition of 8,(-) and u,,(-) (with n € N) and from (28) and (33),
we get

uy (0,(t)) € CH,(t)) N pgB forallt €I, alln € N. (38)

Letussetforallt € I, foralln € N,

Ya(t) := (It Ou(D]).

For each t €I, noting that 0,(¢) | t since 0 <6,() —t <t , —t] <1/n
by (26), we see that

yu(t) > 0 asn — oo. (39)
Fix for a moment any ¢ € I, any n, m € N. We observe that (see (15))
d(um (D), CO(1)) < d(tm(), C(Om(1) N pB) + €x¢) (COm (1)), C(Bn(1)))

< d(tm(On(1)), COn (1)) N pB) + llum () — tm O (D)l
+ (1t max{6,, (1), 6 (H}]).
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Using (38), (36), (27) and (25), the latter inequality entails
d(um (1), C(6n(1))) < u(t,6m(H)]) + (1t max {6, (1), 6 (1)}])

< 2¥Ym(t) + yu(D)

< 2 max {z—:n,,sm} +2 sup u({rh) <r. (40)
TE]T(),T]

On the other hand, the inequality (35) entails straightforwardly

du, duy,
_ )=

(5 ) = (5

du,

" < du

du,
< [[un(®) — un(@n ()| + < 3
"

- un(9n(t))>

|

)

for p-almost every t € I. According to (37), (38) and (40), we can apply Propo-
sition 2.1 to obtain

<dun
du

== ” Um(t) — un(e (t))H + = dc(gn(t))(”m(t))

(en(t)) - ”m(t)>

+ (— |t (6(1)) — um (]| + 1) dce, (1) (Um(1)
< 5 (lan(0) = s O + [ (600)) = w01
+ zlrdé(en(m(”m(t))

N B( 00 (Bu(0)) — 4 (®)]| + N1t(8)

—um)| ) + 1] dc@, @) Um(D)).

Hence, coming back to (36) and (40), we get

<dun

(en(t)) - um(t)>

1 1
2_( lun(t) — um@® I + yn(t)) Z_(Vn(t) + 2Vm(t))
(

+
1
; n(t) + lun () — um @) + 1] Ya(t) 4 2ym(1)).

1
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We deduce from (35) and (36) that

du, duy
< 3 (), un(t) — um(t)> = < (1), un(t) — un(Gn(t))>
u du

du,
+ < d (), un (0, (1)) — um(t)>
m

1 2
< vu() + Z( lun(®) — um@® I + Vn(t))
1 2
+ Z(Vn(t) + zym(t))
1
=+ |:;(Vn(t) + lun () — um @)l ) + 1]
(Vn(t) + ZVm(t))-
Interchanging »n and m yields
du,, 1
<£<r),um(t) - un(t>> = n(® + 5 (1n(®) = 1O 4+ 7 (8))”
1
+ - () + 27a(9)

1
+ [;(ym(t) + lum@®) — un (D) + 1}

(Ym(®) + 27a(1)).

Since the sequences (ux(-))nen and (¥« (-))ken are uniformly bounded, one can
chooseareal A > Osuch thatforallt € I, foralln,m € N,

du, du,,
< i () — a(f),un(t) - um(f)>

=

A
ltn () — i (£)|I* + Slom® + Y + va(®) + ym(®]. (41

S| -

Fix any m, n € N. Let us define the function ¢y, ,, : I — [0, +00[ by
G (t) == llun(t) — um(®)|*>  forallt € 1,
and let us apply Proposition 3.1 to get

ity — B4y ) — (-)>d
a du > Un Um .

Apnm < 2<

Putting the latter inequality, (41) and ¢, (To) = 0 together, we have

2
d)n,m(t) = / ~Gnm (s)du(s) + Un,ms
]TO)t] r
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where
o = A f] 1009+ 7 + 706+ (9] o).
To, T
Applying Lemma 3.1 with a real « such that

2
- sup u({sh) <k <1
T se]Ty,T]

we get

bran(t) < tnmexp 1(To. 7)),

r(l —«)
so kepping in mind that ¢, ,,(Tp) = 0 it results that

sup  ¢um(t) = sup ¢n,m(t)§ozn,meXp( u(]To,T])>.

te[To,T] te]To,T] r(l —«)

By the Lebesgue dominated convergence theorem, the fact that (y,,(-)) sen is uni-
formly bounded by (] Ty, T]) with lim,— 4 ¥, () = 0 foreach t € I (see (39)),
it ensues that limy ,— 400 0¢n,m = 0. As a consequence, (u,(-))nen is a Cauchy
sequence in B(I, H), so there is some mapping u : I — H such that

Un(-) — u(-) uniformly on I.

Thanks to (35), we may suppose that ((du,/du)(-))nen converges weakly in
L*(I,’H, 1) to some mapping g(-) € L*(I, H, w). Thus, we have for any t € I

d
/ o (s) du(s) — g(s) duu(s) weakly in H.
1ot dit To.1

Since u,(t) — u(t) for each t € I, the weak convergence above gives
u(t) = ug + / g(s)du(s) foralltel
]TO)t]

Hence, u(-) is right-continuous with bounded variation on I and du has g(-)
L*(I,’H, 1) as a density relative to . A direct consequence is that

du,
du

du .
() = —— () weakly in L°(I, H, p),
du

which entails
du,
du
Step 5. The mapping u(-) satisfies (21)-(24).

du .1
() = — () weakly in L' (I, H, p).
du
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First, note that forallt € Tand alln € N,

0 (0,(1)) — u(®)ll < lun(0n(t)) — un(@ | + llun () — u(®)||
< u(t,0,(O]) + lua(t) —u®|,

where the second inequality is due to (36). Since u,(t) — u(t) and p(]t,0,(t)])

— 0 for each t € I (see (39)), the latter inequality entails that
U, (0,(t)) — u(t) forallt el

From (15) and (38), we have

dc) (Un(On())) < dc,e)nprUn(On(1)) + €x¢, (COn (1), C(1))

< haus, (C(t), C(6x(t)))
< (L, 6,())),

for all n € N and all ¢ € I. Since pu(]t,0,(t)]) — 0 by (39), passing to the limit

and keeping in mind that C(-) is closed-valued, we obtain

u(t) € C(t) forallt el

Now, we apply a classical technique due to C. Castaing ([37]). Thanks to Mazur’s
lemma, there exists a sequence (2, (+)) neny Which converges strongly in L' (I, H, 1)

to (du/dp)(-) with
duy
zo()€ecol—():k>n foralln € N.
du
Extracting a subsequence if necessary, we may suppose that
du
z,(t) > —(t) p—ae.tel
du

Combining the inclusion (42) with the latter convergence, we obtain

du _ [ duy
—(t ) —aetel
dM()eﬂco{dM(t) an} p—aet €

neN

Such an inclusion yields for p-almost every ¢ € I that

%(t)

<§, S—Z(t)> < inf sup <.§, an

ne kzn

> forall &€ € H.

Coming back to (37), it follows that, for t-almost every t € I,

d
<$, ﬁ(t)> < limsup o (&, —3pdc, ) (un(0a(1))) forall§ € H.

n——+00

(42)
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Through Proposition 3.2, the latter inequality entails for p-almost every t € I,

d
<5’ ﬁ“» < 0 (& —dcdce (u(t))) forallg e M.

Thanks to (6) and the fact that the Clarke subdifferential is closed and convex
du _
{@(t)} C co (—acdc(t) (u(t))) = —3cdc(t)(u(t)) u—aetel
It remains to invoke (8) to obtain
du
—(t) € =N(C(t); u(t)) p—aetel
du

Consequently, the mapping u : I — H satisfies (21), i.e.

—du € N(C(t); u(t))
{u(TO) = 1.
Now, we are going to show (22)-(24). Taking the limit in (36) gives
lu(t) — u(s)|| < u(s,t]) foralls,t € Iwiths <t, (43)
which is the inequality (23). Again, passing to the limit in (33), we have
lu(®)| < po foralltel.

The relation (24) is then a direct consequence of the latter inequality and (43).
Using again (43), we have for every s <t

lu() —u@ll = sap p({z}) + s t).
‘L’E]TQ,T]
Taking the limit as s 1 ¢ in the latter inequality gives the desired relation (22).
The proof is then complete. |

The case p = 400 in the latter theorem is of a great interest.

Corollary 4.1: Let C: I = 'H be a multimapping with r-prox-regular values for
some extended real r €]0,+00], uy € C(Ty). Assume that there exist a positive
Radon measure ju on I with sup,yr, 1y w({t}) < r/2,areal pg > |lug| and a real
n > 0 satisfying (i) of Theorem 4.1 and such that for all s,t € I with s <t and
w(ls, t[) < n, one has

haus(C(s), C(£)) < (s, t]).

Then, there exists one and only one mapping u : I — 'H satisfying (21)-(24) of
Theorem 4.1.
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Another direct consequence of Theorem 4.1 is the case where the positive
Radon measure p(]s, t]) = v(t) — v(s) for some nondecreasing absolutely con-
tinuous function v(-) : I — R, that is u is absolutely continuous with respect
to A.

Corollary 4.2: Let C: I = 'H be a multimapping with r-prox-regular values for
some extended real v €]0,+00], uy € C(Ty). Assume that there exist a nonde-
creasing absolutely continuous function v(-) : I — R on I, a real py > ||ugl|, an
extended real p > po and a real n > 0 satisfying:

(i) foreveryk € Nandforeveryty,...,tx € Iwithty:=Ty <t} <--- < tyand
v(tiy1) — v(t;) < nforeachie{0,...,k — 1}, one has

“Projcuk) 0+ -+ 0 Projey, (to) H < pos

whenever projc,,, © « -+ 0 proje ) (uo) is well-defined;
(ii) foralls,t € Iwiths <tandv(t) — v(s) < 1, one has

haus, (C(s), C(t)) < v(t) — v(s).
Then, there exists one and only one mapping u : I — H satisfying

—u(t) € N(C(t); u(t)) r—ae.tel,
u(t) e C(t) foralltel,

u(To) = uo,
as well as the inequalities
lu(t) — u(s)|| < v(t) —v(s) foralls,t € Iwiths <t.
and

lu® |l < min{po, luoll + v(T) — v(To)} forallt € I.

Now, in addition to the convex situations in [28] we provide another situation
where the inequality (20) in Theorem 4.1 holds true.

Proposition 4.1: Let S be an r-prox-regular subset of H with r €]0,4+00[, ug € S,
¢ : I — 'H be a right continuous mapping of bounded variation on I with {(Ty) =
0,var(¢;1) < rand SUPeyr,, 1) 1€(8) — &~ ()l < /2. The following hold:

(a) Forallt e I, S+ ¢(t) is r-prox-regular.
(b) supseyr, 17146 |({s}) < r/2 and for all s, t € I withs < t,

haus, (S + £(5), S+ ¢ (1)) < haus, (S + (), S+ £ (1) < |d¢| (s, t]).
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Forallty,... .ty € Iwithke Nandt; < --- < ty, one has

Hprojsﬂ(tk) 0---0 Projs+§(t1)(”0)H <var(¢,I) + |luoll

whenever projg. .y © * ++ © Projg (s, (o) is well-defined.

Proof: LetC(:) =S+¢(): I = H.

(a)

(b)

(c)

Fix any t € [To, T]. Let c1,¢; € C(t) and t € [0,1] such that v¢; + (1 —
7)c; € U, (C(t)). There are s1,s, € S such that

ca=s1+¢@) and c =5+ ().
It is readily seen that
d(ter + (1 = 1), C(1) = d(zs1 + (1 — 17)52,9),

so 751+ (1 — 7)sy € Uy(S). Combining the r-prox-regularity of S with
Theorem 2.1(e), we get

1
dzer + (1= 1)6), 1) = d(zs1 + (1 = ),8) < —t(1 =D |Is1 = s2lI?
—lia—nla-ar
= o C1 (%) .

Applying Theorem 2.1(e) again, we obtain the r-prox-regularity of C(t).
According to the inequality supcyr, 11 1£(s) — ¢ (s)|| < r/2, we have

sup |d¢| ({s}) = sup [ldc({shIl <
s€]Ty,T] s€]Ty,T]

On the other hand, we observe that
haus,, (C(s), C(1)) < [1€(s) — ¢l = I1(dO) s, tD < |d¢]| (s, t]),

foralls,t € Iwiths < t.

Fix any k€N, t1,..., 1k € I with #; < -+ < fi such that projo, oo
Projc(s) is well-defined. Set ty := Ty and pg := var(Z;1) + |lug]|. Let us set
foreachi e {1,...,k},

U = projc(tt_) (ui—1)

and let us show by induction that
lui — ui—all < 16 (t) — ¢(tim1)|l forallie {1,...,k}.
From the inclusion uy € S and the equality { (7)) = 0, we observe that

deay) (uo) = ICED I = 1E(t) — ¢(To)ll < var(g;1) <,
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so we have

llur — uoll < 1€(t1) — & ()]l -

If k=1, the proof is complete. Hence, we may assume that k> 1. Fix any
n € {l,...,k— 1} and assume that

lui — wimall < 1€ — ¢(ti—)ll  foralli e {1,...,n}.
According to the inclusion u, — ¢ (t,) + {(tp41) € C(ty+1), we have
dcty,) Wn) < 18 (tny1) — S| < var(gs D) <1,
and then we obtain

lunr — unll < 1S Eag1) — DI

Consequently, the induction is complete. It remains to see that

Ntk | < [Jrsr — wie]| + Nl
< ¢t = ¢ | + Jux — wer || + e |
< ¢t — e | + ¢ @) — ¢t | + |1 ]|
k
< Y e ir) — <@l + lluoll -
i=0

< var(&; D) + lluoll = po

to finish the proof

The following result is related to the jumps of the solution of (21).

Proposition 4.2: Under the assumptions of Theorem 4.1, the solution u(-) : I —
H of the sweeping process satisfies the following properties

Ju(t) —u@)| < n({t}) and  u(t) = proje, (u(t™)) forall t €]To, T1.

Proof: Fix any t €]Ty, T]. The first inequality is a direct consequence of the
inequality (23) of Theorem 4.1. Then, if ©({t}) = 0, we have u(t) = u(t™), so
u(t) = proje, (u(t™)). This justifies that we may assume 1 ({t}) > 0. From (13),
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we get
du Codu(Jt—s&,t]N0ND u(t) —u(t)
—(t) = lim =
du elo u(]t — e, t]NI) w({t})
Combining the latter equality with the fact that u(-) satisfies (21), we obtain
Ly = MO ¢ Nicasuay
_ = —_ — U
du n({t}h)

or equivalently (keeping in mind that N(;-) is a cone)
u(t™) —u(t) € N(C(t); u(t)).

On the other hand, thanks to the inequality

[u) = ut)| = sup pdish) <
SE]T(),T]

>

we can apply [14, Proposition 3.5] to get

u(t) = projc(t) (u(t)).

The proof is then complete. |

5. Perturbed sweeping process

Requiring a stronger inequality on pg in Theorem 4.1, namely po > |luo|| +
1(]1To, T]), one can remove the assumption (20) and consider a perturbation
f(-,-) of the normal cone involved as in (18), that is, the perturbed sweeping
process

—du e N(C(t); u(t)) + f(t,u(t)) and u(Tp) = uo.

The main result of this section is the following:

Theorem 5.1: Let C : I =2 'H be an r-prox-regular valued multimapping for some
extended real r €]0,4+00] and uy € C(Ty). Letalsof : I x H — H be a mapping
with f 0, u be a positive Radon measure on I with sup, g, ) L({T}) < 1/2.
Assume:

(i) the mapping f(-,x) is measurable for every x € | ,o; C(t), and for each
bounded subset B of H the mapping f(t, -) is uniformly continuous on B for
every t € I and there exists a function Ip € L', R4, 1) such that

(f(t,xl) — f(t,x2),x1 — x2> > —Ig(t) lx1 — x2|% forallt € I,x1,x; € B;
(i) there exists a(-) € LY(I, Ry, 1) with 1 — Zf;; o (s) dA(s) > 0 such that

lf(t,2)| <a®@+|xl) foralltelxeH;
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(iii) there exist a real po > |ugll + w(1To, T]), an extended real p > (po
+ 2f12; a(s)dr(s))/(1 =2 fTTO a(s)dA(s)) and a real n > 0 such that

haus, (C(s), C(1)) < u(ls 1)),

foralls,t € Iwiths < tand nu(]s t[) <n.

Then, there exists one and only one mapping u : I — H satisfying

—du € N(C(t); u(t)) + f(t, u(t))

44
u(To) = ug (44
and
sup Hu(t) — u(t_)H < % (45)
te]Ty,T]

Proof: The proof is quite similar to that of Theorem 4.1. Let us focus only on the
differences.

Uniqueness. It is a direct consequence of [28, Proposition 3.16].

Existence. Choose any real  €]0, 1] such that

2+w) sup p({r)h <r (46)
TG]TQ,T]

and define the constant

luoll + (1 To, T1) + 2 [, ex(s) dA(s)
12 f7 a(s) dA(s)

K (=

and the positive Radon measure v := p + o 11+ (24 k)a(-))r on L The con-
stant « is well-defined and non-negative, and we note by the above inequalities
that

po+2 [, er(s) dAs) )
1— ZfTTOoz(s) da(s) P

K <

(47)

As in the proof of the previous theorem, we proceed in 5 steps.

Step 1. Time discretization of I = [T, T].

Consider any sequence (&,)nen of ]0, n[ with &, | 0 and construct (as in the
proof of Theorem 4.1) for each n € N an integer p(n) > 1 and a discretization
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(to<i<p(m) of I = [To, T] such that
TO:tg<---<tI’,’(n):T
and
v(t!, t 1) < e, < nforeachi e {0,...,p(n) — 1}. (48)
In particular, note that for each n € N,
pe et D+t —t <e, foreachie{0,...,p(n)—1}.

Noting that f Q o(s) dA(s) — 0as A(Q) — 0 and setting for every n € N

t!
of = / - a(s)da(s) foreachie {0,...,p(n) —1},
t

we can choose by inequality (46) some N € N such that for every integer n > N,

w w r
(2 + _) ent(1+=) sup u({s) <= and 2(14+«) max of <1.
2 27 1101 2 0<i<p(n)—1

(49)
Step 2. Construction of finite sequences (1] )o<i<p(m) (n > N).
Fix any n € N with n > N and set u; := up. We proceed to construct by
induction a sequence (u')1<i<p(n) of H such that for eachi € {1,...,p(n)},

th

uj = Projc s <uf‘_1 - nl fs,ul ) dk(s)), (50)
T T
- 2 /T @) dA(9) < Il + 1 (To, T + 2 fT o(s) dA(s)
and
t
ul! — (”?—1 — f(s,ul ) d)»(s)) <p(tl )+ 1+ H“?—l H)O‘?—l'
o

(51)
Using the assumption (ii), the inequality [|ug|| < p, the assumption (iii), the
inequalities ! > 1 and « > |lu{||, the definition of v, (48) and (49), we see
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that

ty t
den (ug | st dk(s)) < degn uf) + 1+ g ) / a(s) dA(s)
tn n

0 to
< &, (C(D), C) + (1 + |Jul el
< Qg ) + (L + ||uf e

<u(tg, 68D + sup p({sh + 1+ |ug|Pad
SG]T(),T]

< n(Qt, 1D + ?ljfpﬂ n(sh + o 1A + )
s€|lo,

<v(t. /D + sup p({s})
SE]To,T]

<éey+ sup u(sh <r (52)
SE]T(),T]

The latter inequality along with the r-prox-regularity of C(t]) allows us to set
f
uj = projc(t?) (ug — ; f(s,ug) dk(s)).
0
Then, coming back to (52), we obtain that

< nQE A + A+ [ e

uy — (ug — tntln f(s,ug) dk(s))
0
The latter inequality entails through the assumption (ii)
il = sl + [ sl @+ nQgD + 0+ e
0
< lug|l + Qe £ + 20+ |ug e
< Jug| + w(To, TD + 21 + [ug|) /TOT“(S) di(s),

which gives

max { |[ug |, [uf]}
T T
< 12l + (o, T]) + 2 /T @@ di(9 + 20 [ @) i)
T
< Il + w(To, T]) + 2 /T a(s) di(s)

T
+ 2 max{lul ] 211} fT a(s) dA(9),
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and hence

max { [ug|

T
et} a -2 /T () dr(s) < |l + #QTo, T

T
+ 2/ a(s) di(s).
To

Assume that p(n) > 1 (otherwise, there is nothing to prove). Fix any k €
{2,...,p(n)}. Suppose that we have constructed u7, ..., u;_, € H such that for
eachie {1,...,k— 1},

n
i

f(s,ufl)) dA(s)),

n
i

uj = PrOjC(t;’)(ui—l

T

T
(1 — 2 / a(s) dA(s)) < [l + (1 To, T]) + 2 f a(©)di(s)  (53)

To TO
and

< Q8D + (4 + [ufy el

&
ul! — (u;’_1 - /t” fs,ul ) dk(s))

(54)
From (53) we note that ||u} || < k foreachi € {1,...,k — 1}. Asabove, according
to the assumption (ii), the inequality ||u]_, || < x < p, the assumption (iii), the
definition of v, (48) and (49), we have

tn

k
den (“Z_l— ., f (S,u;’l_l)dk(s)>
—1

I

tn
< dc(tz)(u,’z_l) + 1+ Huz—IH) /nk a(s) di(s)

[P
< & (C(tE_ ), Ct) + (L + |lup_y e,
= u(t_p )+ 0+ HMZ—I H)“l]:—l
< p(g_ gD+ sup pu({sh + 1+ 0oy

SE]To,T]
<v(t_, D+ sup w({s)
SE]T(),T]
<én+ sup u({sh <r (55)

SG]TO’T]

Thanks to the r-prox-regularity of C(t), we can set

x
up = Projcen (”Z—l — /t" fls,ug_y) dk(s)) .
k—1
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From the definition of u and (55), it is clear that

t?l
U — (“Z—l - /tnk flsup_y) dk(s))

k—1

< p(Qt 8D+ A+ |uf e,

Itis straightforward from the latter inequality and (54) that foreachi € {1,...,k},
luf | < e || + Qe gD + 200+ [y e,

It follows that

ol < ool + 0ot +2 (14 max o] oy

0<i<k—

< ol 0+ 2 (14 max o)) @y + o)

k—1
< ug ] + (o, T +2 (1 + max o] H) ;aﬁ

~

thus (]l < [l + n(To, T +2 [ a(s) dA(s) + 2 maxoic 1] [ a(5)
dX(s). This and the induction assumption (53) foreveryi € {1,...,k — 1} ensure
that

T

max 1]l < 1]l + 1(To, T]) + 2 / a(s) dA(s)
0<i<k To

T
+ 2 max ||u]|| / a(s) da(s),
0<i<k To

or equivalently

T T
max | uf | (1 —2[ a(s) dk(s)) < |lug| + n(To, T1) +2/ a(s) dA(s).
T To

0<i<k o

The induction is then complete.
From the inequality ||ug|| < x and from (53) we note that

lull <« forallie{0,1,...,p(n)}. (56)

From the latter inequality, from (51) and from the definition of v we also note
that

S :U“(]t?fl) t?])

&
ui — (uf’l — f(s,uly) dk(s))

ty
+ (14wl < v, 1. (57)

Step 3. Definition of the sequence (u,(-))u>N-.
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Fix any integer n > N. Let us define the mapping u,, : I - Hbyu,(T) = u;( n)
and

o, VA o
un(t) = uj + m(”i+1 —u; + /t fGs ”i)dk(5)>
- f fls,u) dA (o),
4

forall ¢ € [¢], ¢! [ withi € {0,...,p(n) — 1}. It is not difficult to check that

18, t])
V(—])( iy — / fGs,ul )dx(s))

—/f(s,u?)dk(s),
&

uy(t) = ul' +
Loy,

for all t € [¢], ¢ ] with i € {0,..., p(n) — 1}. Further, rewriting u,(t) for each

e [t t! ] (i €{0,...,p(n) — 1}) in the form

B v(]t, t]) " vt
uy(t) = (1 - W) up + m”m

i+1 i+1

"Qf_n / FGs,u) di(s) — f Fls.u dA(o),
t tz—l—l i

we see from (56), from assumption (ii) and from the second inequality in (49)
thatforallt € I

lun(O| <k +2(1+«) max oz] <Kk +1. (58)
0<j<p(n)—1

Now, define 8,,(-) : I — I by 8,(T) = T and
Su(t) ==t ift € [, [withi e {0,...,p(n) — 1},
and define also ¢, () : I — H by ¢,(Tp) = 0 and
uly ) — ull —i—ft’+1 f(s,ulty da(s)
v D

By the very definition of u,(-), 6,(-) and ¢,(-), we have

En(t) := forall t €], t 1. (59)

tn(t) = n(To) + /

]TO’t]

£a(s) dv(s) — f] | Fu,6) 360,
0>t

Using the definition of v we see that A is absolutely continuous with respect to
v an it has dA/dv as a density in L>(I, R4, v) relative to v. Then we can write
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(see (12))

n(t) = n(To) + /

]Tort]

dx
<§n(5) —f(s ”n(‘sn(s)))a(s)) dv(s),

and hence u,,(-) is right-continuous and with bounded variation on I. Moreover,
the latter equality says that ¢,(-) — f(-, 44(8,(-)))(dA/dv)(-) is a density of u,(-)
relative to v. So, it follows that (du,/dv)(-) exists as a density of u,(-) relative to
v and

‘Z‘)" o +£(t un(an(t)))%(t) =y v-aetel (60)

We deduce from this equality, the definition of ¢,(-) and (57) that

H du,

o ® +f(t ”n((sn(t)))j_f:(t) H =Ml =1 v—aetrel  (61)

Since the measure ko(-)A is absolutely continuous with respect to v, it has
d(ka(-)1)/dv a density relative to v and then we have by the definition of v

d(2 + K)a(-)2)

() <w v—aetel
dv

da
0= Q@+x)at)y() =

Putting the latter inequality, (61), assumption (ii) and (58) together, we get

du, da dx
O <1+ [ftun(GnON—@O) | <1+ Q2+ )a()— (@) <1+ o,
dv dv dv
(62)
and this ensures that for all s,t € I with s < t,
du,
lta(6) — n()]) = /] v = 1+ ondst) = 205 )
st
(63)
Besides 8,,(-), let us define 6, : I — I by 6,(Ty) = Tp and for all t € I by
0u(0) =t if t €], e Iwithi € {0,...,p(n) —1}.
Combining (5) and the definition of ¢,, we see that
Ln(t) € —NP(C(On(t);u,,(Gn(t))) v—ae.t €l
With (8) and (61), this entails that
En(t) € —0pdc(o,(t) (Un(On(t))) v—ae tel (64)

Step 4. The sequence (u,),>n of B(I,H) (the real Banach space of bounded
mappings endowed with the norm of uniform convergence) has the Cauchy

property.
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Set for every n € Nand every t € I,
Yu(t) := 2v(]t, 0(D)]).
Observe first from (50) and (56) (keeping in mind (47)) that
uy(0,(t)) € CO,(t)) N pB foralln e N,t € I. (65)
Fix any m,n € N with m,n > N, t € I. As in the proof of Theorem 4.1, we have
d(um(t), COn())) < d(um(t), COm(t)) N pB) + Xy (C(Om (1), C(Oa(1)))
< d(tmOm (1)), COm (1)) N PB) + [[th () — i (O (D) |
+ (1t, max{6, (1), 6 (H)}]).
By virtue of (65), (63), (48) and (49), we observe that
d(um (1), CO4(1))) < (14 w)v(1t, 0 (1)]) + v(Jt, max {6,(1), 0 (D)}])  (66)

< 2+ o)v(lt, max {0,(1), O ()}])

< 24+ w)max{ey, en} + 2+ w) sup up({r}) <r. (67)
‘EG]T(),T]

Further, (66) also ensures that

d(um(t)’ C(en(t))) < 2max{ym(t), yn()}. (68)

Now, for all t € I, all n,m € N with n,m > N set yp, ,(t) := max{y,,(t), yu(t)},

Fu(t) : = f (£ un(84(t))) and
Pnm(@®) 2 = |Fa(t) — £ (£ un®) || lttn(t) — tm ()]l (69)

Fix any integers n > N and m > N. Using (64), (65), (67), Proposition 2.1, (63)
and (68), we have for v-almost every t € I,

<§n(t)> un(en(t)) - le(t)>
1 2 1
= |t (1) — un(0a (D) || + z—rdé(gn(t))(um(t))
1
+ (; | (6(5)) = um(®)]| + 1) dc, ) (Um(t))
1
< —(lun(® = @Ol + [n(02(®) = un(D])* + z—rdé(gn(t))(um(t»

1
;( [tn (02 (1)) — un(®) || + lun(t) — um(@®1) + 1} dco, ) (Um(1))

(
2
sz(wao—wﬁw+wmf+—mmmf
r r
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The latter inequality gives through (61) and (63)

(Ln(t), un(t) — um(t))

= (¢n(0), tn (1) — un (02 (D)) + (Cn (1), tn (0n(D)) — upm (D))
2
¥

1
< [Jun(t) = un(On () | + 5 (e (8) — n(D] + Ya®) + = (Ymn(®)

1
+ ;(yn(t)+llun(t)—um(t)||)+1 (2¥Vmn (D)

1 2
< 20(166x01) + - (Nl (®) = un (D) + va(0)) + ;(ym,nm)2

1
+ ;(yn(t)+llun(t)—um(t)||)+1 (2Vmn (D),

for v-almost every t € I. On the other hand, the definition of F,(-) and (60)
ensure that for v-almost every ¢ € I,

du, da
< d (), un(t) — um(t)> = <Fn(t)_(t)» Um(t) — un(t)>
v dv

1
+20(1662(01) + o (lum(®) — un(Oll + Ya())?

>
1
+ [;(yn(t) + Nun(®) — um@®|) + 1} (2Ymn(D)
2
+ ;(Vm,n(t))z-

Since m and n are arbitrarily chosen, we also have for v-almost every t € I

du,, da
<d—(t),um(t) — un<t)> < <Fm(t>—<t),un(t) — um(t>> +2v(1t,6m(H)])
v dv
1
+ 5 (lun(®) = um @1l + ym(0)°
1
+ [;(Vm(t) + lum (@) — un (@)l ) + 1:| (2Vm,n(t))

2
+ ;(ym,n(t))z.

Hence, by adding both latter inequalities, we deduce that for v-almost every t € I,

du, duy,
< o () — K(l‘)ﬂtn(t) - um(t)>

da
< a(t) (Fu(t) — Em(t), um(t) — un(6)) + 2v( 11, 6,(1)] )
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1
+20(160m(0)]) + o= (llm (1) — (D] + Ya(t))?
1 4
o= (lun() = (0] + ym()” + ;(ym,nu))2

1
+ [;(yn(t) + llun(t) — um @) + 1} (2Ymn(®)

1
+ [;(ym(o + lum(®) — ua (D) + 1] (2¥Vmn (D). (70)
Writing for all t € I,
(Fn(t) — Fp(1), up (1) — un(t))
= (f(t; un(1)) — f(t u (D)), i (1) — (1))
+ (Fa(t) — f(t, un(£))s tm (£) — (D))
+ (f (t, um (D) — Fu (), um (1) — un(1)),
we can apply assumption (i) with B := (1 4 «)B (see (58)) to get

(Fp(t) — Fpp (), um () — un(t)) < Omn () + @um(t) + Ig(®) llum(t) — “n(t)llz .

(71)

Combining (70) and (71), we obtain for v-almost every ¢ € I, and for all integers
n,m=> N

duy, Um
<—(t) o —— (), un(t) — um(l‘)>

< aa)(w) ltn(t) = (O + Gum(®) + @mn(D)

+20(16,04(0)] ) + 20( 18,0, (D)])

1
5 Ul (8) = un ()] + Ya(0))?

4
lun(®) — um @] + ym())’ + (ym,nu))2

t\)l,_.

[
|

Consequently, for v-almost every ¢ € I, for all n,m > N (with  := 1 4 «)

du, duy,
< - <>—L<t> i (t) — um<r)>

(va(®) + llun(®) — um @) + 1] Ymn (1))

N | = ﬁl»—‘

(Vm(®) + Nlum () — un(®)]) + 1] 2Ymn(1)).

2
< (15O 50 + 1) a0 — w0
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+ 2 et + L (t)+il( 1)’
dU §0n,m d]) Wm,n r Vm,n

+20(1t,0,(0]) + 20(1t,0m()])

+ L (20 + 4Byat) + 2D + 4Byt
5 i Yn Vin Bym(1))

1 1
+ |:;(Vn(t) + 2/3) + 1:| Cymn(t)) + |:;(Vm(t) + 2/3) + 1:| Cymn(t)).
(72)

Now denote by N, the complement in I of the set of points t € I where
(dA/dv)(t) exists in H as in (9), so v(N,) = 0. Let us show that for every t €
I\ N,

im (B0 = f(tua(0) ) %(t) = 0. (73)
Fixany t € I\ N, and consider two cases.

Case 1: v({t}) > 0.

In this case, we know (see (10)) that (dA/dv) () = 0, so the desired above limit
property is evident.

Case2: v({t}) = 0.

Then, the inequality [[u:(t) — un(3:()) | < 20(18,(8), 1) by (63) and the
convergence 8,(t) — t imply u,(8,(t)) — u,(t) — 0. It follows that F,(t) —
f(t, un(t)) — 0according to the uniform continuity of f (¢, -) over B, which again
confirms (73).

Foreacht € I\ N,, it results from (73) and from the definition of ¢, ,,, in (69)
that (d1/dv)(H)@nm(t) — 0 as n,m — 400, since the sequence (u,(t)),en is
bounded by (58). By the assumption (ii) and the boundedness of (u,(-)), in the
space B(I, H) (due to (58) again), the Lebesgue dominated convergence theorem
ensures that

dx
/]T . E(t)(pn,m(t) dv(t) — Oasn,m — 4o00.

Note also that v(]t,0,(t)]) — 0asn — +o0. Forall n,m € N, setting

Apm = l/ d—k(t) 0+ dl(f) (0
mm =5 To.T] dv Pn,m dv Pm,n

+ 2”(]t» On(t)] ) + 2V(]t’ Om(t)] )
1 4

+ Z(ynz(t) + 4By, (t) + V,i(t) + 4,Bym(t)) + ;(Vm,n(t))z
1

+ |:;(yn(t) +28) + 1] 2Ymn(®))

1
+ [;(m(t) +28) + 1] <2ym,n(t))}dv<t>
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we see that A, ,, — 0 as n,m — +00. On the other hand, Proposition 3.1 says
that

du, du,,
) — —() un(-) — um(-)>dv

d(lun () — um()1?) < 2<

forall n,m € N. (74)

Fix for a moment n,m € N with n,m > N. Putting for all ¢t € I, Y, () =
l|tn(t) — tm(t)||> and noting that u,(To) = ,,(To), we deduce from (72) that,
forallt eI

P ® = [ 21O T+ 1)) ) + A
1To,t]

According to (11), we have Ig(s)(dA/dv)(s)v({s}) = 0 for v-almost everys € I. It
follows that, for v-almost every ¢ €]Ty, T

da 1 2 2 2
250 + < )(lth = Sv((h = “udth == sup pllsh <1,
dv r r r T selTy,T]
where the last inequality is due to the assumption sup,cjr, 1 1({s}) < r/2. We
can apply Lemma 3.1, and this yields, for all t €] T, T]

1 da 1
Vnm(t) < Apm exp (m /]T ; 2 (lB(S)E(S) + ;) dv(s))

< Awmexp ( L ( /] L A B+ Zv(1To T]))

where 6 = (2/r) sup,j7, 11 #({s}). Hence, the sequence (u4(-))n=n satisfies the
Cauchy property with respect to the norm of uniform convergence on the
real Banach space of all bounded mappings from I into H. Consequently, the
sequence (uy(-)),>N converges uniformly on I to some mapping u(-). By virtue
of (62), extracting a subsequence if necessary, we assume without loss of gen-
erality that ((du,,/dv)(-))»=N converges weakly in L?(I, H, v) to some mapping
h(-) € L*(I,'H,v), so, for every t € I,

du,
h(s) dv(s) weakly in H.
/m,ﬂ dv n=>+00 J110,1] !

Since (du,/dv)(-) is a density of du, relative to v for all n € N, we have for
alln e N, forallt € I, u,,(t) = up + f]To,t] (du,, /dv)(s) dv(s). Thus, for all ¢ € I,
u(t) = uy + f]To,t] h(s) dv(s) and this ensures that u(-) is right-continuous with
bounded variation on I and the vector measure du has h(-) € L*(I, H,v) as a
density relative to v and (du/dv)(-) = h(-) v-almost everywhere. We also obtain
that

dun

() — d—()weaklymLz(I’H V).

n~>+00

Step 5. The mapping u(-) satisfies (44) and (45).
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As in the proof of Theorem 4.1, we show that
u(t) € C(t) forallt el
Now, let us establish that
du dx
— (@) +f(t,ut)—(@) € =N(C(t);u(t)) v—aetel.
dv dv

First, from (73) we notice that, for v-almost every t € I

dx dx
en(t) == f(t, un(8n<t)))$(t) ot (t, u(t))a(t) =: e(t).

By this, assumption (ii) and the fact that (u,(-)), is uniformly bounded, the
Lebesgue dominated convergence theorem yields that (e,(-)),>n converges
strongly to e(-) in L*(I, H, v). It ensues (recalling the definition of ¢,(-) in (59))
that

du, du dxr .2
() +e,(:) > —() + f(, u(-))— () weakly in L*(I, H, v).
dv dv

gn() = dv

Since &, (t) € dcdc, 1)) (Un(On(t))) for v-almost every t € I by (64), applying
Castaing’s technique as in the proof of Theorem 4.1, we arrive to

dut tu(t dkt NE(C@t); u(t tel
5()+f(,u())a()€— (C)su(t)) v—aetel,

that is, u(+) is a solution of (44). On the other hand, from (63) we see for s <t in
I that |Ju(t) — u(s)|| < v(]s, t]), hence making s 1 ¢ gives

[u(t) —u@ )| = v({t}) = n({th.

Then using the assumption sup, 7, 71 #({T}) < r/2, we arrive to the desired
inequality (45). The proof is then complete. |

The mapping u(-) satisfying (44) and (45) also satisfies Proposition 4.2.

Proposition 5.1: Under the assumptions of Theorem 5.1, the solution u(-) : I —
'H of the sweeping process of the theorem satisfies the following properties

|ut) —u@)| < n({#) and  u(®) = proje, (u(t7)) forallt €]To, T].
Proof: 1t is similar to the proof of Proposition 4.2. |
Finally, under the convexity of sets C(t) we directly derive the following

corollary from Theorem 5.1 and Proposition 5.1. It is partially a slight extension
of [14, Theorem 5.1].
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Corollary 5.1: Let C: I = H be a closed convex valued multimapping and uy €
C(Ty). Letalsof : I x H — 'H be a mapping with f # 0 and j be a positive Radon
measure on 1. Assume:

(i) the mapping f(-,x) is measurable for every x € |J,c; C(t), and for each
bounded subset B of H the mapping f(t, -) is uniformly continuous on B for
every t € I and there exists a function Iy € L'(I, Ry, ) such that

(f(t,xl) —f(t,x2), %1 — x2) = —I(2) [lx1 — x| forallt € I,xy,x € B;
(i) there exists a(-) € LY(I, Ry, 1) with 1 — Zf;; a(s) dA(s) > 0 such that
Hf(t,x)” <a()(1+|x|) foralltel,xe H;

(iii) there exist a real py > |uoll + n(1To, T]), an extended real p > (po
+ ZfTTO a(s)dr(s))/(1 — 2fTT0 a(s) dA(s)) and a real n > 0 such that

haus, (C(s), C()) < p(ls, 1)),

foralls,t € Iwiths <tand u(]s t]) <n.

Then, there exists one and only one mapping u : I — H satisfying

—du € N(C(t); u(t)) + f(t, u(t))
M(To) = Uuop.

Further, the solution u(-) satisfies the following properties

Hu(t) — u(tf)H < u{{t) and u(t) = Proj ey (u(t™)) forallt €]Ty, T].
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